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Cveulebrivi diferencialuri gantolebebis Teoriis warmoSobis dro 

TiTqmis emTxveva diferencialuri da integraluri aRricxvis aRmoCenis 

periods isaak niutonis (1643-1727) da gotfrid laibnicis (1646-1716) 

mier. me-18 saukunis dasawyisis es ori udidesi moazrovne, saukeTeso ev-

ropul, magram gansxvavebul saganmanaTleblo tradiciebze gazrdili mec-

nierebi, erTmaneTis damoukideblad mividnen „usasrulod mcireTa“ aRri-

cxvis (kalkulusis) kanonizaciamde, rac Tavis TavSi aerTianebda maTema-

tikuri simkacris da misi kontrastuli – ganuyofelis, ususrulod mcire 

sididis paradigmebs. maT mier Seqmnilma aRricxvam saukuneebs gauZlo, 

xolo maT mier SemoRebuli terminebi: integrali, warmoebuli, diferen-
ciali, maTi aRniSvnebi, diferencialisa da integralis Tvisebebi dRevan-

deli maTematikis fundamenturi cnebebi da Teoremebia. 

diferencialuri gantolebebis Tanamedrove Teoriis safuZvlebi leo-

nard eilerisagan iRebs saTaves. man pirvelma gamoikvlia mudmivkoefici-

entebiani maRali rigis wrfiv diferencialur gantolebaTa amoxsnis me-

Todi maxasiaTebeli gantolebis saSualebiT, Semoitana integraluri mam-

ravli da a.S., Tumca laibnicis moswavlem, daniel bernulim ukve icoda 

pirveli rigis sakmaod zogadi saxis gantolebebis amoxsnis gzebi. garda 

amisa, diferencialuri gantolebebis TeoriaSi, eileris naSromamde, al-

gebrul wirebs dekarte specialuri saxis diferencialuri gantolebis 

amonaxsniT ikvlevda. galilei, neperi, toriCeli, ferma, hiugensi agreT-

ve iyenebdnen diferencialur gantolebebs da usasrulod mcire sidide-

ebs aracxadi saxiT – dafuZnebis gareSe, meqanikis da maTematikis sxva-

dasxva amocanis analizis dros. mas Semdeg, rac ricxviTi mimdevrobebis 

da mwkrivebis krebadoba daafuZna frangma maTematikosma koSim, diferen-

cialuri gantolebebi gaxda maTematikis da fizikuri procesebis aRweris 

adekvaturi ena da asea dRemde. me-19 saukunis dasawyisidan, mTeli sauku-

nis ganmavlobaSi diferencialuri gantolebebi iyo TiTqmis yvela maTemati-

kosis kvlevis sagani. im saxiT, ra saxiTac diferencialuri gantolebebi, 

rogorc maTematikis damoukidebeli dargi, dRes arsebobs, mravali maTema-

tikosis, fizikosis da inJinris kvlevis Sedegia. 

codnis dagrovebasTan erTad, farTovdeba diferencialuri gantole-

bebis gamoyenebis areali mecnierebis sxvadasxva dargSi, rac iwvevs axali 

tipis diferencialuri gantolebebis warmoSobas an gantolebis amonaxs-

nTa sivrcis sxvadasxva aspeqtis gamovlenis aucileblobas. arsebobs ag-

reTve amouxsneli amocanebis, problemebis nusxa, romlebzec sruli pasu-

xi momijnave dargebSi iwvevs garkveul progress.  

winamdebare kursis pirveli nawili am farTo da swrafad ganviTare-

badi mecnierebis Sesavalia. 
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nawili I 

Cveulebrivi diferencialuri gantolebebi  

Sesavali 

ganmartebebi da magaliTebi 

elementaruli diferencialuri gantolebis magaliTia iseTi funq-

ciis povnis amocana, romlis warmoebuli mocemuli cnobili funqciaa. 

sxva sityvebiT rom vTqvaT, amocana mdgomareobs iseTi (ݐ)ݔ funqciis 
povnaSi, romlis warmoebuli mocemuli ܽ(ݐ) funqciaa: ݔᇱ(ݐ) =  .(ݐ)ܽ
es amocana, rogorc analizis kursidan viciT, ixsneba cnobili ܽ(ݐ) 
funqciidan ganusazRvreli integralis aRebiT: (ݐ)ݔ =  anu ,ݐ݀(ݐ)ܽ

Cveni amocanis amonaxsni, e.i. saZiebeli funqciaa, ܽ(ݐ)-s pirvelyofi-

li funqcia (romelic mudmivis sizustiT ganisazRvreba). Semdegi ele-

mentaruli diferencialuri gantolebis magaliTia iseTi (ݐ)ݔ funq-
ciis povna, romlis warmoebuli TviT es funqciaa: ݔᇱ(ݐ) = -ana .(ݐ)ݔ
lizidan cnobilia, rom funqcia, romelic gawarmoebis Sedegad ar ic-

vleba (am SemTxvevaSi amboben, rom funqcia invariantulia gawarmoebis 

mimarT), aris eqsponencialuri funqcia, anu, unda velodoT, rom das-

muli amocanis amonaxsnia (ݐ)ݔ = ݁௧ funqcia. es marTlac asea! amaSi 

uSualo CasmiT davrwmundebiT. magram isic naTelia, rom (ݐ)ݔ = ܿ݁௧ 
funqciac akmayofilebs ݔᇱ(ݐ) = -diferencialur gantolebas, sa (ݐ)ݔ

dac ܿ nebismieri mudmivia. am gantolebis konteqstSi Cndeba Semdegi 

kiTxvac: amovwureT Tu ara ܿ݁௧ funqciiT ݔᇱ(ݐ) =  gantolebis (ݐ)ݔ

yvela amonaxsni? am kiTxvas pasuxi gaecema mogvianebiT, radgan miRebuli 

codnidan masze pasuxi ar gvaqvs, iseve, rogorc intuicia ver gvikar-

naxebs ݔᇱ(ݐ) =   .diferencialuri gantolebis yvela amonaxsns (ݐ)ݔ2

sayovelTaod miRebulia, rom bunebis mravali movlenis Seswavli-

saTvis efeqturia am movlenis maTematikuri modelis ageba da misi 

gamokvleva. xSirad ver xerxdeba gansaxilveli procesis dinamikuri 

parametrebis cxadad erTmaneTTan dakavSireba. funqcionaluri damokide-

bulebis miReba ki umravles SemTxvevaSi SesaZlebelia. Tumca gamosak-
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vlevi procesis aRmweri funqcia SesaZlebelia miRebul gamosaxule-

baSi Sediodes mis warmoebulebTan erTad. uxeSad rom vTqvaT, miRebu-

li gamosaxuleba diferencialuri gantolebaa. am konteqstSi diferen-

cialuri gantolebis elementaruli magaliTia materialuri wertilis 

moZraobis kanoni. Tu )(tS  materialuri wertilis mier drois t inte-

rvalSi gavlili saZiebeli gzaa, xolo )(tv  ki cnobili siCqarea dro-

is t  momentisaTvis, maSin miviRebT diferencialur gantolebas: 

)(
)(

tv
dt

tdS = ,                  (1) 

anu )()(/ tvtS = . analizis kursidan cnobilia, rom, rodesac )(tv , 0≥t  

mocemuli uwyveti funqciaa, (1) gantolebis yvela amonaxsni moicema 

formuliT: 

CdvtS
t

+= 
0

)()( ττ ,              (2) 

sadac C nebismieri namdvili mudmivia. magaliTad, Tu materialuri wer-

tilis siCqarisa da drois damokidebuleba wrfivi funqciaa, e.i. Tu 

battv +=)( , sadac ba ,  namdvili ricxvebia, maSin (2)-is Tanaxmad:  

Cbtt
a

tS ++= 2

2
)( .              (3) 

martivi diferencialuri gantolebiT aRiwereba agreTve biologi-

uri ujredis funqcionirebis darRveva didi intensivobis ultrabge-

ris zemoqmedebiT: 

)(
)(

tRN
dt

tdN −= ,            (4) 

sadac t, iseve rogorc zeda magaliTSi, dros aRniSnavs, N (t) aris 

cocxali ujredebis koncentracia da swored am funqciis povna gvain-

teresebs. (4) gantolebaSi R mudmivaa, romelic drois erTeulSi uj-

redis funqcionirebis darRvevis albaTobas gansazRvravs. Tuki (1) gan-

tolebidan ucnobi S(t) funqciis sapovnelad analizis Teoremis gamo-

yeneba iyo sakmarisi, (4) gantolebis amoxsnas Tavisi meTodi sWirdeba. 

am meTods cota mogvianebiT ganvixilavT, manamde ki pirdapir davwerT 

Sedegs: 
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RtCetN −=)( ,                    (5) 

sadac C kvlav nebismieri namdvili ricxvia. (5) gamosaxulebiT moce-

muli N (t) funqcia rom marTlac aris (4) gantolebis amonaxsni, amaSi 

uSualo CasmiT davrwmundebiT! 

diferencialuri gantolebis kidev erT magaliTs miviRebT, Tu 

ganvixilavT zambaraze dakidebuli wonasworobis mdgomareobidan gamo-

yvanili burTulas dinamikis gantolebas. Tu wonasworobis mdgomare-

obidan burTulas gadaxras drois t  momentisaTvis aRvniSnavT )(tx -Ti 

da gamoviyenebT niutonis meore kanons, burTulas moZraobis ganto-

leba miiRebs saxes: 

0)(
)( 2

2

2

=+ tx
dt

txd ω ,            (6) 

sadac 0>ω  raime mocemuli parametria. (1) gantolebis analogiurad, 

(6) gantolebac SeiZleba Caiweros misi ekvivalenturi 0)()( 2// =+ txtx ω  

formiT.  

(6) saxis diferencialur gantolebas harmoniuli rxevis anu wrfi-

vi oscilatoris gantoleba ewodeba. sul male Cven vnaxavT, rom misi 

amonaxsni aris:  

)cos()( ϕω += tAtx             (7) 

funqcia, sadac A da ϕ  nebismieri mudmivebia.  

gamocdileba gviCvenebs, rom, TavianTi SinaarsiT, sxvadasxva fizi-

kuri amocana aRiwereba erTi da imave diferencialuri gantolebebiT. 

bunebaSi mimdinare procesis aRsawerad diferencialuri gantolebis 

gamoyenebis SesaZlebloba xelsayrelia im TvalsazrisiT, rom es gan-

tolebebi aRweren droSi procesis evolucias. 

Tu diferencialur gantolebaSi ucnobi funqcia aris erTi cvla-

dis, maSin gantolebas Cveulebrivi diferencialuri gantoleba ewo-

deba, xolo Tu diferencialur gantolebaSi Semavali funqcia ori 

an orze meti cvladisaa, maSin gantolebas kerZowarmoebulebiani di-

ferencialuri gantoleba ewodeba.  

Tu t  damoukidebeli cvladia, xolo )(tyy = ki – ucnobi funq-

cia, maSin Cveulebrivi diferencialuri gantoleba, sazogadod, SesaZ-

lebelia Caiweros Semdegi saxiT: 
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0),...,,,,( )(/// =nyyyytF ,           (8) 

sadac F Tavisi argumentebis raime mocemuli funqciaa. sxva sityve-

biT, F gamoxatavs im funqcionalur damokidebulebas, romelic arse-

bobs damoukidebel t  cvlads, )(tyy =  funqciasa da mis warmoebu-

lebs Soris. (8) gamosaxulebaSi Semaval y -is udides warmoebuls ewo-

deba diferencialuri gantolebis rigi. magaliTad, zemoT moyvanili 

(1) da (4) gantolebebi pirveli rigisaa, (6) gantoleba ki me-2 rigis, 

xolo (8) gamosaxulebiT mocemuli diferencialuri gantoleba aris 

n -uri rigis.  

(8) diferencialuri gantolebis amonaxsni ewodeba iseT )(ty  funq-

cias, romlis F funqciaSi CasmiT (8) gamosaxuleba igiveobad gadaiq-

ceva. )(ty  funqciis grafiks ewodeba (8) gantolebis integraluri wiri. 

momdevno paragrafebSi (8) saxiT Cawerili gantoleba sxvadasxva kon-

teqstSi Segvxvdeba. magaliTad, igi SeiZleba iyos `amoxsnili~ )(ty -s 

umaRlesi warmoebulis mimarT, maSin weren: 

),...,,,,( )1(///)( −= nn yyyytgy . 

amgvar diferencialur gantolebas normaluri ewodeba.   

vnaxavT, rom F funqciis Tvisebebze (wrfivoba, uwyvetoba da sxva) 

mniSvnelovnadaa damokidebuli (8) gantolebis amonaxsnis arseboba da 

amoxsnis meTodebi. am problemebs eZRvneba wignis pirveli Tavi. 

aRniSvnebis Sesaxeb 

rogorc vTqviT, diferencialuri gantoleba Seicavs ucnob funq-

cias da mis warmoebuls (an warmoebulebs). ucnobi funqciis aRsaniS-

navad gamoviyenebT nebismier dasaSveb simboloebs ݔ, ,ݕ ,ݖ ݂, ݃, … da a.S. 
CanawerSi vigulisxmebT, rom es funqciebi `TavianTi argumentis~ – 

damoukidebeli cvladis funqciebia. es damoukidebeli cvladebi, kon-

teqstidan gamomdinare, SeiZleba iyvnen ݐ, ,ݔ ,ݕ ,ݖ … da a.S. amasTan, zog-
jer cxadad ar mivuTiTebT cvlads, Tu es orazrovnebas ar iwvevs. ma-

galiTad:  ݔᇱ(ݐ) = ݂൫ݐ, ᇱݔ ,൯(ݐ)ݔ = ,ݐ)݂ ሶݔ ,(ݔ = ,ݐ)݂ ,(ݔ … 
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erTmaneTis ekvivalenturi Canawerebia. yvela maTgani aris pirveli 

rigis normaluri gantoleba, sadac ݔ aris ݐ damoukidebeli cvladis 

ucnobi funqcia. analogiur aRniSvnas gamoviyenebT ݊-uri rigis dife-
rencialuri gantolebebis Casawerad. aseve, diferencialuri ganto-

leba ucnobis saxiT SeiZleba Seicavdes funqcias, romelic ݔ simbo-
loTia aRniSnuli, amasTan, sxva gantolebaSi ݔ SesaZlebelia Segvxv-

des rogorc damoukidebeli cvladi, saZiebeli funqcia ki iyos aRniS-

nuli sxva, magaliTad, ݂ simboloTi. aRniSvnaTa am mravalnairobas 

Segnebulad virCevT, riTac yuradReba gvinda gavamaxviloT calkeuli 

diferencialuri gantolebis Sinaarsobriv mxareze. diferencialuri ga-

ntoleba, rogorc `Canaweri~, garkveuli Sinaarsis matarebelia masSi 

Semavali ucnobi funqciiT, misi warmoebuliT (warmoebulebiT) da damo-

ukidebeli cvladiT. 

naturaluri, mTeli, racionaluri, namdvili da kompleqsuri ric-

xvebisaTvis yovelTvis vixmarT maTTvis sayovelTaod miRebul aRniS-

vnebs: ܀ ,ۿ ,܈ ,ۼ da ۱. namdvil ricxvTa simravlis aRsaniSnavad ga-

moviyenebT agreTve ܀ଵ-s, saWiroebis SemTxvevaSi amiT xazs gavusvamT 
im garemoebas, rom namdvil ricxvTa simravle aris erTganzomilebi-

ani veqtoruli sivrce.  

geometriuli amocanebi, romlebic diferencialur  

gantolebebze daiyvanebian 

1. dawereT iseTi wirebis gantoleba, romlis nebismieri mxebi abs-

cisTa RerZs kveTs wertilSi, romlis abscisa orjer naklebia Sexebis 

wertilis abscisaze.  

 

nax. 1 
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davuSvaT saZiebeli wiria (ݔ)ݕ. Nnaxaz 1-ze mocemuli samkuTxedi ܱܰܯ marTkuTxaa, sadac ܰܯ = ܰܭܯ∠݃ݐ da ݕ =  ᇱ, amasTan, amocanisݕ
pirobis Tanaxmad, |ܱܭ| = ଵଶ |ܱܰ|, rac niSnavs, rom ܱܰ monakveTisaT-
vis ܭ wertili Sua wertilia da |ܰܭ| = ଵଶ |ܱܰ| = ௫ଶ. meore mxriv, ܱܰܯ marTkuTxa samkuTxedidan |ܰܭ| = |ெே|௧∠ெே = ௬௬ᇲ. Aam ori ukanask-
neli gamosaxulebis gatolebiT miviRebT: ௬௬ᇲ = ௫ଶ ⇒ ݕݔᇱ =  (1)      .ݕ2

miRebuli gamosaxuleba Seicavs saZiebel funqcias Tavis warmoebul-

Tan erTad. 

2. ipoveT wirebi, romlebisTvisac samkuTxedis farTobi, romelic 

miiReba am wirebis mxebiT, Sexebis wertilis ordinatiT da abscisTa 

RerZiT mudmivia da ܽଶ-is tolia. 

              
nax. 2 (࢟ᇱ > )           nax. 3	(࢟ᇱ < ) 

rogorc me-2 naxazidan Cans, miRebuli samkuTxedis farTobi tolia ܵ = ଵଶ ܱܭܯ∠݃ݐ radgan .ݕ|ܰܭ| = |ᇱ da ௬|ேݕ = ܵ amitom ,ܱܭܯ∠݃ݐ = ௬మଶ௬ᇲ, 
rodesac ݕᇱ > 0. Aamrigad, viRebT:  ௬మଶ = ܽଶݕᇱ.       (2) 

analogiur gantolebas miviRebT, rodesac ݕᇱ < 0. kerZod, ganto-
lebas eqneba saxe: 

௬మଶ = −ܽଶݕᇱ. ixileT naxazi 3. 

3. ipoveT wirebi, romlebic akmayofileben Semdeg pirobebs: absci-

sTa RerZis monakveTis sigrZe, romelsac wiris nebismieri wertilidan 

gavlebuli mxebi da normali mokveTs ݔ RerZs, 2ܽ-s tolia, amasTan, 

nebismier wertilSi gavlebuli mxebi koordinatTa saTaveSi gadis. 
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nax. 4               nax. 5     

naxaz 4-dan Cans, rom 
|ெ||| = |da |ெ||ே ܮܭܯ∠݃ݐ = ܮܰܯ∠݃ݐ samkuTxedi marTkuTxaa, amitom ܰܯܭ radgan .ܮܰܯ∠݃ݐ = ݃ݐ ቀగଶ − ቁܮܭܯ∠ =				 = ܮܭܯ∠݃ݐܿ = ଵ௬ᇲ. amasTan, |ܮܭ| = ௬௬ᇲ da |ܰܮ| =  ᇱ.Aamocanis pirobisݕݕ

Tanaxmad, |ܮܭ| + |ܰܮ| = 2ܽ, saidanac gamomdinareobs, rom:  
 
௬௬ᇲ + ᇱݕݕ = 2ܽ.       (3) 

miRebuli gamosaxulebidan Tu SevZlebT vipovoT ݕ rogorc ݔ-is 
funqcia, miviRebT saZiebeli wirebis gantolebas.  

4. ipoveT Semdegi Tvisebis mqone wirebi: Tu saZiebeli wiris 

nebismieri wertilidan gavavlebT sakoordinato RerZebis paralelur 

wrfeebs RerZebis gadakveTamde, miRebuli marTkuTxedis farTobs 

wiri gayofs SefardebiT 1:2. 

integralis geometriuli interpretaciis Tanaxmad, ܵଶ =  ௫ݐ݀(ݐ)ݕ  

(ixileT nax. 5), amasTan, ଵܵ + ܵଶ = da amocanis pirobis Tanaxmad, ܵଶ ݕݔ = 2 ଵܵ. aqedan gamomdinareobs, rom ܵଶ = ଶଷ ݕݔ =  ௫ݐ݀(ݐ)ݕ  anu 
ଶଷ ݕݔ = =  ௫ݐ݀(ݐ)ݕ .Aam gamosaxulebis ݔ-iT gawarmoebis Semdeg miviRebT:  ଶଷ ᇱݕݔ) + (ݕ =  (4)      .(ݔ)ݕ

(1), (2), (3) da (4) gantolebebSi Cveni interesis sagania (ݔ)ݕ fun-
qcia, romelic aRwers saZiebel wirebs. es gantolebebi (ݔ)ݕ funqciis 
garda Seicaven agreTve mis warmoebul funqciebsac. aseTi tipis gan-

tolebebs ewodebaT diferencialuri gantolebebi. momdevno TavebSi 

movaxdenT diferencialuri gantolebebis klasifikacias da Seviswav-

liT maTi amoxsnis meTodebs. 
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1. ZiriTadi funqcionaluri sivrceebi 

1.1. metrikuli, normirebuli da banaxis sivrce 

diferencialuri gantolebis amonaxsni, Cveulebriv, garkveul funq-

ciaTa klasSi iZebneba. gantolebis amoxsnis strategia ganisazRvreba 

imis Sesabamisad, Tu ra Tvisebebis mqone amonaxsni gvainteresebs. amis 

gamo aucilebelia vicodeT sxvadasxva klasis funqciebis simravleTa 

analizuri, algebruli da geometriuli Tvisebebi. funqciaTa simrav-

les, romelSic raime algebruli struqturaa gansazRvruli, vuwo-

doT funqcionaluri sivrce. am terminiT xazs vusvamT im garemoebas, 

rom simravlis elementebi funqciebia.  

davuSvaT, ܯ nebismieri aracarieli simravlea. misi elementebi aR-

vniSnoT ݔ, ,ݕ ,ݖ … simboloebiT da vuwodoT maT wertilebi imis mi-

uxedavad, ra bunebis arian isini: funqciebi, veqtorebi Tu ricxvebi. 

am simravles ewodeba metrikuli sivrce, Tu nebismier (ݔ,  wyvils (ݕ

Seesabameba namdvili ݔ)ߩ, -ricxvi, romelic akmayofilebs Semdeg pi (ݕ

robebs (aqsiomebs): 

,ݔ)ߩ (1 (ݔ = 0 da ݔ)ߩ, (ݕ > 0, Tu ݔ ≠  ;ݕ
,ݔ)ߩ (2 (ݕ = ,ݕ)ߩ  ;(simetriuloba) (ݔ

,ݔ)ߩ (3 (ݕ ≤ ,ݔ)ߩ (ݖ + ,ݖ)ߩ  .(samkuTxedis aqsioma) (ݕ
amrigad, gvaqvs zemoT moyvanili 1)-3) pirobebis damakmayofile-

beli ܯ:ߩ ܯ× → [0,∞[ asaxva (funqcia), romelic ܯ simravles aR-

Wuravs damatebiTi TvisebiT da aqcevs mas metrikul sivrced. ߩ asa-
xvas ewodeba metrika. ܯ simravleSi SesaZlebelia arsebobdes ramde-

nime sxvadasxva metrika. imis aRsaniSnavad, rom ܯ metrikuli simrav-

lea ߩ metrikiT, ixmareba aRniSvna (ܯ,  Tu saWiro ar aris cxadad .(ߩ
mivuTiToT, romel metrikazea laparaki, maSin, Cveulebriv, amboben, 

rom mocemulia metrikuli sivrce 

,ݔ)ߩ .1 (ݕ = ݔ| − -funqcia namdvil ricxvTa RerZs aqcevs metri |ݕ

kul sivrced. imis sailustraciod, rom aseTnairad gansazRvruli fun-

qcia marTlac aris metrika, saWiroa vaCvenoT, rom 3-(1 ߩ) pirobebs 
akmayofilebs. 1) da 2) cxadia. 3) piroba ki niSnavs, rom, rogori ݖ 
ricxvic ar unda aviRoT namdvil ricxvTa RerZidan, unda Sesruldes 
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ݔ| − |ݕ ≤ ݔ| − |ݖ + ݖ| − -mo ݖ utoloba. es marTlac asea, radgan, Tu |ݕ
Tavsebulia ݔ da ݕ Soris, maSin adgili aqvs tolobas. winaaRmdeg 

SemTxvevaSi ki utolobis samarTlianoba namdvil ricxvTa RerZze am 

wertilebis ganlagebidan gamomdinareobs, radgan |ݔ −  wertilebs Soris ݕ da ݔ aris manZili |ݕ

,ݔ)ߩ  :metrika ganvsazRvroT formuliT ߩ ଶ sibrtyeze܀ .2 (ݕ = ඥ(ݔଵ − ଵ)ଶݕ + ଶݔ) −  ,ଶ)ଶݕ
sadac ݔ = ,ଵݔ) ݕ ଶ) daݔ = ,ଵݕ)  .ଶ) sibrtyis nebismieri wertilebiaݕ

metrikis 1) da 2) aqsiomebi Cven mier Semotanili metrikisaTvis advi-

lad mowmdeba. rac Seexeba 3) pirobas, igi niSnavs, rom samkuTxedis 

ori gverdis jami mesame gverdze metia. amis gamo metrikis 3) aqsi-

omas, sazogadod, samkuTxedis aqsioma ewodeba.  

܀ .3 = ݔ|ݔ} = ,ଵݔ) ,ଶݔ … , ,(ݔ ݔ ∈ -ଵ}-Si metrika zemoT moyvani܀

lis analogiurad SemovitanoT: ݔ)ߩ, (ݕ = ඥ(ݔଵ − ଵ)ଶݕ + ଶݔ) − ଶ)ଶݕ + ⋯+ ݔ) −  .)ଶݕ
metrikis 1) da 2) aqsiomebis Semowmeba uSualo CasmiT SeiZleba, 

xolo, rac Seexeba 3) pirobas, mis dasamtkiceblad saWiroa SevniS-

noT, rom ܀-is nebismier sam wertilze gaivleba erTaderTi sibrtye 

 .ଶ, sadac samarTliania samkuTxedis aqsioma܀ –

4. namdvil ricxvTa ݔ = ,ଵݔ) ,ଶݔ … ) usasrulo mimdevrobaTa (usas-

rulo raodenobis koordinatebis mqone veqtorebi) simravlidan, aRv-

niSnoT miRebuli simravle ݈ଵ-iT, gamovyoT iseTebi, romlebic akmayo-

fileben pirobas: ݈ଶ = หݔห|ݔ} < ∞}.ஶ
ୀଵ  ݈ଶ metrikuli sivrcea  ݔ)ߩ, (ݕ =หݔ − หݕ < ∞}ஶ

ୀଵ  

metrikiT. es metrikuli sivrce usasrulo ganzomilebiania, radgan is 

Seicavs (1,0,0, … ), (0,1,0, … ),... saxis wrfivad damoukidebeli elemen-

tebis usasrulo raodenobas. 
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,ܽ]ܥ .5 ܾ]-Ti aRvniSnoT namdvil ricxvTa [ܽ, ܾ] ⊂  ଵ intervalze܀

uwyvet funqciaTa simravle. amrigad, (ݐ)ݔ, ,(ݐ)ݕ … funqciebi ܥ[ܽ, ܾ]-s 
elementebia, Tu isini uwyvetebia [ܽ, ܾ]-ze. metrika am simravleze 

ganisazRvreba TanadobiT: ݔ)ߩ, (ݕ = (ݐ)ݔ|ஸ௧ஸݔܽ݉ −  es sivrcec .|(ݐ)ݕ
usasrulo ganzomilebiania, radgan igi Seicavs ݐ, ,ଶݐ ,ଷݐ …saxis funq-
ciebis usasrulo raodenobis wrfivad damoukidebel simravles. 

zemoT moyvanil yvela magaliTSi simravle, romelzedac metrika gan-

vmarteT, veqtoruli sivrceebia, anu isini `mdidari~ algebruli struq-

turis mqone simravleebia; isini Caketilia Sekrebis da ricxvze gam-

ravlebis operaciebis mimarT. Tumca metrikis gansamartavad es auci-

lebeli ar aris. magaliTad, nebismier simravleze arsebobs egreT 

wodebuli `trivialuri~ metrika, magaliTad, aseTi: ݔ)ߩ, (ݔ = 0 da ݔ)ߩ, (ݕ = 1, Tu ݔ ≠ -amitom, metrika yovelTvis SegviZlia simrav .ݕ

leSi SemovitanoT. meore sakiTxia, ramdenad mosaxerxebeli da moce-

muli simravlis unikaluri Tvisebis gamomxatvelia igi. zemoT mota-

nil meore magaliTSi metrika aris manZili sibrtyis or wertils 

Soris, romelic, rogorc viciT, am ori wertilis SemaerTebeli monak-

veTis sigrZis tolia. sibrtyidan Tu koordinatTa saTaves amovagdebT, 

miRebuli simravle veqtoruli sivrce aRar iqneba. miuxedavad amisa, 

am simravleSi imave gamosaxulebiT mocemuli metrika kvlav gvaqvs, mag-

ram misi interpretacia, rogorc ori wertilis SemaerTebeli monak-

veTis sigrZisa, ukve aRar SeiZleba, radgan nebismier or wertils, maga-

liTad, ݔ = (1,1) da ݕ = (−1,−1)-s, monakveTiT ver SevaerTebT. 
davuSvaT, ܯ metrikuli sivrcea. ݔ ∈ ,ܯ ݊ = 1,2, … mimdevrobas 

ewodeba fundamenturi, Tu ݔ)ߩ, (ݕ → 0, rodesac ݊,݉ → ∞. ricxvi-
Ti mimdevrobebisaTvis (e.i. ݔ ∈ -ଵ), mimdevrobis krebadobidan, am mim܀
devrobis fundamenturobis Tviseba gamomdinareobs da samarTliania 

Sebrunebuli debulebac: fundamenturi mimdevroba krebadia. nebismieri 

metrikuli sivrcisaTvis es ase ar aris. kerZod, krebadobidan gamom-

dinareobs mimdevrobis fundamenturoba, Sebrunebuli debuleba ki Se-

saZlebelia samarTliani ar iyos. Tu ݔ ∈ -fundamenturia, SesaZ ,ܯ
lebelia aRmoCndes, rom ݈݅݉→ஶݔ = -magaliTad, [−1,1]⋂ℚ simravle (racionalur ricxvTa simravle [−1,1]-dan) metri .ܯ ar ekuTvnodes ݔ
kuli sivrcea. advilad aigeba racionalur ricxvTa fundamenturi mimdev-

roba [−1,1]⋂ℚ-dan, romelic iracionaluri ricxvisaken aris krebadi. 
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metrikul sivrces ewodeba sruli, Tu nebismier fundamentur mim-

devrobas aqvs zRvari. 

samarTliania Semdegi mniSvnelovani Teorema. 

Teorema 1 (f. hausdorfi). davuSvaT, ܯ metrikuli sivrcea (ara-

aucileblad sruli). maSin arsebobs sruli ܯഥ metrikuli sivrce, 

romelsac ewodeba ܯ-is gasruleba, iseTi, rom ܯ ⊂  yvelgan ܯ ഥ daܯ

mkvrivia ܯഥ. 
gavixsenoT, rom ܤ simravlis ܣ qvesimravles ewodeba yvelgan 

mkvrivi ܤ-Si, Tu ܤ-s nebismieri wertilis nebismieri midamo Seicavs 

erT wertils mainc ܣ-dan. magaliTad, racionalur ricxvTa simravle 

yvelgan mkvrivia namdvil ricxvTa simravleSi. racionalur ricxvTa 

simravle ar aris sruli. misi gasruleba miiReba yvela fundamenturi 

mimdevrobis zRvris mikuTvnebiT axali, gasrulebuli simravlisaTvis. 

es simravle ki namdvil ricxvTa sivrcea.  ܮ aracariel simravles ewodeba wrfivi sivrce an veqtoruli siv-

rce, Tu igi Caketilia Sekrebis da `gare gamravlebis~ operaciebis mi-

marT. es niSnavs, rom nebismieri ori ݔ, ݕ ∈ ݔ elementisaTvis ܮ +  ݕ
agreTve ܮ-is elementia da ݔߣ ∈  nebismieri namdvili an ߣ sadac ,ܮ

kompleqsuri ricxvia. amasTan, Sekrebis operacia unda akmayofilebdes 

komutaciorobis – ݔ + ݕ = ݕ + ݔ) – da asociaciurobis ݔ + (ݕ + ݖ == ݔ + ݕ) + ,ݔ pirobebs, nebismieri (ݖ ,ݕ ݖ ∈ -elementebisaTvis. Tu gam ܮ

ravlebis ݔߣ operacia ganmartebulia ߣ namdvili ricxvisaTvis, maSin 

amboben, rom ܮ veqtoruli sivrcea ܀ଵ namdvil ricxvTa velis mimarT, 

xolo, Tu ߣ kompleqsuri ricxvia, maSin ܮ wrfiv sivrces ewodeba 
veqtoruli sivrce ℂ kompleqsur ricxvTa velis mimarT. 

wrfivi sivrcis moyvanili ganmartebidan gamodis, rom igi aucileb-

lad Seicavs 0-ovan elements da nebismieri aranulovani ݔ ∈  arsebobs ܮ
mis mopirdapire element ܮ-Si, romelic, Cveulebriv, – ݔ-iT aRiniSneba. 

wrfivi sivrcis magaliTia ܀. kerZo SemTxvevebSi, rodesac ݊ = 1,2,3, 
miiReba CvenTvis kargad cnobili obieqtebi: namdvil ricxvTa RerZi, sib-

rtye da sivrce. wrfivi sivrceebia agreTve ܥ[ܽ, ܾ] da ݈ଶ metrikuli 

sivrceebi. ܮ wrfiv sivrces ewodeba normirebuli. mis nebismier ݔ ∈ -ele ܮ

ments Seesabameba arauaryofiTi ‖ݔ‖ namdvili ricxvi, romelsac ewo-

deba ݔ-is norma da romelic akmayofilebs Semdeg pirobebs (aqsiomebs): 
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‖ݔ‖ (1 = 0	 ⟺ ݔ	 = 0; 
‖ݔߣ‖ (2 = ,‖ݔ‖|ߣ| ߣ ∈  ;(wrfivoba) ;܀
ݔ‖ (3 + ‖ݕ ≤ ‖ݔ‖ +  .(samkuTxedis utoloba) ‖ݕ‖

normirebuli wrfivi sivrcis magaliTebia: 

ܮ .1 = ‖ݔ‖ :norma ganimarteba formuliT .܀ =  me-3 aqsiomas aqvs .|ݔ|
saxe: |ݔ + |ݕ ≤ |ݔ| +  .|ݕ|

2. L = ‖ݔ‖ . am SemTxvevaSi܀ = ට∑ ଶୀଵݔ .Mmas evkliduri norma ewo-

deba. 

ܮ .3 = ,ܽ]ܥ ܾ]. am metrikul sivrceSi norma ganmartebiT aris ‖ݔ‖ =  .sidide |(ݐ)ݔ|ஸ௧ஸݔܽ݉
ܮ .4 = ݈ଶsivrce ‖ݔ‖ = ට∑ ଶஶୀଵݔ  formuliT ganmartebuli normis mi-

marT aris normirebuli. 

metrikul da normirebul sivrceebs (metrikasa da normas Soris 

Tanadoba) Soris kavSiri moyvanilia Semdeg TeoremaSi. 

Teorema 2. yoveli wrfivi normirebuli sivrce metrikulia da ݔ)ߩ, (ݕ = ݔ‖ −  .‖ݕ
am Teoremidan gamomdinareobs, rom norma yovelTvis gansazRvravs 

metrikas wrfiv sivrceSi, ris gamoc SesaZlebelia ganvixiloT iseTi 

wrfivi sivrceebi, romlebsac sisrulis Tviseba gaaCniaT. srul nor-

mirebul sivrces ewodeba banaxis (misi aRmomCenis, poloneli maTema-

tikosis – stefan banaxis pativsacemad) sivrce. amrigad, banaxis sivr-

ceSi nebismieri fundamenturi mimdevroba krebadia. 

funqcionalur sivrceebSi krebad funqciaTa mimdevrobis mniSvne-

lovani klasia Tanabrad krebadi funqciaTa mimdevrobebi. mimedvroba-

Ta aseTi klasis gamoyofa ganpirobebulia imiT, rom, sazogadod, kre-

bad uwyvet funqciaTa mimdevrobis zRvari ar aris uwyveti funqcia. 

funqciaTa ݔ(ݐ), ݊ = 1,2, … mimdevrobas ewodeba Tanabrad krebadi (ݐ)ݔ funqciisaken, Tu nebismieri ߝ > 0 ricxvisaTvis arsebobs iseTi ܰ = ݊ naturaluri ricxvi, rom, rodesac (ߝ)ܰ > ܰ, sruldeba 	|(ݐ)ݔ − |(ݐ)ݔ < -saTvis funqciaTa gansazRv-ݐ utoloba nebismieri ߝ
ris aredan. 

Tanabrad krebadobis geometriuli azri imaSi mdgomareobs, rom, Tu 

funqciaTa mimdevroba Tanabrad krebadia (ݐ)ݔ-saken, maSin, sakmaod didi 
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ܰ-saTvis, yvela ݔ(ݐ) funqciis grafiki sakmaod axlos iqneba (ݐ)ݔ-s 
grafikTan nebismieri ݐ-saTvis. 

Teorema 3. uwyvet funqciaTa Tanabrad krebadi mimdevrobis zRvari 

uwyveti funqciaa. 

am Teoremidan, kerZod, gamomdinareobs, rom nebismieri uwyveti funq-

ciis aproqsimacia SesaZlebelia polinomebiT an trigonometriuli 

funqciebiT (an nebismieri xelsayreli uwyvet funqciaTa Tanabari mi-

mdevrobis zRvariT). 

1.2. operatori da funqcionali 

davuSvaT, ܮ banaxis sivrcea da ܣ: ܮ → -nebismieri asaxvaa, moce ܮ
muli TanadobiT ݔ ↦ ݕ is nebismier elements Seesabameba raime-ܮ .e.i ,ݔܣ = -dan. am asaxvas ewodeba operatori. amrigad, ope-ܮ elementi ݔܣ
ratori sakmaod zogadi cnebaa. imisaTvis, rom garkveulwilad `Sina-

arsiani~ da Cveni miznebisaTvis gamosayenebeli Teoria miviRoT, Semo-

vifargloT wrfivi operatorebiT. radgan banaxis sivrce wrfivi siv-

rcea, amitom ݔ da ݕ elementebTan erTad ܮ agreTve Seicavs ݔ + :ܣ .elementebs ݔߣ da ݕ ܮ →  operators ewodeba wrfivi operatori, Tu ܮ
sruldeba Semdegi tolobebi: ݔ)ܣ + (ݕ = ݔܣ + (ݔߣ)ܣ da ݕܣ =  ,ݔܣߣ
nebismieri ݔ, ݕ ∈  .ricxvisaTvis ߣ da nebismieri ܮ
wrfivi operatorebis magaliTebi 

ݔܣ .1 = 0 operatori ܮ-is nebismier elements gadaiyvans 0-ovan ele-

mentSi. mas nulovani operatori ewodeba. 

ݔܣ .2 = 1, e.i. ܮ-is yovel elements Seesabameba erTeulovani elementi ܮ-Si. aseT operators erTeulovani operatori ewodeba. 

3. nebismieri A:܀ → ݊  wrfivi operatori aris܀ × ݊-kvadratuli 

matrici da ݕ = --Si veqtorebis tolo܀	toloba warmoadgens ݔܣ

bas. ݔܣ Canaweri ki niSnavs ܣ matricisa da ݔ veqtoris namravls. 

4. vTqvaT, ܮ = ,ܽ]ܥ ܾ] uwyvet funqciaTa banaxis sivrcea. ganvsazRvroT 
masze ܣ: ,ܽ]ܥ ܾ] → ,ܽ]ܥ ܾ] operatori TanadobiT:  ݔܣ =  ,ݏ)ܭ ݏ݀(ݏ)ݔ(ݐ , 

sadac ݏ)ܭ, :ܭ – ori cvladis uwyveti funqciaa (ݐ [ܽ, ܾ] × [ܽ, ܾ] →  .܀
mas operatoris guli ewodeba.  ,ݏ)ܭ ݏ݀(ݏ)ݔ(ݐ  gamosaxuleba war-
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moadgens ori uwyveti funqciis namravlis integrals ݏ cvladiT. 

Sedegad miiReba ݐ cvladis uwyveeti (ݐ)ݕ funqcia: (ݐ)ݕ = -ga .ݔܣ
nxiluli operatori aris wrfivi. es gamomdinareobs integrebis 

Tvisebidan.   ,ݏ)ܭ ݏ݀(ݏ)ݔ(ݐ  saxis wrfiv operatorebs integraluri operato-

ri ewodeba. ܣ wrfivi operatoris norma aRiniSneba ‖ܣ‖ simboloTi da gani-

marteba Semdegi TanadobiT: ‖ܣ‖ = ௫ݑݏ ‖௫‖‖௫‖ . supremumis ganmartebidan 
gamomdinareobs, rom 

‖௫‖‖௫‖ ≤ ௫ݑݏ ‖௫‖‖௫‖ = -am utolobidan ki viRe ,‖ܣ‖

bT ‖ݔܣ‖ ≤ ‖ܣ‖ ∙ ݔ Sefasebas. piriqiT, davuSvaT, nebismieri ‖ݔ‖ ∈ -ܮ
saTvis arsebobs ܥ mudmivi namdvili ricxvi, rom samarTliania Sefa-

seba ‖ݔܣ‖ ≤ ‖ܣ‖ saidanac gamomdinareobs, rom ,‖ݔ‖ܥ = ௫ݑݏ ‖௫‖‖௫‖ ≤  ,ܥ
e.i. ‖ܣ‖ ≤   .ܥ

wrfiv operators ewodeba SemosazRvruli, Tu mas aqvs sasruli 

norma. 

Teorema 1. Tu ܣ wrfivi operatoria sasruli normiT, maSin sa-

marTliania ‖ݔܣ‖ ≤ ‖ܣ‖ ∙ ‖ݔܣ‖ akmayofilebs ܣ utoloba. piriqiT, Tu ‖ݔ‖ ≤ ݔ utolobas nebismieri ‖ݔ‖ܥ ∈  saTvis, maSin es operatori-ܮ
SemosazRvrulia da ‖ܣ‖ ≤  .ܥ
operatoris normis gamoTvla 

1. nulovani operatoris norma 0-is tolia. marTlac, ݔܣ = 0 ‖ݔܣ‖	⟹ ≡ ‖0‖ = 0 ⟹ ‖ݔ‖‖ݔܣ‖ ≡ ‖0‖ ⟹ ‖ܣ‖ = 0. 
2. erTeulovani operatoris norma erTis tolia: ݔܧ = ݔ ⟹ ‖ݔܧ‖ ≡ ‖ݔ‖ = 0 ‖ݔ‖‖ݔܧ‖	⟹ ≡ 1 ⟹ ‖ܧ‖ = 1. 
ݔܣ .3 =  ,ݏ)ܭ ݏ݀(ݏ)ݔ(ݐ  integraluri operatoris normis gamosaTv-

lelad gaviTvaliswinoT is faqti, rom operatoris ݏ)ܭ,  birTvi (ݐ
uwyvetia [ܽ, ܾ] × [ܽ, ܾ] kompaqtur simravleze, e.i. arsebobs iseTi ܯ > 0 ricxvi, rom |ݏ)ܭ, |(ݐ ≤ -maSin samarTliania Semdegi uto ,ܯ

lobebi: 
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≤ න ,ݏ)ܭ| |(ݐ ∙ ݏ݀|(ݏ)ݔ| ≤ ܯ
 න ݏ݀|(ݏ)ݔ|

 ⟹ ‖ݔܣ‖ = |ݔܣ|௧ݔܽ݉ ≤ ≤ නܯ ݏ݀|(ݏ)ݔ|
 ≤ නܯ ݏ݀|(ݏ)ݔ|௦ݔܽ݉

 = ܾ)ܯ − ‖ݔ‖(ܽ ≡  .‖ݔ‖ܥ
am utolobebidan da zemoT moyvanili bolo Teoremidan gamomdi-

nareobs, rom ‖ܣ‖ ≤ -wrfivi integraluri operatori uwyveti bir .ܥ

TviT SemosazRvrulia ܥ[ܽ, ܾ] banaxis sivrceSi. 
wrfiv operators ewodeba uwyveti, Tu (ݔ)ஹଵ mimdevrobis kreba-

dobidan ݔ-saken, gamomdinareobs (ݔܣ)ஹଵ mimdevrobis krebadoba ݔܣ-saken.  
Semdegi Teorema aris wrfivi operatoris uwyvetobis kriteriumi. 

Teorema 2. wrfivi operatori uwyvetia maSin da mxolod maSin, 

rodesac is SemosazRvrulia.  

am Teoremidan gamomdinareobs zemoT ganxiluli operatorebis uw-

yvetoba, radgan maTi SemosazRvruloba vaCveneT. 

vTqvaT, ܣ wrfivi operatoria. ganvixiloT ݔܣ = -saxis ganto ݕ
leba, sadac ݕ mocemuli sididea, ݔ – ki −	ucnobi. naTelia, rom, Tu ܣ operators aqvs Sebrunebuli, e.i. Tu azri aqvs ିܣଵ sidides, maSin 
am gantolebis amonaxsni ݔ =  ,gamosaxulebiT moicema. magaliTad ݕଵିܣ

Tu ܀:ܣ →   wrfivi operatoria, maSin, rogorc aRvniSneT, aseTi܀
wrfivi operatori matricia da amrigad, ݔܣ =  gamosaxuleba wrfiv ݕ

algebrul gantolebaTa araerTgvarovani sistemaa, romlis amonaxsni ݔ =  Sebrunebadi matricia, anu ܣ formuliT moicema, rodesac ݕଵିܣ
rodesac ݀݁ܣݐ ≠ 0. analogiurad, yovelTvis ar arsebobs operatoris 

Sebrunebuli operatori da rodesac is arsebobs, misi ageba martivi 

amocana ar aris. amocanas garkveulwilad amartivebs Semdegi Teorema. 

Teorema 3 (banaxis Teorema Sebrunebuli operatoris Sesaxeb). 

vTqvaT, ܣ wrfivi SemosazRvruli operatori ܮ banaxis sivrces ur-
TierTcalsaxad asaxavs Tavis Tavze. maSin arsebobs misi Sebrunebuli ିܣଵ da igi SemosazRvrulia. 

wrfivi operatori ganisazRvreba agreTve ori −	 ଵܸ da ଶܸ gansx-
vavebuli banaxis sivrceebisaTvis: ܣ: ଵܸ → ଶܸ. zemoT moyvanili yvela 

msjeloba gamodgeba am SemTxvevaSic. mxolod unda gvaxsovdes: ଵܸ da ଶܸ sivrceebi normirebulia TavianTi normiT. 



 28

:ܬ ଵܸ → ଶܸ urTierTcalsaxa wrfiv operators wrfiv sivrceebs So-

ris ewodeba izomorfizmi. izomorfuli sivrceebi Cveulebriv gaigeba 

rogorc erTi da imave obieqtis ori sxvadasxva realizacia. magali-

Tad, kompleqsur ricxvTa ݖ = ݔ + ,ݔ) wrfivi sivrce da ݕ݅ (ݕ ∈  ଶ܀
sibrtyis wertilTa simravle (romelic wrfivi sivrcea) erTmaneTis 

izomorfulia. isini organzomilebiani veqtoruli sivrcis ori sxva-

dasxva realizaciaa. 

davuSvaT, ଵܸ da ଶܸ banaxis sivrceebia, maSin ܬ axorcielebs izo-

morfizms maT Soris, Tu is aris izomorfizmi rogorc wrfivi sivr-

ceebis da, garda amisa, aris izometria: e.i. ݔ ∈ ଵܸ elementis norma, 

romelsac aRvniSnavT ‖ݔ‖భ-iT, tolia misi ݔܬ anasaxis ‖ݔܬ‖మ nor-
mis. am aRniSvnebSi normis indeqsi miuTiTebs im sivrces, romelSic ga-

nixileba elementis norma.  

ganvixiloT specialuri saxis iseTi operatori, romelic miiReba 

zemoT ganxiluli SemTxvevidan ଶܸ mniSvnelobaTa aris SecvliT ܀-iT. 
amgvar operators ewodeba funqcionali. e.i. ݂: ܮ → ܴ funqcionali 

iseTi operatoria, romelic mniSvnelobebs iRebs namdvil ricxvTa 

wrfiv sivrceSi. radgan funqcionali specialuri saxis operatoria, 

masze vrceldeba operatorebis yvela zemoT moyvanili Tvisebebi, maT 

Soris wrfivobis Tviseba. 

gansazRvruli integrali  : ,ܽ]ܥ ܾ] → ܀  aris wrfivi funqciona-

lis magaliTi. marTlac, nebismieri (ݐ)ݔ ∈ ,ܽ]ܥ ܾ]-saTvis  ݐ݀(ݐ)ݔ  aris 

namdvili ricxvi, e.i. integrali aris funqcionali. am funqcionalis 

wrfivoba ki gamomdinareobs gansazRvruli integralis Tvisebebidan. 

funqcionalis norma ganimarteba TanadobiT: ‖݂‖ = ௫∈ݑݏ ‖ݔ‖܀‖(ݔ)݂‖ = ௫∈ݑݏ ‖ݔ‖|(ݔ)݂| . 
magaliTisaTvis vipovoT ݂(ݔ) =  ݐ݀(ݐ)ݔ (ݐ)ݔ , →  ݐ݀(ݐ)ݔ  funq-

cionalis norma. |݂(ݔ)| ≤  ݐ݀|(ݐ)ݔ| ≤  ݐ݀|(ݐ)ݔ|௧ݔܽ݉ = |(ݐ)ݔ|௧ݔܽ݉  ݐ݀ = (ܾ − ‖ݔ‖(ܽ . ⇓ |(௫)|‖௫‖ ≤ ܾ − ܽ ⇒ ‖݂‖ = ௫∈ݑݏ |(௫)|‖௫‖ ≤ ܾ − ܽ. 
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miviReT normis zemodan Sefaseba, rac jer kidev ar niSnavs imas, 

rom norma miviReT. saCvenebeli darCa, rom arsebobs iseTi (ݐ)ݔ fun-
qcia ܥ[ܽ, ܾ]-dan, romelzedac miRebuli Sefasebis ܾ − ܽ zeda sazRva-
ri miiRweva. amisaTvis ki sakmarisia aviRoT erTeulovani (ݐ)ݔ ≡ 1 
funqcia. maSin ‖ݔ‖ = max|(ݐ)ݔ| = 1 da ݂(ݔ) =  ݐ1݀ = ܾ − ܽ , e.i. ‖݂‖ ≥ ܾ − ܽ. es utoloba zemoT moyvanil utolobasTan erTad gvaZ-

levs: ‖݂‖ = ܾ − ܽ. 
Teorema 2-dan gamomdinareobs, rom wrfivi funqcionalis uwyve-

tobis aucilebeli da sakmarisi pirobaa misi SemosazRvruloba. ܮ banaxis sivrceze gansazRvruli wrfivi uwyveti funqcionale-

bis simravles ewodeba ܮ-is SeuRlebuli sivrce da aRiniSneba ܮ∗-iT. 
Tu ݂, ݃ ∈ ݂ maSin ,∗ܮ + ݃ funqcionalebis jami da skalarze ݂ߙ 

namravli ganimarteba Tanadobebidan: (݂ + (ݔ)(݃ = (ݔ)݂ + ,(ݔ)݃ (ݔ)(݂ߙ) =  am operaciebis mimarT aris wrfivi sivrce, is normirebuli ∗ܮ .(ݔ)݂ߙ

sivrcecaa 

 ‖݂‖ =  |(ݔ)݂|௫‖ୀଵ‖ݑݏ
normiT. ܮ∗ aris agreTve sruli sivrce. 

Teorema 4. ܮ banaxis sivrcis SeuRlebuli ܮ∗ sivrce aris bana-
xis sivrce. 

1.3. hilbertis sivrce 

davuSvaT, ܪ wrfivi sivrcea da mis yovel elementTa ݔ, ݕ ∈  ܪ
wyvils eTanadeba (ݔ, (ݕ ∈ ,ݔ namdvili ricxvi. vuwodoT mas ܀ -veq ݕ
torebis skalaruli namravli, Tu igi akmayofilebs Semdeg pirobebs 

(aqsiomebs): 

1) (0,0) = 0 da (ݔ, (ݕ > 0 nebismieri ݔ ≠ 0-saTvis; 
ݔ) (2 + ,ݕ (ݖ = ,ݔ) (ݖ + ,ݕ) ,(ݖ ,ݔߣ) (ݕ = ,ݔ)ߣ  ;(wrfivobis aqsioma) (ݕ
,ݔ) (3 (ݕ = ,ݕ) (ݔ − simetriuloba. 

magaliTebi. a) ܪ = ,ݔ) maSin ,܀ (ݕ = ܪ (b .ݕݔ =   – skalaruli܀

namravli ganvmartoT Semdegi TanadobiT (ݔ, (ݕ = ଵݕଵݔ + ⋯+     .ݕݔ
g) ܪ = ݈ଶ – (ݔ, (ݕ = ∑ ஶୀଵݔ  .ݕ
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skalaruli namravlis pirveli aqsioma saSualebas gvaZlevs yo-

vel ݔ ∈ ห|ݔ|veqtors SevusabamoT arauaryofiTi ห ܪ = ඥ(ݔ,  ,ricxvi (ݔ
romelic akmayofilebs normis aqsiomebs. pirveli da meore pirobebis 

Semowmeba advilia, mesame, samkuTxedis aqsioma ki gamomdinareobs Sem-

degi Teoremidan. 

Teorema 1. ݔ, ݕ ∈ ,ݔ)|| veqtorebis skalaruli namravli akmayofilebs ܪ ||(ݕ ≤ ||ݔ|| ∙ ห|ݕ|ห 
tolobas. 

zemoT moyvanili utoloba koSi-biniakovskis utolobis saxelwo-

debiTaa cnobili. mis dasamtkiceblad avirCioT nebismieri ߣ paramet-
ri namdvil ricxvTa simravlidan da ganvixiloT (ݔߣ + ,ݕ ݔߣ + -ska (ݕ
laruli namravli: (ݔߣ + ,ݕ ݔߣ + (ݕ = ,ݔ)ଶߣ (ݔ + ,ݔ)ߣ2 (ݕ + ,ݕ) (ݕ = = หଶ|ݔ|ଶหߣ + ,ݔ)ߣ2 (ݕ + ห|ݕ|หଶ. 

radgan skalaruli namravlisaTvis gvaqvs (ݔߣ + ,ݕ ݔߣ + (ݕ ≥ 0, 
amitom, nebismieri	ߣ-saTvis unda Sesruldes  ߣଶห|ݔ|หଶ + ,ݔ)ߣ2 (ݕ + ห|ݕ|หଶ ≥ 0 
utoloba. amisaTvis ki sakmarisia, rom am kvadratuli samwevris dis-

kriminanti ar aRematebodes 0-s: ܦ = ,ݔ)| ଶ|(ݕ − ଶ||ݕ||ଶ||ݔ|| ≤ 0, 
saidanac gamomdinareobs dasamtkicebeli utoloba. 

skalaruli namravlis saSualebiT Semotanili normisaTvis samkuT-

xedis aqsiomis Sesamowmeblad gamoviyenoT koSi-buniakovskis utoloba: 

ห|ݔ + ห|ݕ = ටห|ݔ|หଶ + ,ݔ)2 (ݕ + ห|ݕ|หଶ ≤ ≤ ටห|ݔ|หଶ + 2ห|ݔ|ห ∙ ห|ݕ|ห + ห|ݕ|หଶ = ห|ݔ|ห +  .||ݕ||
zemoT moyvanili msjeloba amtkicebs Semdeg Teoremas. 
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Teorema 2. veqtoruli sivrce, romelSic arsebobs skalaruli na-

mravli, aris normirebuli veqtoruli sivrce normiT ห|ݔ|ห = ඥ(ݔ,  .(ݔ
amrigad, nebismieri wrfivi sivrce, romelSic Semotanilia skala-

ruli namravli, aris normirebuli sivrce, es ukanaskneli ki SeiZleba 

iyos sruli an arasruli. srul veqtorul sivrces, romelSic norma 

ganmartebulia skalaruli namravlis saSualebiT, ewodeba hilbertis 

sivrce. 

zemoT ganxiluli ܀,܀ da ݈ଶ sivrceebi hilbertis sivrcis maga-

liTebia. 

or, ݔ da ݕ veqtors hilbertis sivrceSi ewodeba orTogonaluri, 

Tu (ݔ, (ݕ = 0. ݁ଵ, ݁ଶ, … elementTa sistemas ܪ hilbertis sivrcidan ewo-

deba orTonormirebuli, Tu isini wyvil-wyvilad orTogonalurebia da 

maTi norma erTis tolia: ൫݁, ݁൯ = 0, ݅ ≠ ݆ da ห|݁|ห = 1, ݅ = 1,2, … 
magaliTad, ݈ଶ hilbertis sivrceSi orTonormirebul elementTa 

sistemaa ݁ଵ = (1,0, … . ), ݁ଶ = (0,1, … . ),...,	 ݁ = (0,0, … ,0,1,0, … ). maTi ra-
odenoba usasruloa, iseve, rogorc maTi koordinatebis raodenoba, xo-

lo ܀-Si orTonormirebul veqtorTa sistemaa ݁ଵ = (1,0, … ,0), ݁ଵ = (0,1, … ,0), ... ,	݁ = (0,0, … ,1) 
veqtorebi, romelTa `sigrZe~ – koordinatebis raodenoba, sasrulia da ݊-is tolia. 

elementTa	ℎଵ, ℎଶ, … sistemas hilbertis sivrcidan ewodeba wrfi-

vad damoukidebeli, Tu arcerTi veqtori am sistemidan ar SeiZleba 

gamoisaxos danarCenebis saSualebiT. es ekvivalenturia imisa, rom ߙଵℎଵ + ଶℎଶߙ + ⋯ = 0 toloba unda Sesruldes mxolod maSin, rode-

sac yvela ߙ, ݆ = 1,2, … 0-is tolia. 

naTelia, rom, Tu romelime veqtors hilbertis sivrcidan gavyofT 

mis normaze, miiReba axali veqtori, romlis normac erTis toli iq-

neba. am process normireba ewodeba.  ℎଵ, ℎଶ, …wrfivad damoukidebel veqtorTa sistema yovelTvis Seg-

viZlia gavxadoT orTonormirebuli. 

amisaTvis aviRoT ℎଵ veqtori da ܪ sivrcis erT-erTi sakoordina-
to RerZi davamTxvioT am veqtors. imisaTvis, rom misi sigrZe gaxdes 

1-is toli, gavyoT igi ||ℎଵ||-ze da SemovitanoT aRniSvna: ݁ଵ = భ||భ||. 
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aviRoT meore ℎଶ veqtori da ganvixiloT misi proeqcia ݁ଵ-ze: ݎℎଶ = (݁ଵ, ℎଶ)݁ଵ. amis Semdeg ℎଶ veqtors gamovakloT (݁ଵ, ℎଶ)݁ଵ 
veqtori da movaxdinoT misi normireba. miRebuli Sedegi aRvniSnoT ݁ଶ-iT: ݁ଶ = మି(భ,మ)భ||మି(భ,మ)భ||. advili Sesamowmebelia, rom (݁ଵ, ݁ଶ) = 0 da ||݁ଶ|| = 1. analogiuri procedura gavimeoroT veqtorTa sistemaSi 

Semavali yvela danarCeni ℎଶ, ℎଷ, … veqtorebisaTvis da sabolood 

miviRebT erTmaneTis wyvil-wyvilad orTogonalur veqtorTa ݁ଵ, ݁ଶ, … 
sistemas, romelTa norma 1-is tolia. amasTan, zogadi wevrisaTvis 

gvaqvs formula: ݁ = ି∑ (ೕ,)ೕషభೕ||ି∑ (ೕ,)ೕషభೕ ||. es, Tavis mxriv, imas niSnavs, 
rom miviReT orTonormirebul veqtorTa sistema. 

veqtorTa sistemis orTogonalizaciisAam proceduras (process) 

Smidtis an gram-Smidtis (erhard Smidti (1876-1959) – germaneli maTe-

matikosi; iorgen pedersen grami (1850-1916) – danieli maTematikosi) 

orTogonalizacia ewodeba. ܪ hilbertis sivrceSi bazisi ewodeba veqtorTa { ݁}ஹଵ sistemas, 
romlis saSualebiT nebismieri ℎ ∈ veqtori warmoidgineba ℎ ܪ = ∑ ܿ ݁ஶୀଵ           (1) 

saxiT. 

SevniSnoT, rom bazisi, sazogadod, savaldebulo ar aris iyos or-

Tonormirebuli, magram mosaxerxebelia, radgan aseT bazisSi advilad 

gamoiTvleba { ܿ}ஹଵ ricxvebi. amisaTvis ℎ = ∑ ܿ ݁ஶୀଵ  gamosaxuleba 

skalarulad gavamravloT fiqsirebuli ݇ nomris mqone ݁ veqtorze 
bazisidan: (ℎ, ݁) = ∑ ܿ( ݁ஶୀଵ , ݁). imis gaTvaliswinebiT, rom bazisi 

orTonormirebulia, miviRebT tolobas: ܿ = (ℎ, ݁), ݇ = 1,2, …     (2) 

am ricxvebs ewodebaT furies koeficientebi. isini arian { ݁}ஹଵ 
orTonormirebuli bazisis mimarT ℎ veqtoris koordinatebi. Tu ℎ 
veqtors Tavis Tavze skalarulad gavamravlebT, miviRebT am veqtoris 

normis kvadrats: ||ℎ||ଶ = (ℎ, ℎ) = ൫∑ ܿ ݁ஶୀଵ , ∑ ܿ݁ஶୀଵ ൯ = ∑ ܿܿ(݁ஶ,ୀଵ , ܿ) =  = ∑ ܿଶ൫ ݁, ݁൯ = ∑ ܿଶஶୀଵஶୀୀଵ  ⇒	 ||ℎ||ଶ = ∑ ܿଶஶୀଵ .        (3) 
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ukanasknel gamosaxulebas ewodeba parsevalis (mark-antuan parse-

vali (1755-1836) – frangi maTematikosi) toloba (parsevalis toloba 

aris piTagoras Teoremis ganzogadeba ݊ > 2 ganzomilebian sivrceSi). 

amrigad, miviReT Semdegi Teorema. 

Teorema 3. ܪhilbertis sivrcis orTonormirebuli { ݁}ஹଵ bazi-
sis saSualebiT nebismieri ℎ ∈  veqtori warmoidgineba (1) mwkrivis ܪ
saxiT, sadac ܿ , ݆ = 1,2, … koeficientebi gamoiTvleba (2) gamosaxule-

bidan da isini akmayofileben parsevalis (3) tolobas. ݊-ganzomilebian veqtorul sivrceSi arsebobs orTonormirebuli 

bazisi da am bazisis mimarT nebismier wrfiv operators aqvs martivi 

saxe: igi warmoidgineba matricis saxiT, xolo misi moqmedeba nebismier 

veqtorze am sivrcidan aris matricis gamravleba veqtorze. wrfivi 

algebris es mniSvnelovani faqti gamomdinareobs risis Semdegi Teor-

emidan (frideS risi (1880-1956) – ungreli maTematikosi), romelic 

gansazRvravs nebismieri wrfivi uwyveti operatoris saxes hilbertis 

sivrceSi. 

Teorema 4 (f. risi). davuSvaT, ܪ:ܮ → -wrfivi uwyveti opera ܪ
toria. maSin arsebobs erTaderTi ℎ ∈ ݃ elementi, rom nebismieri ܪ ∈ (݃)ܮ is mniSvneloba ݃-Si moicema-ܮ saTvis-ܪ = (݃, ℎ) 
skalaruli namravliT. 

magaliTi. davuSvaT, ܷ ⊂ -Ria da bmuli qvesimravlea. aseT sim ܖ܀

ravles Cveulebriv ares uwodeben. garda amisa, davuSvaT, rom ܷ are 
SemosazRvrulia, e.i. arsebobs sasruli radiusis mqone birTvi cent-

riT koordinatTa saTaveSi, romelic Seicavs ܷ-s. Tu ܷ-s davuma-
tebT sazRvris wertilebs, rasac ܷ-s Caketva ewodeba, miviRebT Cake-
til simravles, romelic ഥܷ-Ti aRiniSneba. ߲ܷ simboloTi aRiniSneba ܷ aris sazRvari da es simravle aris ߲ܷ = ഥܷ − ܷ ori simravlis 

sxvaoba. gvainteresebs ܷ areze gansazRvruli sxvadasxva Tvisebis 

mqone funqciaTa sivrceebi, romlebic, sazogadod, damokidebulia ܷ 
aris sazRvarze. imisaTvis, rom ar vizrunoT sazRvris bunebaze, gan-

vixiloT ܷ-ze uwyvet iseT funqciaTa simravle, romelic 0-is toli 
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xdeba sazRvris raime midamoSi. amasTan, SegviZlia CavTvaloT, rom 

sazRvris es midamo damokidebulia TviT funqciaze. funqciaTa es sim-

ravle aRvniSnoT ܥ(ܷ)-Ti. es simravle aris veqtoruli sivrce, ro-

melSic skalaruli namravli  (ݑ, (ݒ =  ݔ݀(ݔ)ݒ(ݔ)ݑ               (4) 

formuliT ganisazRvreba. am sivrceSi norma (4) skalaruli namrav-

lis saSualebiT ganimarteba: 

ห|ݑ|ห = ඥ(ݑ, (ݑ = ට ݔ݀(ݔ)ଶݑ  . 

miRebuli sivrce ar aris sruli, gasrulebis proceduris gamoye-

nebis Semdeg miiReba hilbertis sivrce, romelic ܮଶ(ܷ)-Ti aRiniSneba 
da ewodeba kvadratSi integrebad funqciaTa sivrce.  

koSi-buniakovskis utolobas ݑ, ݒ ∈  :ଶ(ܷ) funqciebisaTvis aqvs saxeܮ
ቚ ݔ݀(ݔ)ݒ(ݔ)ݑ ቚ ≤ ቤට ݔ݀(ݔ)ଶݑ ቤ ∙ ቤට ݔ݀(ݔ)ଶݒ ቤ, 

xolo ݑ, ݒ ∈  ଶ(ܷ) funqciebis orTogonalurobis faqtiܮ

න ݔ݀(ݔ)ݒ(ݔ)ݑ = 0 
tolobiT moicema. 

risis Teoremis Tanaxmad, nebismier ܮ: (ܷ)ଶܮ →  ଶ(ܷ) uwyvet wrfivܮ
operators aqvs saxe: ݑܮ =  (ݔ)ݑ ݂(ݔ)݀ݔ ,        (5) 

sadac ݑ ∈ wrfivi, uwyveti operatorisaTvis arsebobs erTaderTi ݂ ܮ ଶ(ܷ) nebismieri funqciaa. anu, sxva sityvebiT, nebismieriܮ ∈  (ܷ)ଶܮ
funqcia, rom ܮ-s aqvs (5) saxe. es ki, Tavis mxriv, niSnavs, rom  ܮ ↔ ݂ 
Tanadoba aris urTierTcalsaxa da, amrigad, ܮଶ(ܷ)-is SeuRlebuli ܮଶ(ܷ)∗ sivrce emTxveva ܮଶ(ܷ)-s. 
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2. diferencialuri gantolebis amonaxsnis 

arseboba da erTaderToba 

momdevno paragrafebSi ganvixilavT iseT diferencialur gantole-

bebs, romelTaTvisac amonaxsni calsaxad iwereba. am SemTxvevaSi ambo-

ben, rom isini amoxsnadebi arian kvadraturebSi. vnaxavT agreTve, rom 

im gantolebaTa raodenoba, romelTa amoxsnac kvadraturebSia SesaZle-

beli, sakmaod SezRudulia, ris gamoc mniSvnelovania vicodeT, saer-

Tod rodis aqvs diferencialur gantolebas amonaxsni. aq SegviZlia 

aRvniSnoT is analogia, romelic am mimarTulebiT diferencialur gan-

tolebebsa da polinomialur (algebrul) gantolebebs Soris arse-

bobs. cnobilia, rom ݊ xarisxis polinomialur gantolebas aqvs n  

fesvi jeradobis gaTvaliswinebiT. es faqti, ra Tqma unda, imas ar 

niSnavs, rom yvela fesvisaTvis gvaqvs formula, romelic gamosaxavs 

am fesvebs gantolebis koeficientebis saSualebiT. amrigad, viciT mxo-

lod fesvebis arseboba. analogiuri Teorema samarTliania diferen-

cialur gantolebaTa sakmaod farTo klasisaTvis (am klasis aRweras 

eZRvneba momdevno paragrafebi) da igi cnobilia diferencialuri gan-

tolebis amonaxsnis arsebobisa da erTaderTobis Teoremis saxelwo-

debiT. amasTan, amonaxsnis erTaderTobas adgili aqvs sawyisi anu koSis 

amocanisaTvis. rac gulisxmobs  

),...,,,,( )1(///)( −= nn yyyytgy  ݊-uri rigis gantolebis iseTi (ݐ)ݕ amonaxsnis povnas, romelic di-

ferencialuri gantolebis garda akmayofilebs agreTve Semdeg ݊ to-
lobas: ݕ(ݐ) = ,ݕ (ݐ)ᇱݕ = (ݐ)(ିଵ)ݕ ... ,ଵݕ =  ,ݕ
sadac ݐ nebismieri wertilia funqciis gansazRvris aridan, xolo ݕ, ݕଵ,...,	ݕ winaswar mocemuli nebismieri ricxvebia. 

ukanasknel tolobebs ewodeba sawyisi pirobebi, xolo diferenci-

alur gantolebas am sawyis pirobebTan erTad ewodeba koSis amocana. 

koSis amocana Cveulebrivi diferencialuri gantolebebis erT-erTi 

centraluri sakiTxia. momdevno paragrafebi eZRvneba am amocanis ana-

lizs. vnaxavT, rom amocanis amonasxnis arseboba da erTaderToba ar-

sebiTadaa damokidebuli ݃ funqciaze.  
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2.1. kumSvadi asaxvis principi 

davuSvaT ܸ sruli metrikuli sivrcea ߩ metrikiT da ܣ am sivr-
cis Tavis Tavze asaxvaa. Tu ݔ ∈ ܸ, is faqti, rom ܣ moqmedebs ݔ-ze, 
aRiniSneba ݔܣ simboloTi. rodesac ܸ sasrulganzomilebiani veqtoru-

li sivrcea, xolo ܣ ki – wrfivi operatori, maSin ݔܣ aris matri-
cis da veqtoris namravli. yvela sxva SemTxvevaSi ݔܣ aris ܸ metri-
kuli sivrcis raime, sazogadod, ݔ-sagan gansxvavebili elementi. ݔ 
wertils ewodeba ܣ asaxvis uZravi wertili, Tu ݔܣ = .ݔ -s kompo-ܣ
zicias Tavis TavTan ewodeba ܣ asaxvis kvadrati da aRiniSneba ܣଶ 
simboloTi. amrigad, ܣଶ = -s nebismi-ܣ induqciiT ganimarteba .(ݔܣ)ܣ
eri naturaluri xarisxi: ܣ = …)ܣ ߙ s ewodeba kumSvadi asaxva, Tu arsebobs iseTi-ܣ .((ݔܣ) < 1 dadebiTi 
ricxvi, rom  ݔܣ)ߩ, (ݕܣ ≤ ,ݔ)ߩߙ  (1)            (ݕ

nebismieri ݔ,  .wyvilisTvis ܸ-dan ݕ
kumSvadi asaxva uwyvetia (aCveneT!) 

Teorema (kumSvadi asaxvis principi). ܸ sruli metrikuli sivrcis 

Tavis TavSi kumSvad ܣ asaxvas aqvs erTaderTi uZravi wertili. 

damtkiceba. aviRoT ܣ-dan nebismieri ݔ wertili da ganvixiloT 

mimdevroba:  ݔ, ଵݔ = ,ݔܣ ଶݔ = ଵݔܣ = ,ݔଶܣ … , ݔ = ,ݔܣ … 
davuSvaT ݉ ≥ ݊. vaCvenoT, rom (ݔ)ஹ mimdevroba fundamenturia. 
marTlac, ݔ)ߩ, (ݔ = ,ݔܣ)ߩ (ݔܣ ≤ ,ݔିଵܣ)ߩߙ (ݔିଵܣ ≤ ≤ ,ݔିଶܣ)ߩଶߙ (ݔିଶܣ ≤ ⋯ ≤ ,ݔ)ߩߙ  .(ିݔ
samkuTxedis utolobis gamo gvaqvs Sefaseba: ݔ)ߩ, (ିݔ ≤ ,ݔ)ߩ (ିିଵݔ + ,ିିଵݔ)ߩ  .(ିݔ
am utolobaSi ݔ)ߩିିଵ, ,ݔ)ߩିିଵߙ SevcvaloT	ି)ݔ -ଵ) gamoݔ

saxulebiT da miviRebT: ݔ)ߩ, (ିݔ ≤ ,ݔ)ߩ (ିିଵݔ + ,ݔ)ߩିିଵߙ  ଵ).        (2)ݔ
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,ݔ)ߩ ,ݔ)ߩ :ିିଵ)-is mimarT kvlav samkuTxedis utoloba gamoviyenoTݔ (ିିଵݔ ≤ ,ݔ)ߩ (ିିଶݔ + ,ିିଶݔ)ߩ  .(ିିଵݔ
SevcvaloT ukanasknel utolobaSi ݔ)ߩିିଶ, -ିିଵ) gamosaxuݔ

leba masze meti ߙିିଶݔ)ߩ, ,ݔ)ߩ :ଵ) sididiT, miviRebTݔ (ିିଵݔ ≤ ,ݔ)ߩିିଶߙ (ଵݔ + ,ିିଶݔ)ߩ  .(ିିଵݔ
(2) utoloba am ukanasknelis gaTvaliswinebiT miiRebs saxes: ݔ)ߩ, (ିݔ ≤ ,ିିଶݔ)ߩ (ିିଵݔ + ,ݔ)ߩିିଶߙ (ଵݔ + ,ݔ)ߩିିଵߙ ,ିିଶݔ)ߩ .(ଵݔ  Sesakrebis mimarT kidev erTxel gamoviyenoT	ିିଵ)ݔ

samkuTxedis utoloba da ase gavagrZeloT manam, sanam ݉ ar gautol-

deba ݊ − 1-s. bolodan meore nabijze gveqneba utoloba: ݔ)ߩ, (ିݔ ≤ ,ݔ)ߩ (ݔ + ,ݔ)ߩଶߙ (ଵݔ + ⋯+ ,ݔ)ߩିିଶߙ (ଵݔ ,ݔ)ߩିିଵߙ+ + ,ݔ)ߩ ଵ).          (3)ݔ ,ݔ)ߩ :ଶ)-is mimarT samkuTxedis utoloba mogvcemsݔ (ଶݔ ≤ ,ݔ)ߩ (ଵݔ + ,ଵݔ)ߩ (ଶݔ ⇒ ,ଵݔ)ߩ (ଶݔ = ,ݔܣ)ߩ (ଵݔܣ ≤ ,ݔ)ߩߙ  .(ଵݔ
ukanaskneli utoloba (3)-Tan erTad gvaZlevs: ݔ)ߩ, (ିݔ ≤ ,ݔ)ߩ (ଶݔ + ,ݔ)ߩଶߙ (ଵݔ + ⋯+ ,ݔ)ߩିିଶߙ (ଵݔ ,ݔ)ߩିିଵߙ+									 +  .(ଵݔ
amrigad, miviReT utoloba: ݔ)ߩ, (ିݔ ≤ ,ݔ)ߩߙ ଵ)(1ݔ + ߙ + ଶߙ + ⋯+ (ିିଵߙ ≤ ߙ ଵଵିఈ ,ݔ)ߩ  .(ଵݔ
radgan ߙ < 1, amitom ߙ ଵଵିఈ ,ݔ)ߩ  .ଵ) ragind mcire sididea, e.iݔ

mimdevroba fundamenturia. ܴ sivrce srulia, ris gamoc (ݔ)ஹ mim-
devrobis zRvari, romelsac ݔ-iT aRvniSnavT, ekuTvnis ܴ-s. ܣ asaxvis 
uwyvetobidan gamodis, rom: ݔܣ = ܣ lim→ஶݔ = lim→ஶݔܣ = lim→ஶݔାଵ  .ݔ=

amiT uZravi wertilis arseboba damtkicebulia. axla vaCvenoT misi 

erTaderToba. davuSvaT ݔܣ = ݕܣ da ݔ = -maSin (1) utolobidan gve ,ݕ

qneba, rom: ݔ)ߩ, (ݕ = ,ݔܣ)ߩ (ݕܣ ≤ ,ݔ)ߩߙ  ,(ݕ
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radgan ߙ < 1, ukanaskneli toloba Sesruldeba mxolod maSin, rode-

sac ݔ)ߩ, (ݕ = 0, rac niSnavs, rom ݔ = -amiT Teorema sruladaa dam .ݕ

tkicebuli. 

2.2. ganmartebebi da damxmare debulebebi 

rogorc ukve aRvniSneT, diferencialuri gantoleba ewodeba Tana-

fardobas, romelic, sazogadod, Seicavs erT an ramdenime damoukide-

bel cvlads, am cvladebze damokidebul ucnob funqciebs da maT war-

moebulebs. am paragrafSi Cveni mizania sakmaod zogadi Cveulebrivi di-

ferencialuri gantolebebis Seswavla da CavTvliT, rom isini moce-

mulia ௗ௫ௗ௧ = ,ݐ)݂  (1)        (ݔ

saxiT, sadac ݐ damoukidebeli cvladia, ݔ masze damokidebuli ucnobi 

funqciaa, ݂ mocemuli funqciaa. rogorc viciT, (1) diferencialuri 

gantolebis amonaxsni ewodeba ݐ ∈ ,ଵݎ[ ]ଶݎ ⊂ -intervalze ganmarte ܀

bul uwyvet φ(t)x =  funqcias, romlis Casma dasaSvebia gantolebaSi 

da Casmis Sedegad gantoleba gadaiqceva  ݀߮݀ݐ = ,ݐ)݂ ,((ݐ)߮ ݐ ∈  ܫ
igiveobad. ܫ intervals ewodeba t)(φ  amonaxsnis arsebobis intervali. 

termini `Casma dasaSvebia~ niSnavs, rom yoveli maTematikuri opera-

cia, romelic φ(t)x =  CasmasTan aris dakavSirebuli, koreqtulia. ganxi-

lul SemTxvevaSi ki es niSnavs, rom arsebobs 
ௗఝௗ௧ ݐ , ∈ ,ݐ)݂ da ܫ  ((ݐ)߮

koreqtuli gamosaxuleba.  

ganvixiloT martivi diferencialuri gantoleba:  ௗ௫ௗ௧ = 0. 
am gantolebis amonaxsnia nebismieri mudmivi (ݐ)ݔ ≡ ܿ,−∞ < ݐ	 < ∞ 

funqcia. e.i amonaxsnTa es simravle usasruloa. diferencialuri gan-

tolebis amonaxsnTa srul erTobliobas ewodeba am gantolebis zogadi 

amonaxsni, e.i diferencialuri gantolebis zogadi amonaxsni aris kon-
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kretuli uwyveti funqcia, romlis Casma dasaSvebia diferencialur 

gantolebaSi, ris Sedegadac igi gadaiqceva igiveobad.
 kerZod, amonaxsnis gamoyofa zogadi amonaxsnisagan SesaZlebelia e.w. 

sawyisi pirobiT, romelsac aqvs saxe: ݔ(ݐ) = - moݔ  daݐ , sadacݔ
cemuli ricxvebia, romelTac sawyisi mniSvnelobebi ewodeba. Tu ganxi-

lul magaliTSi sawyis mniSvnelobad aviRebT ,1, 00 =∀ xt  miviRebT ker-

Zo amonaxsns (ݐ)ݔ ≡ 1, ∞<<∞ +t- . es aris zogadi amonaxsnis erTa-

derTi warmomadgeneli, romelic daakmayofilebs ݔ(ݐ) = 1 sawyis pi-
robas. 

amgvarad, diferencialuri gantolebebis Seswavlisas bunebrivad 

warmoiSoba misi amonaxsnis arsebobisa da erTaderTobis sakiTxi, rac 

am Tavis Seswavlis sagania. 

amonaxsnis arsebobisa da erTaderTobis Teoremebis dasamtkiceb-

lad dagvWirdeba damxmare cnebebi da debulebebi, romlebic qvemoT 

aris moyvanili.  

lifSicis piroba. vTqvaT, f(t,x)  ganmartebulia da uwyveti (ݐ, (ݔ ∈ ܀ × ܦ sibrtyis Ria ܀ ⊂ ଶ areSi. vityviT, rom܀  f(t,x) funqcia ܦ areSi ݔ cvladis mimarT akmayofilebs lifSicis pirobas, Tu arse-

bobs ݇ > 0 iseTi ricxvi, rom nebismieri ),( 1t,x )( 2t,x  wertilebi-

saTvis ܦ aridan sruldeba utoloba:  

1 2 1 2 ._ _f(t,x ) f(t,x ) k x x≤  

magaliTad, diferencirebadi funqciebi lifSicis pirobas yovelT-

vis akmayofileben. marTlac, Tu kyf ≤|)('| , maSin lagranJis Teoremis 

Tanaxmad gvaqvs:  

|||||)('||)()(| 212121 yykyyyfyfyf −≤−=− . 

amasTan, Tu funqcia lifSicis pirobas akmayofilebs, SesaZlebelia 

igi diferencirebadi ar iyos. magaliTad, || y  funqcia akmayofilebs li-

fSicis pirobas ),( +∞−∞ -ze:  

|||||||| 2121 yyyy −≤− , |||||| 2211 yyyy +−≤ , 

magram ),( +∞−∞ -ze yvelgan (kerZod 0-Si) diferencirebadi ar aris. 
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rac Seexeba uwyvet funqciebs, isini, zogadad, lifSicis pirobas ar 

akmayofileben. magaliTad, y  uwyveti funqcia ]1,0[  segmentze lifSi-

cis pirobas ar akmayofilebs. marTlac, davuSvaT sawinaaRmdego, vTqvaT, 

arsebobs ganmartebaSi miTiTebuli ݇ mudmivi, iseTi, rom:  
|||| 2121 yykyy −≤− . 

zogadobis SeuzRudavad SegviZlia CavTvaloT, rom ݕଶ = 0, ଵݕ > 0. 
miviRebT |||| 11 yky ≤ , k

y
≤

||

1

1

, rodesac 01 →y . ukanaskneli uto-

lobis marcxena mxare SemosazRvruli ar aris, rac daSvebas ewinaaR-

mdegeba da amtkicebs Cvens hipoTezas.  

amrigad, funqcionaluri sivrce, romelic Sedgeba ܦ areze lifSi-

cis pirobis damakmayofilebeli funqciebisagan, moicavs amave areze ga-

nsazRvrul diferencirebad funqciaTa sivrces da Sedis uwyvet fun-

qciaTa sivrceSi. 

integraluri operatori. ganvixiloT 21 t rr ≤≤  segmentze uwyvet 

φ(t) funqciaTaΦ simravle, romelTa grafikebi Sedis ܦDareSi, anu sru-
ldeba piroba: [ ]

21
)( ,rrtD, tt,φ ∈∀∈)( . vTqvaT, f(t,x)  ganmartebulia 

da uwyvetia ܦDareSi da ݐ wertili ekuTvnis ] [1 2,r r Ria intervals. 

gamosaxuleba 

,))(,(
0

0 ττϕτϕ dfxA
t

t
+= 21 t rr ≤≤ , 

sadac 0
x 	– mocemuli nebismieri mudmivia, aris integraluri opera-

tori, romelic Φ  simravlis nebismier φ=φ(t)  elements Seusabamebs 

(t)φAφ ~=  elements zemoT moyvanili formuliT: 

ττϕτ dfx
t

t
+=
0

))(,((t)φ~ 0 , 21 t rr ≤≤ . 

cxadia, rom (t)φ~  aris 21 t rr ≤≤  segmentze ganmartebuli uwyveti 

da uwyvetad warmoebadi funqcia da akmayofilebs tolobas: 

))(
~

t=f(t,
dt

(t)φd ϕ , 21 t rr ≤≤ . 
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2.3. amonaxsnis arsebobisa da erTaderTobis Teorema pirveli 

rigis normaluri gantolebisaTvis 

diferencialuri gantolebis rigi ewodeba gantolebaSi Semavali 

ucnobi funqciis warmoebulis umaRles rigs. 

diferencialur gantolebas ewodeba normaluri, Tu amoxsnilia uc-

nobi funqciis pirveli rigis warmoebulis mimarT da ar Seicavs sxva 

rigis warmoebulebs.  

ganvixiloT ௗ௫ௗ௧ = ,ݐ)݂  (1)            (ݔ

normaluri gantoleba. 

Teorema 1. vTqvaT, funqcia f(t,x)  ganmartebulia da uwyvetia D

areSi da akmayofilebs ݔ cvladis mimarT lipSicis pirobas am areSi. 

vTqvaT, (ݐ, -s nebismieri fiqsirebuli wertili. maSin arse-ܦ ) arisݔ

bobs (1) gantolebis ( )tϕ amonaxsni, ganmartebuli: t0 wertilis Semc-

vel raime I intervalze, romelic akmayofilebs sawyis pirobas: ߮(ݐ) =              (2)ݔ

da es amonaxsni erTaderTia Semdegi azriT: Tu arsebobs (1) gantole-

bis romelime sxva amonaxsni ( )tψ  ganmartebuli ܬ intervalze da 

arsebobs iseTi ݐ∗ ∈ ܫ ∩ (∗ݐ)߰ rom ,ܬ = ) maSin ,(∗ݐ)߮ ) ( )t t ,ϕψ ≡ nebis-

mieri ݐ-saTvis ܫ ∩  .TanakveTidan ܬ
lema 1. ganvixiloT iseTi uwyveti ( ),t t Iϕ ∈ funqcia, romlis gra-

fiki Sedis ܦareSi, e.i ( , ( )) , .t t D t Iϕ ∈ ∀ ∈  Tu Sesrulebulia igiveoba ߮(ݐ) = ݔ +  ݂൫߬, ߮(߬)൯݀߬௧௧బ ݐ , ∈  (3)             ܫ
maSin (3) integraluri operatoriT mocemuli ߮(ݐ)funqcia aris (1) 
gantolebis amonaxsni, romelic akmayofilebs (2) sawyis pirobas. 

damtkiceba. radgan (3) igiveobis marjvena mxare uwyvetad warmoe-

badia ݐ cvladiT, amitom arsebobs ( )d t

dt

ϕ  da igi tolia݂൫߬, ߮(߬)൯-is, 
garda amisa, ߮(ݐ) =   .. amiT lema damtkicebuliaݔ

naTelia, rom samarTliania am lemis Sebrunebuli debulebac. 
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SeniSvna. aRvniSnoT ( ), .t t Iϕ ϕ= ∈ Aoperatoris gamoyenebiT igi-

veoba (3) Caiwereba ekvivalenturi formiT Semdegnairad ߮ =  .߮ܣ
saWiroa vaCvenoT, rom (3) integraluri operatori aris kumSva-

di asaxva. ݂ funqciis uwyvetobidan gamomdinareobs, rom (ݐ, -) werݔ
tilis Semcvel ܦଵ ⊂ -areze (romelic SegviZlia Caketilad da Se ܦ

mosazRvrulad CavTvaloT) samarTliania |݂(ݐ, |(ݐ)߮ ≤  .utoloba ܯ

radgan ݂ akmayofilebs lifSicis pirobas meore argumentis mimarT, 

amitom arsebobs iseTi k, rom |݂൫ݐ, ߮ଵ(ݐ)൯ − ݂൫ݐ, ߮ଶ(ݐ)൯| ≤ ݇|߮ଵ(ݐ) −߮ଶ(ݐ)|,൫ݐ, ߮ଵ(ݐ)൯, ൫ݐ, ߮ଶ(ݐ)൯ ∈ ݐ[  wertilisݐ avirCioT .ܦ − ݀, ݐ + ݀[ 
midamo iseTnairad, rom: 1) rodesac |ݐ − |ݐ ≤ ݀, samarTliani iyos 

CarTva (ݐ, (ݐ)ଵ da |߮ଵܦ߳((ݐ)߮ − ߮ଶ(ݐ)| ≤  utoloba da 2) garda am ݀ܯ

pirobebisa, ݀-m daakmayofilos utoloba ݇݀ < 1. 
aRvniSnoT ݐ]∗ܥ − ݀, ݐ + ݀]-Ti |ݐ − |ݐ ≤ ݀ segmentze im ߮ uwyvet 

funqciaTa sivrce ߩ(߮ଵ, ߮ଶ) = (ݐ)௧|߮ଵݔܽ݉ − ߮ଶ(ݐ)| metrikiT, romle-

bic akmayofileben pirobas |߮(ݐ) − |ݔ ≤ ݐ]∗ܥ .݀ܯ − ݀, ݐ + ݀] srulia, rogorc [ݐ − ݀, ݐ + ݀] segmentze uwy-
vet funqciaTa sruli sivrcis Caketili qvesivrce. ganvixiloT ߮ =  ߮ܣ
formuliT gansazRvruli asaxva:  ߮ܣ = ݔ +  ݂൫߬, ߮(߬)൯݀߬௧௧బ = ߮ , 
sadac |ݐ − |ݐ ≤ ݀. vaCvenoT, rom ܣ asaxva ݐ]∗ܥ − ݀, ݐ + ݀] sivrces 
asaxavs Tavis TavSi:  ܣ: ݐ]∗ܥ − ݀, ݐ + ݀] → ݐ]∗ܥ − ݀, ݐ + ݀] 
da aris kumSvadi asaxva. marTlac, vTqvaT, ߮ ∈ ݐ]∗ܥ − ݀, ݐ + ݀], maSin:  | ߮(ݐ) − |ݔ = ቤන ݂൫߬, ߮(߬)൯݀߬௧

௧బ ቤ ≤ 	݀ܯ
da, amrigad, ݐ]∗ܥ)ܣ − ݀, ݐ + ݀]) ⊂ ݐ]∗ܥ − ݀, ݐ + ݀].  

axla vaCvenoT, rom igi kumSvadi asaxvaa.  |߮ଵ෦(ݐ) − ߮ଶ෦(ݐ)| ≤ න ห݂൫߬, ߮ଵ(߬)൯ − ݂൫߬, ߮ଶ(߬)൯ห݀߬௧
௧బ ≤ ≤  ݇|߮ଵ(߬) − ߮ଶ(߬)|݀߬௧௧బ ≤ ,ଵ߮)ߩ݇ ߮ଶ)|ݐ − |ݐ ≤ ,ଵ߮)ߩ݀݇ ߮ଶ). 

radgan ݇݀ < 1, amitom ܣ aris kumSvadi asaxva. es ki imas niSnavs, 
rom ߮ =  :gantolebas da amrigad ߮ܣ
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߮ = ݔ + න ݂൫߬, ߮(߬)൯݀߬௧
௧బ  

integralur gantolebas aqvs erTaderTi amonaxsni ݐ]∗ܥ − ݀, ݐ + ݀] 
sivrceSi. 

amiT arsebobisa da erTaderTobis Teorema damtkicebulia. 

ganvixiloT koSis amocana, romlis marjvena mxare ar akmayofilebs 

lifSicis pirobas da romelsac ar aqvs erTaderTi amonaxsni: ݔᇱ = 2ඥ|ݔ ,|ݔ(ݐ) = 0. 
gantolebis marjvena mxare ݂(ݔ) = 2ඥ|ݔ| uwyveti funqciaa, magram 

ar akmayofilebs lifSicis pirobas. marTlac, vTqvaT, ݔ da ݕ ori 
gansxvavebuli elementia ݂-is gansazRvris aridan. maSin: 

(ݔ)݂|	 − ݔ||(ݕ)݂ − |ݕ = 2(ඥ|ݔ| − ඥ|ݔ|(|ݕ − |ݕ  

da rodesac ݕ = 0 da ݔ → 0 gvaqvs: |݂(ݔ) − |ݔ||(0)݂ = 2ඥ|ݔ| → +∞. 
uSualo CasmiT SeiZleba SevamowmoT, rom: ݔଵ(ݐ) = ቊ ݐ) − ,)ଶݐ ݐ ≥ ݐ)−,ݐ − ,)ଶݐ ݐ <  ݐ

koSis amocanis amonaxsnia. amasTan, koSis amocanis amonaxsnia agreTve (ݐ)ݔ ≡ 0 funqcia. 

(࢚)࢞  = ቊ ࢚) − ), ࢚ ≥ ,−(࢚ − ), ࢚ <  funqciis grafiki 
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2.4. diferencialuri gantolebebis analizi arsebobisa da 

erTaderTobis Teoremebis gamoyenebiT 

arsebobisa da erTaderTobis Teoremis Tanaxmad, Tu ݀ݐ݀(ݐ)ݔ = ݂൫ݐ, ,൯(ݐ)ݔ (ݐ)ݔ =  (1)																																	ݔ
koSis amocanaSi ݂ funqcia uwyvetia sibrtyis garkveul areSi, maga-

liTad, 

Π = ,ݐ)} (ݔ ∈ ℝଶ: ݐ| − |ݐ ≤ ܽ, ݔ| − |ݔ ≤ ܾ} 
marTkuTxedze da akmayofilebs lifSicis pirobas meore ݔ argumen-
tis mimarT am areze, es niSnavs, rom:  ∃ܭ > 0: ,ଵݔ)∀ ଶݔ ∈ [−ܾ + ,ݔ ܾ + ,([ݔ ݐ)∀ ∈ [−ܽ + ,ݐ ܽ + ,ݐ)݂| 	([ݐ (ଵݔ − ,ݐ)݂ |(ଶݔ ≤ ଵݔ|ܭ −  .|ଶݔ

aseT pirobebSi ݐ − ݀ ≤ ݐ ≤ ݐ + ݀ segmentze, sadac: ݀ = min ൬ܽ, ൰ܯܾ ܯ			, = ,ݐ)݂|Π∋(௧,௫)ݔܽ݉  	.|(ݔ
arsebobs (1) amocanis erTaderTi amonaxsni (ݐ)ݔ, romliskenac Ta-

nabrad krebadia  ݔ(ݐ) = (ݐ)ାଵݔ				,ݔ = ݔ + න ݂(߬, (௧ݔ
௧బ ߬))݀߬,			݊ = 0,1,2, …								(2) 

rekursiuli saxiT mocemul funqciaTa mimdevroba, rodesac ݊ → ∞. 

amrigad, (2) mimdevroba saSualebas gvaZlevs avagoT koSis amocanis 

miaxloebiTi amonaxsni. diferencialuri gantolebis amoxsnis am meTods 

mimdevrobiTi miaxloebis (an pikaris) meTodi ewodeba.  

amocana 1. amoxseniT mimdevrobiTi miaxloebis meTodiT ,  

 koSis amocana. 

amoxsna. (2)-is Tanaxmad gvaqvs:  

(ݐ)ଵݔ , = ݔ +  ݀߬ݔ =௧ (1ݔ + (ݐ)ଶݔ  ,(ݐ = ݔ + න (1ݔ + ߬)݀߬ =௧
 ݔ ቆ1 + ݐ +  ,ଶ2!ቇݐ

... 

)()(/ txtx =

0)0( xx =

00 )( xtx =
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nebismieri naturaluri -saTvis gveqneba: 

. 

rodesac  funqciaTa  mimdevroba nebismieri 

-saTvis Tanabrad krebadia  funqciisaken nebismier 

 Caketil monakveTze, es niSnavs, rom koSis amocanis amo-

naxsnia funqcia (am amonaxsnis miReba sxva meTodebiTac Seg-

viZlia). 

zemoT moyvanili (1) koSis amocanis amonaxsnis arsebobis kidev ra-

mdenime sakmarisi pirobaa cnobili. erT-erTi aseTia qvemoT moyvanili 

Teorema. 

Teorema (j. peano). Tu ݂ funqcia uwyvetia ߎ-ze, maSin ݐ − ݀ ≤	≤ ݐ ≤ ݐ + ݀ segmentze arsebobs (1) amocanis erTi amonaxsni mainc. 
am Teoremidan gamomdinareobs, rom f funqciis uwyvetoba uzrun-

velyofs amonaxsnis mxolod arsebobas da igi ver uzrunvelyofs 

amonaxsnis erTaderTobas, maSin, rodesac, qvemoT moyvanili Teoremis 

Tanaxmad, garkveul pirobebSi SesaZlebelia amonaxsnis erTaderTobis 

damtkiceba, Tu amonaxsni arsebobs. 

Teorema 2 (u. osgudi). vTqvaT, arsebobs iseTi ߱ = -funq (ߦ)߱
cia, romelic uwyvetia, rodesac ߦ ≥ 0,߱(0) = 0 da ߱(ߦ) > 0, rode-
sac ߦ > 0. garda amisa, davuSvaT  ௗకఠ(క) = +∞ଶ  da ߎ-ze sruldeba 

utoloba |݂(ݐ, (ଵݔ − ,ݐ)݂ |(ଶݔ ≤ ଵݔ|)߱ − --is midamoSi arݐ ଶ|), maSinݔ
sebobs (1) amocanis araumetes erTi amonaxsni. 

amocana 2. vipovoT romelime segmenti, romelzedac ݔᇱ(ݐ) = ݐ (0)ݔ ,(ݐ)ଷݔ++ = 0 koSis amocanas aqvs erTaderTi amonaxsni. 
visargebloT arsebobis TeoremiT. Cvens amocanaSi ݐ = ݔ = ,ݐ)݂ ,0 (ݔ = ݐ + ଷ. ݂ uwyvetia nebismier Πݔ = ,ݐ)} (ݔ ∈ ܴଶ: |ݐ| ≤ ܽ, |ݔ| ≤ ܾ} 

marTkuTxedze da akmayofilebs lipSicis pirobas, radgan 
డడ௫ =  ଶݔ3

SemosazRvrulia 3ܾଶ ricxviT. maSasadame, [−݀. ݀] segmentze, sadac ݀ = min	(ܽ, ெ), ܯ = ,ݐ)݂|Π∋(௧,௫)ݔܽ݉ |(ݔ = ܽ + ܾଷ arsebobs Cveni amoca-
nis erTaderTi amonaxsni. 

k
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amrigad, saWiroa vipovoT ݀, romelic daakmayofilebs tolobas ݀ = min	(ܽ, ାయ). naTelia, rom, Tu romelime ܫ segmentze erTaderTi 
amonaxsni arsebobs, maSin aseTi amonaxsni iarsebebs ܫ-Si Semaval 

nebismier segmentze. aqedan cxadia, rom unda SevecadoT vipovoT rac 

SeiZleba `didi~ segmenti. Aamis gamo veZebT maxmin	(ܽ, ାయ). radgan ߰(ܽ) = ܽ funqcia zrdadia, rodesac ܽ ≥ 0, xolo ߮(ܽ) = ାయ am 

dros klebadia, amitom maqsimumi miiRweva, rodesac ߰(ܽ) = ߮(ܽ), e.i. 
rodesac sruldeba toloba ܽ = ାయ. magram ܽ-s maqsimumi (rogorc ܾ-s funqciis) miiRweva, rodesac 

ାయ gamosaxulebis warmoebuli   ܾ-Ti 0-is tolia, saidanac gamomdinareobs, rom ܾଷ = ଶ. ܽ = ାయ 
gamosaxulebaSi 2ܾଷ = ܽ-s CasmiT miviRebT, rom ܾ = ଵ√ఱ  da ܽ = ଶ√ଶହఱ == ଵଷ √36ఱ ≈ 0,66.Aamrigad, mocemuli koSis amocanis erTaderTi amonax-

snis arseboba garantirebulia −0,66 ≤ ݐ ≤ 0,66 segmentze.  
zemoT moyvanili amocanis amosaxsnelad gamoviyeneT arsebobisa da 

erTaderTobis Teorema da miviReT segmenti, romelzedac arsebobs koSis 

amocanis erTaderTi amonaxsni. amasTan, SevecadeT rac SeiZleba didi 

intervali migveRo.Aaxla davsvaT aseTi kiTxva: SesaZlebelia Tu ara mi-

Rebuli segmentis gazrda?Aam kiTxvaze pasuxi dadebiTia da Cven dava-

mtkicebT [−0.66,0.66]-s Semcveli ܫ segmentis arsebobas, sadac moce-
mul koSis amocanas eqneba erTaderTi amonaxsni. amisaTvis gamoviyenebT 

Semdeg lemas. 

lema (j.bihari) davuSvaT, sruldeba utoloba: (ݐ)ݔ ≤ ܥ +  ௧௧బ߬)ݒ )݃൫ݔ(߬)൯݀߬, ݐ ≤ ݐ ≤ ܽ, 
sadac ܥ = ݐݏ݊ܿ > -arauaryofiTi da uwyveti funqci (ݐ)ݒ da (ݐ)ݔ ,0
ebia, xolo ݃(ݔ) ki uwyveti, arauaryofiTi da zrdadi funqciaa (ara-
aucileblad mkacrad zrdadi). amasTan, ݃(ݔ) > 0, rodesac ݔ > 0. ma-
Sin (ݐ)ݔ ≤ ଵିܩ ቀ(ܥ)ܩ +  ௧௧బ߬݀(߬)ݒ ቁ, sadac (ݑ)ܩ =  ௗఛ(ఛ)௨௨బ ݑ , > 0, yo-
veli ݐ ∈ ,ݐ] ܽ], romelTaTvisac (ܩ)ܩ +  ௨௨బ߬݀(߬)ݒ  ekuTvnis ିܩଵ-s gan-
sazRvris ares. 
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am lemis gamoyenebiT sagrZnoblad SegviZlia gavafarTovoT seg-

menti, sadac koSis amocanis erTaderTi amonaxsni arsebobs. marTlac, (ݐ)ݔ = න (߬ + ଷ(߬)௧ݔ
 )݀߬ = ଶ2ݐ + න ଷ(߬)௧ݔ

 ݀߬. 
aqedan |(ݐ)ݔ| ≤ మଶ +  ଷ௧|(߬)ݔ| ݀߬, 0 ≤ ݐ ≤ ܽ. amrigad, ܥ = మଶ (ݐ)ݒ , ≡ (ݔ)݃ ,1 = (ݑ)ܩ  :ଷ. amitomݔ =  ௗఛఛయ = ଵଶ௨௨బ ቀ ଵ௨బమ − ଵ௨మቁ, ݑ ≥ ݑ > (ݐ)ଵିܩ ,0 = ௨బටଵିଶ௨బమఛ, (ܥ)ܩ +  ݀߬ = ଵଶ௧ ቀ ଵ௨బమ − ଵమቁ +  .ݐ
maSasadame, ିܩଵ ቀ(ܥ)ܩ +  ௧߬݀(߬)ݒ ቁ = √ଵିଶమ௧, |(ݐ)ݔ| ≤ √ଵିଶమ௧, sa-

dac ݐ ∈ ቂ0, ଵଶమቂ. ܽ = ଵଶమ gantolebidan vpoulobT ݉ܽܽݔ = √2ఱ ≈ 1,15. 
axla SevcvaloT ݐ cvladi – -Ti da CavataroT igive gamoTvlebi. mi-ݐ

viRebT utolobas: |(ݐ)ݔ| ≤ √ଵାଶమ௧, ݐ ≤ 0, 
rac gviCvenebs, rom Cveni amocanis amonaxsni arsebobs, rodesac –√2ఱ ≤ ݐ ≤ 0. amgvarad, mocemuli koSis amocanas aqvs erTaderTi amo-

naxsni [−1.15,1.15] segmentze. 
amocana 3. vipovoT raime segmenti, romelzedac arsebobs ݔᇱ(ݐ) (ݐ)ଶݔ2= − ,ݐ (1)ݔ = 1 koSis amocanis erTaderTi amonaxsni. 
gamoviyenoT arsebobisa da erTaderTobis Teorema. Aam amocanisaT-

vis ݐ = ݔ = ,ݐ)݂ ,1 (ݔ = ଶݔ2 −  es funqcia uwyvetia nebismier .ݐ

Π = ,ݐ)} (ݔ ∈ ܴଶ: ݐ| − 1| ≤ ܽ, ݔ| − 1| ≤ ܾ} marTkuTxedze da aqvs ݔ-is 
mimarT SemosazRvruli kerZo warmoebuli: 

డడ௫ = ,ݔ4 ቚడడ௫ቚ = |ݔ4| ≤ ≤ 4|ܾ + 1|.	amitom |ݐ − 1| ≤ ݀ = ݉݅݊ ቀܽ, ெቁ segmentze, sadac ܯ ଶݔΠ|2∋(௧,௫)ݔܽ݉= − |ݐ ≤ 2(1 + ܾ)ଶ + 1 + ܽ, arsebobs amocanis erTaderTi 
amonaxsni. iseve, rogorc amocana 1-Si, ܽ da ܾ parametrebs vpoulobT 

tolobebidan:  ܽ = ଶ(ଵା)మାାଵ da డడ ቀ ଶ(ଵା)మାାଵቁ = 0.         (*) 
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maSasadame, ܽ = ଵସ(ଵା) , 2ܾଶ − 3 = ଵସ(ଵା). Uukanaskneli tolobidan ga-

modis, rom ܾ > ටଷଶ > 1,2, maSin ܽ < ଵସ(ଵାଵ,ଶ) = 0,11. magram ݀-s Sefa-
seba SesaZlebelia gaumjobesdes, Tu gaviTvaliswinebT, rom ܽ < 1. ma-
Sin ܯ = 2(1 + ܾ)ଶ − 1 + ܽ da (*)-is analogiuri tolobebidan vpo-

ulobT: ܽ = ଵସ(ଵା) , 2ܾଶ − 1 = ଵସ(ଵା) < ଵସ ⟹ ܾ < ටହ଼
. 

maSasadame, ܽ = ଵସ(ଵା) > ଵସቆଵାටఱఴቇ ≈ 0,13. amgvarad, 0,87 ≤ ݐ ≤ 1,13 
segmentze arsebobs amocanis erTaderTi amonaxsni.Aaqve SevniSnoT, rom 

bixaris lemis gamoyenebiT SesaZlebelia [0.87,1.13] Semcveli ܫ segmen-
tis povna, romelzedac garantirebuli iqneba amocanis amonaxsnis er-

TaderToba.  

amocana 4. vipovoT ݔᇱ(ݐ) = ݐ − ,(ݐ)ଶݔ (0)ݔ = 0 koSis amocanis amona-
xsnis mesame miaxloeba da SevafasoT cdomileba, rodesac 0 ≤ ݐ ≤ 0.5.  

pikaris miaxloebiTi meTodiT vpoulobT: ݔ = (ݐ)ଵݔ ;0 =  (߬ − ଶ௧ݔ )݀߬ = ௧మଶ (ݐ)ଶݔ ; =  (߬ − ఛరସ௧ )݀߬ = ௧మଶ − ௧ఱଶ; ݔଷ(ݐ) =  ൬߬ − ቀఛమଶ − ఛఱଶቁଶ൰ ݀߬ = ௧మଶ − ௧ఱଶ + ௧ఴଵ − ௧భభସସ	௧ . 

axla SevafasoT miRebuli miaxloebis cdomileba. pirvel rigSi 

vipovoT segmenti, sadac amonaxsnis erTaderTobaa garantirebuli. 

msjeloba CavataroT wina amocanebis analogiurad da miviRebT, rom − ଵ√ସయ ≤ ݐ ≤ ଵ√ସయ 	. Aam segmentze funqciaTa mimdevroba: ݔାଵ(ݐ) = ݔ +  ݂൫߬, (߬)൯݀߬௧௧బݔ      (1) 

Tanabrad krebadia  (ݐ)ݔ = ݔ +  ݂൫߬, ൯݀߬௧௧బ(߬)ݔ    (2) 

integraluri gantolebis amonaxsnisaken. (2) gamosaxulebas wevrobri-

vad gamovakloT (1) da sxvaoba SevafasoT yoveli ݊ = 0,1,2, …-saTvis: 
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(ݐ)ݔ| − |ݔ ≤ න ݂൫߬, ൯݀߬(߬)ݔ =௧
௧బ න |߰(߬)|݀߬,					߰(߬) = |݂൫߬, ൯|,௧(߬)ݔ

௧బ  

(ݐ)ݔ| − |(ݐ)ଵݔ ≤ න ห݂൫߬, ൯(߬)ݔ − ݂(߬, )ห݀߬ݔ ≤ ݇௧
௧బ න ௧ߦ݀

௧బ න ߰(߬)݀߬క
௧బ = 

= ݇න ݐ) − ௧ݑ݀(ݑ)߰(ݑ
௧బ  

(ݐ)ݔ|  ...     ...    ... − |(ݐ)ݔ ≤ න ห݂൫߬, ൯(߬)ݔ − ݂൫߬, ିଵ(߬)൯ห݀߬ݔ ≤௧
௧బ  

≤ !݊ܭ න ݐ) − ௧,ݑ݀(ݑ)߰(ݑ
௧బ  

sadac ܭ lipSicis pirobaSi miTiTebuli ricxvia Π = ,ݐ)} (ݔ ∈ܴଶ: ݐ| − |ݐ ≤ ܽ, ݔ| − |ݔ ≤ ܾ} marTkuTxedze, romlisTvisac samarT-

liania Sefaseba ܭ ≤ |(ݐ)ݔΠ|2∋(௧,௫)ݔܽ݉ = 2ห|ݕ|ห. garda amisa, ߰(ݑ) ݑ|= − |(ݑ)ଶݔ ≤ |ݑ| + ݊ ,ଶ||ݔ|| = ݐ ,3 = 0. amitom zemoT moyvanili uto-

lobebidan miviRebT: 						||ݔ − ||ଷݔ ≤ 43 ଷ||ݔ|| න ݐ) − ݑ)ଷ(ݑ + ݑ݀(ଶ||ݔ|| ≤௧
௧బ  

≤ ସଷ ห|ݔ|หଷ  (0,5 − ଷ(ݑ ቀݑ + ห|ݔ|หଶቁ ݑ݀ = ห|௫|หయସ଼ ቀ0,1 + ห|ݔ|หଷቁ,ହ .									(∗)   
 

dagvrCa Sesafasebeli 0 ≤ ݐ ≤ 0,5 segmentze, romelic Sedis ቂ− ଵ√ସయ , ଵ√ସయ ቃ-Si, |ݔ| sidide. bixaris lemidan gamomdinareobs, rom||ݔ|| ≤ ଵି௫, 
sadac ܥ = ஸ௧ஸ,ହݔܽ݉ ௧మଶ = 0,125, amitom ห|ݔ|ห ≤ .ଵଶହଵି,ଵଶହ×,ହ ≤ 0,134. 
(*)-is gaTvaliswinebiT sabolood miviRebT: ห|ݔ − ଷ|หݔ ≤ 0,6 × 10ିହ. 
savarjiSoebi damoukidebeli muSaobisaTvis 

1. pikaris mimdevrobiTi miaxloebis meTodiT	−1 ≤ ݔ ≤ 1, −1 ≤ ݕ ≤1 marTkuTxeSi amoxseniT koSis amocana: ݕᇱ(ݔ) = ଶݔ + (0)ݕ ,(ݔ)ଶݕ = 0. P 



 50

pasuxi: Mܯ = 2, ݀ = ଵଶ ; (ݔ)ݕ = ௫యଷ + ௫ళଷ + ଶ௫భభଶଽ + ௫భఱହଽହଷହ + ⋯ 

2. ipoveT miaxloebiTi mimdevrobis pirveli sami wevri: 1)	ݕᇱ(ݔ) = ଶݔ − (1−)ݕ ,(ݔ)ଶݕ = 0.P 
pasuxi: ݕ(ݔ) = 0, (ݔ)ଵݕ = ଵା௫యଷ (ݔ)ଶݕ , = 1126 (33 − ݔ14 + ଷݔ42 − ସݔ7 −  .(ݔ2

(ݔ)ᇱݕ (2 = ݔ + (0)ݕ ,(ݔ)ଶݕ = 0.P 
pasuxi: ݕ(ݔ) = 0, (ݔ)ଵݕ = ௫మଶ , (ݔ)ଶݕ = ௫మଶ + ௫ఱଶ. 

(ݔ)ᇱݕ (3 = ݔ + (0)ݕ ,(ݔ)ݕ = 1.P 
pasuxi: ݕ(ݔ) = 1, (ݔ)ଵݕ = 1 + ݔ + ௫మଶ (ݔ)ଶݕ , = 1 + ݔ + ଶݔ + ଷ6ݔ . 

3. aCveneT, rom funqcia ݕ = ,ܽ] ଶ akmayofilebs lipSicis pirobasݔ ܾ] 
monakveTze, magram ar akmayofilebs lipSicis pirobas mTel ܴ nam-
dvil ricxvTa RerZze. 

 

 

 

 



 

51 

3. pirveli rigis diferencialuri gantolebebi 

3.1. gancalebadcvladebiani gantoleba 

rogorc ukve aRvniSneT,  

)(/ tfx =     (1) 

pirveli rigis diferencialuri gantolebis amonaxsnis povna, sadac 

)(tf  cnobili funqciaa, siZneles ar warmoadgens. )(tx  ucnobi funq-

ciis moZebna xdeba integrebis operaciis saSualebiT: 

Cdssftx
t

+= 
0

)()( (ݐ)ݔ , = ݏ݀(ݏ)݂ +  (2)         ܥ
an, Tu )(tF -Ti )(tf  funqciis pirvelyofils aRvniSnavT, maSin: 

CtFtx += )()( . 

axla ganvixiloT gantoleba: 

)(/ xgx = ,    (3) 

sadac )(xg  ucnobi funqciaa. am gantolebis amoxsna zemoT moyvanili 

gziT ukve SeuZlebelia. amaSi xels gviSlis )(xg ! gavixsenoT maTe-

matikaSi miRebuli meTodebi raime sirTulis gadasalaxad. xSirad ga-

mosaxulebas misi ekvivalenturi formiT gardavqmniT xolme. amisaT-

vis gamosaxulebas vumatebT da vaklebT an vamravlebT da vyofT er-

Tsa da imave gamosaxulebaze, an vaxdenT cvladis gardaqmnas (marti-

vad rom vTqvaT, rTul gamosaxulebas raime simboloTi aRvniSnavT). 

(3) gantolebis analizisaTvis misi marjvena da marcxena mxareebi ga-

vyoT )(xg -ze, miviRebT: 

1
)(

/

=
xg

x
.    (4) 

amis Semdeg am gamosaxulebis marjvena mxare vaintegroT t -Ti. 
amasTan, ukve SesaZlebelia marcxena mxaris integrebac, radgan 

 = )()(

/

xg

dx
dt

xg

x
. SevniSnoT, rom am tolobas adgili aqvs imisgan 
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damoukideblad, rogoria )(tx . Tu axla )(xG -iT aRvniSnavT 
)(

1

xg
 

funqciis pirvelyofils, (4)-is integrebiT t -Ti miviRebT: 

( )G x t C= + ,    (5) 

saidanac  ݔ = ݐ)ଵିܩ +  (6)   ,(ܥ

aq ିܩଵ aRniSnavs ܩ-s Seqceul funqcias. 

axla ganvixiloT gantoleba: 

)()(/ tfxgx = .    (7) 

am gantolebis amonaxsnis povna zemoT moyvanilis analogiurad 

xdeba. )(xg -ze gantolebis orive mxaris gayofis Semdeg SesaZlebelia 

miRebuli gamosaxulebis orive mxaris integreba. aRvniSnoT )(tF -Ti 

da )(xG -iT, Sesabamisad, )(tf  da 
)(

1

xg
 funqciebis pirvelyofilebi, 

miviRebT: 

CtFxG += )()( , 

saidanac:  

))(()( 1 CtFGtx += −
.   (8) 

vityviT, rom mocemulia gantoleba gancalebadi cvladebiT (an 

gvaqvs gancalebadcvladebiani gantoleba), Tu mas aqvs saxe: 

)()(/ tfxgx = , 

an: 

0)()()()( 2211 =+ dttfxgdxtfxg .  (9) 

am gantolebebis saxelwodeba Seicavs maTi amoxsnis principsac! 

gantolebis amosaxsnelad saWiroa cvladebis gancaleba. yvela wevri, 

romelic damokidebulia x -ze, saWiroa gadavitanoT erT mxares, xo-

lo meore mxares davtovoT t -ze damokidebuli wevrebi. amis Semdeg 

gantoleba miiRebs saxes: 

)()( / txx ψϕ =  
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an:  

dttdxx )()( ψϕ = . 

axla ki saWiroa miRebuli gamosaxulebis integreba. integrebis 

dros sakmarisia gantolebis orive mxares integrebis niSnebi mivawe-

roT da pirvelyofili vipovoT, ar vizrunoT imaze, Tu romeli cvla-

debis mimarT xdeba integreba. aseTi proceduris Catareba maTematiku-

rad koreqtulia, radgan samarTliania gansazRvrul da ganusazRvrel 

integralSi cvladis gardaqmnis Semdegi toloba: 

  == )(
/ |)()())(( txxdxxdttxtx ϕϕ  

)(tx  funqciaTa sakmaod farTo klasisaTvis. 

zemoT Cven ganvixileT sami tipis gancalebadcvladebiani ganto-

leba. amovweroT maTi amonaxsnebi. bunebrivia, daisvas kiTxva: napovnia 

yvela amonaxsni? anu, sxva sityvebiT rom vTqvaT, amonaxsnTa zemoT mo-

yvanili formulebiT mocemuli funqciebi arian Tu ara zogadi amona-

xsnebi. qvemoT moyvanili msjeloba am kiTxvis pasuxia. 

daviwyoT (1) gantolebiT. Tu )(tx  (1) gantolebis amonaxsnia, ma-

Sin 0)()())()(( / ≡−=− tftftFtx , amitom lagranJis Teoremidan sasru-

li nazrdis Sesaxeb, gamomdinareobs, rom )()( tFtx −  sxvaoba SesaZle-

belia iyos mxolod mudmivi da sxva araferi! es ki niSnavs, rom (2) 

amowuravs (1) diferencialuri gantolebis yvela amonaxsns.  

(3) diferencialuri gantolebis zogadi amonaxsni ki (6) gamosa-

xulebiT mxolod maSin moicema, rodesac )(xg  gansxvavebulia nuli-

sagan. Tu )(xg  nulisagan gansxvavebulia, maSin 0)(/ ≠tx  da, amrigad, 

igi niSans ar icvlis, e.i. mkacrad monotonuricaa. aseT pirobebSi Se-

saZlebelia gamoviyenoT Teorema Seqceuli funqciis arsebobis Sesaxeb, 

rac Cvens SemTxvevaSi niSnavs, rom ))(()(/ txgtx =  gantolebidan SegviZ-

lia vipovoT t , rogorc x -is funqcia - )(xt , amasTan, 
)(

1
)(/

xg
xt = .  

es ukanaskneli ki (1) tipis gantolebaa, amitom misi amonaxsni (5) 

formuliT moicema, xolo saZiebeli funqcia ki (6) gamosaxulebiT. aq 

Cven gamoviyeneT faqti, rom )(xG  funqcia aris uwyveti da monoto-
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nuri (radgan misi warmoebuli – 
)(

1

xg
 niSans ar icvlis), ris gamoc 

(5) da (6) gamosaxulebebi erTmaneTis ekvivalenturia. 

im SemTxvevaSi, rodesac )(xg  nulis toli xdeba, situacia Seda-

rebiT rTuldeba. magaliTisaTvis ganvixiloT gantoleba: 

)()(/ txtx = . 

cvladebis gancalebis Semdeg miviRebT: 

1
/

=
x

x
, 

romlis integreba gvaZlevs: 

Ctx +=||ln , 

sadac C  nebismieri mudmivia, romelic SesaZlebelia gadaiweros ekvi-

valenturi formiT: 

Ctexx +=|)(| , 

anu 
Ctetx +±=)(  tC eetx )()( ±= . e.i. amonaxsnisaTvis miviReT gamo-

saxuleba 
teCtx

~
)( = , sadac C

~
 nebismieri nulisagan gansxvavebuli mu-

dmivia. amrigad, gantolebisaTvis 0-ovan, anu trivialur amonaxsns ver 

vRebulobT, maSin, rodesac aseTi funqcia mocemul gantolebas akma-

yofilebs. es niSnavs, rom 
teCtx

~
)( =  ar aris )()(/ txtx =  gantole-

bis zogadi amonaxsni. amitom, amonaxsnTa simravles saWiroa davumatoT 

0)( ≡tx  trivialuri amonaxsni. trivialuri amonaxsnis `dakargva~ 

gamoiwvia 0)( ≠xg  daSvebam. 0)( =xg  gantolebis amonaxsnebi, rom-

lebic arian nulisagan gansxvavebuli mudmivebi, C
~
-is SerCevis xarj-

ze xvdebian zogad amonaxsnSi, magram zogjer SesaZlebelia maTi dama-

teba mogvixdes.  

(3) saxis gantolebis amonaxsnebis gansakuTrebulobaTa aRwera amiT 

ar damTavrebula. amaSi davrwmundebiT Semdeg klasikur magaliTze: 

3 2/

3

1
xx =  .    (10) 
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am gantolebis amonaxsnebi zemoT moyvanili formulebis Sesabami-

sad arian 
3)()( Cttx −=  da 0)( ≡tx  funqciebi. magram, amaT garda, 

(10) gantolebis amonaxsnebia agreTve funqciebi: 





≥−
<

=
0

3
0

0
1 ,)(

,,0
)(

tttt

tt
tx  

an: 









≥−
<≤

<−
=

.,)(

,,0

,,)(

)(

1
3

1

10

0
3

0

2

tttt

ttt

tttt

tx  

amaSi uSualo CasmiT davrwmundebiT. amonaxsnTa aseTi mravalfe-

rovneba gamowveulia )(xg  funqciisagan. kerZod, samarTliania Semdegi 

debuleba. 

Teorema 1. davuSvaT, )(xg  diferencirebadia da misi warmoebuli 

SemosazRvrulia. maSin (3) gantolebis amonaxsnebi moicema (6) for-

muliTa da 0)( =xg  gantolebebis amonaxsnebiT. 

am Teoremidan gamomdinareobs, rom `sakmaod kargi~ )(xg -saTvis 

im anomalias, romelic (10) gantolebisaTvis gvqonda, adgili ar eq-

neba. (10) gantolebaSi )(xg -is rols asrulebs 3 2

3

1
x , romlis war-

moebuli funqciaa 
39

2

x
 da igi ar aris SemosazRvruli. 

zogadi (7) da (9) gantolebebisaTvis samarTliania Semdegi debuleba. 

Teorema 2. davuSvaT, )(xg  diferencirebadia da misi warmoebuli 

SemosazRvrulia, xolo ݂(ݐ) funqcia ki uwyvetia. maSin (7) gantole-

bis zogadi amonaxsni moicema (8) gamosaxulebiT da im mudmivaTa er-

TobliobiT, romlebic 0)( =xg  gantolebis amoxsniT miiReba.  

Tu gantoleba mocemulia (9) saxiT, maSin misi amonaxsnebia (8) ga-

mosaxulebiT mocemuli funqciebi, constx ≡ mudmivebi, sadac es mudmi-

vebi 0)(2 =xg  gantolebis amonaxsnebia da agreTve constt ≡  mudmi-

vebi, romlebic 0)(1 =tf gantolebis amonaxsnebia. 
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zogjer diferencialuri gantoleba ar aris gancalebadcvladebi-

ani, magram, garkveuli gardaqmnebis Semdeg, is SesaZlebelia miyvanil 

iqnes aseT gantolebamde. amgvari konkretuli gantolebebis amoxsnis 

meTods ganvixilavT tipiur magaliTebze. aq axla am saxis gantole-

baTa SedarebiT farTo klass SevexebiT. kerZod, ganvixiloT: ݕᇱ = ,ݔ)݂  (11)   (ݕ

saxis gantoleba, sadac ݂ Tavisi argumentebis erTgvarovani funqciaa. 
manam, sanam erTgvarovan funqcias ganvmartavdeT, SemovitanoT ݉-erT-

gvarovani (an ݉-xarisxis erTgvarovani) funqciis cneba. ori cvladis ݂(ݔ,  ,funqcias ewodeba ݉-erTgvarovani (an ݉-xarisxis erTgvarovani) (ݕ

Tu ݂(ݔݐ, (ݕݐ = ,ݔ)݂ݐ -magaliTad, ori cvladis erTgvarovani fun .(ݕ

qciebia ܽݔ + ଶݔܽ ,ݕܾ + ݕݔܾ + ,ଶݕܿ ݏଶܿݔ ௬௫, ݕ + ඥݔଶ − ݉ ଶ. Tuݕ = 0, 
maSin ubralod vityviT, rom funqcia erTgvarovania. nebismieri ݉-erT-

gvarovani ݂(ݔ, ,ݔ)݂ funqcia warmoidgineba (ݕ (ݕ = ݃ݔ ቀ௬௫ቁ saxiT, sadac ݃ erTi cvladis funqciaa, romelic srulad ganisazRvreba ݂-dan. mar-
Tlac, SemovitanoT aRniSvna ݐ = ଵ௫. maSin, ݂(ݔ, (ݕ = ݂ݔ ቀ1, ௬௫ቁ, ݂ ቀ1, ௬௫ቁ 
aris erTi 

௬௫ cvladis funqcia, romelic aRvniSnoT ݃-Ti da miviRebT 
dasamtkicebel tolobas (analogiuri msjelobiT vaCvenebT, rom ݂(ݔ, (ݕ = ℎݕ ቀ1, ௫௬ቁ, sadac ℎ, iseve rogorc ݃, calsaxad ganisazRv-

reba).  

davubrundeT (11) gantolebas. radgan ݉ = 0, amitom (11) miiRebs 
saxes: ݕᇱ = ݃ ቀ௬௫ቁ. ݑ = ௬	௫ CasmiT gantoleba miiyvaneba gancalebadcvladebian gantole-

baze. marTlac, radgan ݕ = ᇱݕ da ݔݑ = ݑ + ݔ ௗ௨ௗ௫, miviRebT gantolebas: ݑ݀ݔ = (ݑ)݃) −  .ݔ݀(ݑ
davuSvaT, ݃(ݑ) ≠  Tu .ݑ ௗ௨(௨)ି௨-s aRvniSnavT Φ-Ti, miviRebT gan-

tolebis amonaxsns: 

Φ ቀݔݕቁ = ln|ݔ| + ܿ. 
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xolo, Tu ݃(ݑ) = ᇱݕ maSin (11) gantoleba miiyvaneba ,ݑ = ௬௫ gan-
tolebaze, romelic, Tavis mxriv, gancalebadcvladebiani gantolebaa. 

gancalebadcvladebian gantolebaze miiyvaneba agreTve ݀ݔ݀ݕ = ᇱݕ = ݂ ൬ܽଵݔ + ܾଵݕ + ܿଵܽଶݔ + ܾଶݕ + ܿଶ൰																												(12) 
saxis gantoleba, sadac ܽଵ, ܽଶ, ܾଵ, ܾଶ, ܿଵ, ܿଶ nebismieri mudmivebia, rom-
lebic akmayofileben pirobas ܽଵܾଶ − ܽଶܾଵ ≠ 0. marTlac, ganvixiloT 

gardaqmna ݔ = ߬ + ,ߙ ݕ = ߟ +  ,mudmivebi imgvarad SevarCioT ߚ,ߙ da ߚ
rom (12) gantolebis marjvena mxarem miiRos saxe: ݀߬݀ߟ = ݂ ൬ܽଵ߬ + ܾଵܽߟଶ߬ + ܾଶߟ൰.																																				(13) ߙ da ߚ ganisazRvrebian wrfiv gantolebaTa Semdegi araerTgvaro-

vani sistemidan: ൜ܽଵߙ + ܾଵߚ + ܿଵ = 0,ܽଶߙ + ܾଶߚ + ܿଶ = 0, 
romelsac erTaderTi amonaxsni aqvs, radgan sistemis mTavari deter-

minanti 0-sagan gansxvavebulia. (13) gantolebis marjvena mxare erTg-

varovani funqciaa da, amrigad, (13) da, maSasadame, (12) miiyvaneba gan-

calebadcvladebian gantolebaze. axla, vTqvaT, ܽଵܾଶ − ܽଶܾଵ = 0, maSin ܽଵݔ + ܾଵݕ = ݈(ܽଶݔ + ܾଶݕ), sadac ݈ raime aranulovani mudmivia. Semovi-

tanoT aRniSvna ݖ = ܽଶݔ + ܾଶݕ, maSin:  ݀ݔ݀ݖ = ܽଶ + ܾଶ  .ݔ݀ݕ݀
amis Semdeg (12) gantoleba gadaiwereba Semdegi saxiT: ݀ݔ݀ݖ = ܽଶ + ܾଶ݂ ൬ ݖ + ܿଵ݈ݖ + ܿଶ൰. 
es ukanaskneli ki – gancalebadcvladebiani gantolebaa. 

3.2. tipiuri amocanebi. gancalebadcvladebiani gantolebebi 

1. ඥݕଶ + ݔ݀	1 =   ݕ݀ݕݔ
gantolebis orive mxare gavyoT ඥݕଶ + -imisaTvis, rom es opera .ݔ	1

cia SevasruloT, saWiroa davuSvaT, rom ඥݕଶ + ݔ	1 ≠ 0,	saidanac ga-
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momdinareobs, rom ݔ ≠ 0. gayofis Semdeg miviRebT: ௗ௫௫ = ௬ௗ௬ඥ௬మାଵ, ݔ ≠ 0. 
axla vaintegroT gantolebis orive mxare: ݔ/ݔ݀ =  ௬ௗ௬ඥ௬మାଵ +  (1)    .ܥ

am gamosaxulebis marcxena mxares e.w. cxrilis integralia da 

misi integrebiT miviRebT: ݔ/ݔ݀ = ln|ݔ|. 
marjvena mxare  ௬ௗ௬ඥ௬మାଵ miviyvanoT cxrilis integralze. amisaTvis 

SemoviRoT axali cvladi ݐ = ඥݕଶ + 1, saidanac ݕ = ଶݐ√ − 1, xolo ݀ݕ = ௧ௗ௧√௧మିଵ	. CavsvaT  ௬ௗ௬ඥ௬మାଵ gamosaxulebaSi ݕ-sa da ݀ݕ-is axlaxan 

miRebuli gamosaxulebebi: 

න ଶݕඥݕ݀ݕ + 1 = න√ݐଶ − 1 ௧ௗ௧√௧మିଵݐ = න݀ݐ = 	ݐ ⟹න ଶݕඥݕ݀ݕ + 1 = ඥݕଶ + 1. 
amrigad, (1) gamosaxuleba miiRebs saxes: ln|ݔ| − ඥݕଶ + 1 =  ,ܥ

rac amosavali gantolebis amonaxsnia, rodesac ݔ ≠ 0. axla Sevamow-

moT, aris Tu ara ݔ = 0 gantolebis amonaxsni. ݔ-is nacvlad ganto-

lebis orive mxares 0-is CasmiT gamosaxuleba igiveobad gadaiqceva, 

rac imas niSnavs, rom ݔ = 0 gantolebis amonaxsnia. 

aqedan, gantolebis Yyvela amonaxsnia ln|ݔ| − ඥݕଶ + 1 = ݔ ,ܥ = 0. 
2. amoxseniT koSis amocana (ݔଶ − ᇱݕ(1 + ଶݕݔ2 = 0, (0)ݕ = 1.  
pirvel rigSi gantolebis yvela amonaxsni vipovoT. gadavweroT 

gantoleba misi ekvivalenturi saxiT: (ݔଶ − ݕ݀(1 + ݔଶ݀ݕݔ2 = 0   (2) 

da ganvacaloT ݔ da ݕ cvladebi, risTvisac gamosaxuleba gavyoT (ݔଶ − ଶݔ) ଶ-ze da davuSvaT, romݕ(1 − ଶݕ(1 ≠ 0, saidanac miviRebT: ݔ ≠ ±1 da ݕ ≠ 0. gayofis Semdeg (2) gantoleba miiRebs saxes: ݀ݕݕଶ + ଶݔݔ݀ݔ2 − 1 = 0. 
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movaxdinoT miRebuli gamosaxulebis integreba: න݀ݕݕଶ 	+ න ଶݔݔ݀ݔ2 − 1 =  ܥ
miRebuli integralebis aReba siZneles ar warmoadgens. marTlac,  ௗ௬௬మ = − ଵ௬, raSic advilad davrwmundebiT − ଵ௬-is gawarmoebiT: (− ଵ௬)ᇱ = ଵ௬మ. rac Seexeba  ଶ௫ௗ௫௫మିଵ integrals, igi gavamartivoT Semdeg-

nairad:  ଶ௫ௗ௫௫మିଵ =  ௗ(௫మିଵ)௫మିଵ , es ukanaskneli ki ukve cxrilis integra-

lia. Tu SemovitanT aRniSvnas ݐ = ଶݔ − 1, miviRebT: 
න݀(ݔଶ − ଶݔ(1 − 1 = න݀ݐݐ = ln|ݐ| ⟹ න݀(ݔଶ − ଶݔ(1 − 1 = ln|ݔଶ − 1|. 

amrigad, න݀ݕݕଶ 	+ න ଶݔݔ݀ݔ2 − 1 = ܥ ⇒ ݕ1− + ln|ݔଶ − 1| =  .ܥ
gamosavali gantolebis amonaxsnTa ojaxia, rodesac ݔ ≠ ±1 da ݕ ≠ 0. 
amasTan, ݔ = ±1, gantolebis amonaxsni ar aris, xolo ݕ = 0 funqcia 
gantolebas akmayofilebs, amitom − ଵ௬ + ln|ݔଶ − 1| =  Tan erTad igi-ܥ
gantolebis erT-erTi amonaxsnia. aqedan,− ଵ௬ + ln|ݔଶ − 1| = ݕ da ܥ = 0 
funqciebi amowuraven Cveni gantolebis yvela amonaxsns. axla SevudgeT 

koSis amocanis analizs, romlis Tanaxmad saWiroa (0,1) wertilze ga-

mavali integraluri wiris amorCeva integralur wirTa ukve miRebuli 

ojaxidan. ݕ = 0 (igivurad nulovani funqcia), naTelia, koSis amoca-

nis amonaxsni ver iqneba, amitom amonaxsni, romelic (0)ݕ = 1	 piro-
bas daakmayofilebs, unda veZeboT − ଵ௬ + ln|ݔଶ − 1| = -funqciaTa oja ܥ
xSi. am gamosaxulebaSi ݔ = 0 CasmiT miviRebT, rom − ଵ௬() = (0)ݕ radgan .ܥ = 1, amitom ܥ = −1. es mniSvneloba CavsvaT − ଵ௬ + ln|ݔଶ − 1| =  ܥ
gamosaxulebaSi da cxadi saxiT amovweroT (ݔ)ݕ funqcia. sabolood 

miviRebT, rom (ݔ)ݕ = ଵଵା୪୬|௫మିଵ| aris koSis amocanis erTaderTi amo-
naxsni. 
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3. amoxseniT koSis amocana: ݕݔᇱ + ݕ = ,ଶݕ (1)ݕ = ᇱݕݔ .0,5 + ݕ = ଶݕ ⇒ ݔ ݔ݀ݕ݀ + ݕ = ଶݕ ⇒ ݕ݀ݔ + ݕ) − ݔ݀(ଶݕ = 0 ⇒ ⇒ ௗ௬௬ି௬మ + ௗ௫௫ = ݕ ,0 ≠ 0,1; ݔ ≠ 0. 
movaxdinoT 

ௗ௬௬ି௬మ + ௗ௫௫ = 0 gamosaxulebis integreba: 

න ݕݕ݀ − ଶݕ + න݀ݔݔ =  .ܥ
dawvrilebiT ganvixiloT pirveli Sesakrebi: න ݕݕ݀ − ଶݕ = න 1)ݕݕ݀ − (ݕ = 

(mricxvels davumatoT da gamovakloT ݕ) = න 1)ݕݕ݀ − (ݕ = න(ݕ − ݕ + 1)ݕݕ݀(1 − (ݕ = 
= නݕ݀ݕ + (1 − 1)ݕݕ݀(ݕ − (ݕ = න 1)ݕݕ݀ݕ − (ݕ + න(1 − 1)ݕݕ݀(ݕ − (ݕ = 
		= −න݀(1 − 1)(ݕ − (ݕ + ln|ݕ| = − ln|1 − |ݕ + ln|ݕ| = ln ฬ 1ݕ −  .ฬݕ

meore Sesakrebi  ௗ௫௫  cxrilis integralia da  ௗ௫௫ = ln|x|. amrigad, 
න ݕݕ݀ − ଶݕ + න݀ݔݔ = ܥ ⟹ ln ฬ 1ݕ − ฬݕ + ln|ݔ| = 	ܥ ⟹ 1)ݕݔ − (ݕ =  ܥ

aris mocemuli gantolebis amonaxsnTa erToblioba.Aaqve SevniSnoT, rom ݕ = 0,1; ݔ = 0 gantolebis amonaxsnebia da isini ar dakargula, radgan 

samive 1)ݕݔ − (ݕ = (1)ݕ .amonaxsnebis kerZo SemTxvevaa ܥ = 0,5 pirobis 1)ݕݔ − (ݕ = ܥ gamosaxulebaSi CasmiT vpoulobT ܥ = ଵସ, rac niSnavs, 
rom koSis amocanis amonaxsnia 41)ݕݔ − (ݕ − 1 = 0 funqcia. 

4. ݁ି௦ ቀ1 + ௗ௦ௗ௧ቁ = 1. 
gantolebis orive mxare gavamravloT ݁௦-ze da miRebuli gamosa-

xuleba gadavweroT Semdegi saxiT: ݀ݐ݀ݏ = ݁௦ − 1. 
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movaxdinoT ݐ da ݏ cvladebis gancaleba: ݀݁ݏ௦ − 1 =  ,ݐ݀
axla orive mxare vaintegroT: න ௦݁ݏ݀ − 1 = න݀ݐ . 

am gamosaxulebis marjvena mxaris integreba siZneles ar warmo-

adgens. ganvixiloT marcxena mxare dawvrilebiT: න ௦݁ݏ݀ − 1 = 
(mricxvels davumatoT da gamovakloT ݁௦) න(݁௦ − ݁௦ + ௦݁ݏ݀(1 − 1 = න݁௦݀ݏ − (݁௦ − ௦݁ݏ݀(1 − 1  

න ݁௦݀݁ݏ௦ − 1 − න(݁௦ − ௦݁ݏ݀(1 − 1 = −න݀(݁௦ − 1)݁௦ − 1 − න݀ݏ = 
= − ln|݁௦ − 1| − ݏ = ln ฬ݁௦ − 1݁௦ ฬ. 

amrigad,  ௗ௦ೞିଵ =  gamosaxuleba SesaZlebelia Seicvalos misi ݐ݀

toli ln ቚೞିଵೞ ቚ = ݐ + ܥ ,ܥ݈݊ > 0 gamosaxulebiT. aq ݈݊ܥ nebismieri 

ricxvia, misi Semotana zogadobas ar arRvevs da, amasTan, gvexmareba ln ቚೞିଵೞ ቚ = ݐ + -funq (ݐ)ݏ gamosaxulebidan ganvsazRvroT cxadad ܥ݈݊
cia. marTlac, ݐ + ܥ݈݊ = ln(݁ܥ௧), amitom: ݁௦ − 1݁௦ = ௧݁ܥ ⟹ 1݁௦ = 1 − ௧݁ܥ ⟹ ݁௦ = 11 − ௧݁ܥ ⟹ ݏ = −ln(1 −  .(௧݁ܥ

amrigad, gantolebis zogadi amonaxsnebia ݏ = −ln(1 − -௧) funq݁ܥ
ciaTa ojaxi. 

ᇱݕ .5 = cos(ݕ −  .(ݔ
imisaTvis, rom gantoleba miyvanil iqnes gancalebadcvladebian gan-

tolebaze, saWiroa SemovitanoT axali cvladi ݖ, romelic Zvel ݔ,  ݕ
cvladebs ukavSirdeba TanadobiT: ݖ = ݕ − ݖ݀ maSin .ݔ = ݕ݀ −  da ݔ݀
gantoleba gadaiwereba Semdegnairad: 
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ݕ݀ = ݔ݀ݖݏܿ ⟹ ݖ݀ + ݔ݀ = ݔ݀ݖݏܿ ⟹ ݖ݀ = ݖݏܿ) − ݔ݀(1 ⟹ ݖݏܿݖ݀ − 1 =  .ݔ݀
miviReT gantoleba, romelSic ݔ,  cvladebi gancalebulia. axla ݖ

movaxdinoT misi amoxsna. rogorc ukve viciT, saWiroa gantolebis ori-

ve mxare vaintegroT (Sesabamisi cvladebiT): න ݖݏܿݖ݀ − 1 = න݀ݔ ⟹	 
(gamoviyenoT formulebi: ܿݏଶ ௭ଶ − ଶ݊݅ݏ ௭ଶ = ଶݏܿ da ݖݏܿ ௭ଶ + ଶ݊݅ݏ ௭ଶ = 1, 
maSin ܿݖݏ − 1 = ଶ݊݅ݏ2− ௭ଶ )  න ଶ݊݅ݏ2−ݖ݀ ௭ଶ = ݔ + ܥ ⟹ −න 2݀(௭ଶ)2݊݅ݏଶ ௭ଶ = ݔ +  ܥ
(ukanaskneli tolobis marcxena mxares ukve cxrilis integrali gvaqvs)  ⟹ ݃ݐܿ 2ݖ = ݔ + ܥ ⟹ ݃ݐܿ	 2ݖ = ݔ +  ܥ
anu: ܿ݃ݐ ݕ − 2ݔ = ݔ + ܥ ⟹ ݕ − 2ݔ = ܥ)݃ݐܿܿݎܽ + (ݔ ⟹ ݕ = ݔ + ܥ)݃ݐܿܿݎ2ܽ +  .(ݔ

gantolebis am amonaxsnebs saWiroa davumatoT `dakarguli amonax-

snebi~, kerZod, isini, romlebisTvisac sruldeba toloba ܿݖݏ = 1, 
anu ݖ = ,݇ߨ2 ݇ ∈ ℤ. 

ᇱݕ .6 − ݕ = ݔ2 − 3 
gadavweroT mocemuli gantoleba misi ekvivalenturi formiT: ݀ݔ݀ݕ = ݕ + ݔ2 − 3 ⇒ ݕ݀ = ݕ) + ݔ2 −  .ݔ݀(3
SemovitanoT axali ݖ = ݕ + ݔ2 − 3 cvladi, maSin ݀ݕ = ݖ݀ −  .ݔ2݀

orives gaTvaliswinebiT ݀ݕ = ݕ) + ݔ2 −  gamosaxuleba Caiwereba ݔ݀(3

Semdegi saxiT: ݀ݖ − ݔ2݀ = ݖ romelic ,ݔ݀ݖ ≠ 2 utolobis gaTvalis-

winebiT gadaiwereba Semdegnairad: ݀ݖ = ݖ) + ݔ݀(2 ⟹ ௗ௭௭ାଶ = -ukanas .ݔ݀
knel gantolebaSi ݔ,  cvladebi gancalebulia, amitom vaintegroT ݖ

damoukideblad gantolebis orive mxare: න ݖݖ݀ + 2 = න݀ݔ ⇒ ln|ݖ + 2| = ݔ + ln ܥ 	⇒ ݖ + 2 = ௫݁ܥ ⇒ ݖ = ௫݁ܥ − 2. 



 

63 

amis Semdeg davubrundeT Zvel ݔ, ݕ :cvladebs da miviRebT ݕ = ௫݁ܥ − ݔ2 + 1. Cven davuSviT, rom ݖ ≠ 2, rac niSnavs, rom amonax-
snebidan amoviReT ݕ = 1 − -wrfivi funqcia, romelic mocemuli gan ݔ2

tolebis amonaxsnia (amaSi uSualo CasmiT advilad davrwmundebiT). 

amis gamo, mogviwevs ݕ = ௫݁ܥ − ݔ2 + 1 funqciaTa ojaxs davumatoT es 
amonaxsnic, magram amis saWiroeba ar aris, radgan ݕ = ௫݁ܥ − ݔ2 + 1 
funqciaTa erToblioba ݕ = 1 − ݕ funqcias Seicavs da igi miiReba ݔ2 = ௫݁ܥ − ݔ2 + 1-dan, rodesac ܥ = 0. amrigad, gantolebis zogadi amo-

naxsnia ݕ = ௫݁ܥ − ݔ2 + 1 funqciaTa ojaxi.  
7. vipovoT gantolebis ݔଶݕᇱ − ݕ2ݏܿ = 1	amonaxsni, romelic akma-

yofilebs pirobas ݕ(+∞) = ଽସ  .ߨ
daviwyoT ݔଶݕᇱ − ݕ2ݏܿ = 1 gantolebis analizi.  ݔଶݕᇱ − ݕ2ݏܿ = 1 ⟹ ଶݔ ݔ݀ݕ݀ − ݕଶݏܿ + ݕଶ݊݅ݏ − ݕଶݏܿ − ݕଶ݊݅ݏ = 0 ⟹	 

⟹ ݕଶݏ2ܿݕ݀ = ଶݔݔ݀ ⟹ 12 ݕ݃ݐ = ݔ1− + ܥ ⟹ 

⟹ (ݔ)ݕ = ݃ݐܿݎܽ ൬2ܥ − ൰ݔ2 + ,݇ߨ2 ݇ ∈  .ࢆ
axla am amonaxsnebidan vipovoT amonaxsni, romelic akmayofilebs pi-

robas ݕ(+∞) = ଽସ ganvixiloT lim௫→ାஶ .ߨ (ݔ)ݕ = lim௫→ାஶቀܽ݃ݐܿݎ ቀ2ܥ −ଶ௫ቁ 		+ ቁ݇ߨ2 = ܥ2݃ݐܿݎܽ + |ܥ2݃ݐܿݎܽ| radgan .݇ߨ2 < గଶ, amitom ݇ = 1 da ଽସ = ߨ2 + ܥ2݃ݐܿݎܽ ⟹ గସ = ܥ2݃ݐܿݎܽ ⟹ ܥ = ଵଶ. amrigad, gantolebis amo-

naxsni, romelic zemoT moyvanil pirobas akmayofilebs, aris (ݔ)ݕ ݃ݐܿݎܽ= ቀ1 − ଶ௫ቁ +  .funqcia ߨ2
8. amovxsnaT koSis amocana ݕᇱ − ݕ = ݔ2 − 3, (0)ݕ = 2.  
gantolebis zogadi amonaxsni wina amocanidan ukve cnobilia da is 

aris (ݔ)ݕ = ௫݁ܥ − ݔ2 + 1 funqciebis simravle, romelic damokidebulia ܥ namdvil ricxvze. (0)ݕ = 2 pirobidan advilad vpoulobT ܥ = 1. 
amrigad, koSis amocanis erTaderTi amonaxsnia (ݔ)ݕ = ݁௫ − ݔ2 + 1 fu-
nqcia (ixileT qvemoT moyvanili naxazi). 



 64

 
naxazze moyvanilia ݕ = ௫݁ܥ − ݔ2 + 1 funqciaTa grafikebi (gantolebis in-

tegraluri wirebi), rodesac ܥ namdvili ricxvi icvleba – 0.9-dan 1.7-mde 

bijiT 0.1, xolo ݔ ∈ [−0.2, 5]. rogorc aRvniSneT, rodesac ܥ = 0, ganto-
lebis amonaxsnia ݕ = ݔ2− + 1 wrfivi funqcia, misi grafiki moniSnulia 

naxazze. es funqcia aris koSis amocanis amonaxsni pirobiT (0)ݕ = 1. 
9. vipovoT 3ݕଶݕᇱ + ݔ16 =  ,amonaxsni (ݔ)ݕ ଷ gantolebis iseTiݕݔ2

romelic SemosazRvrulia, rodesac ݔ ⟶ ∞. 
pirvel rigSi vipovoT gantolebis yvela amonaxsni. risTvisac gan-

vacaloT ݔ, ᇱݕଶݕcvladebi: 3 ݕ + ݔ16 = ଷݕݔ2 ⟹ ଶݕ3 ௗ௬ௗ௫ + ݔ16 = ଷݕݔ2 ⟹ ݕଶ݀ݕ3 = ଷݕ)ݔ2 −  .ݔ݀(8
davuSvaT, ݕ ≠ 2 da gamosaxulebis orive mxare gavyoT ݕଷ − 8. mi-

viRebT: න ଷݕଶݕ3 − ݕ8݀ = න2ݔ݀ݔ ⟹ න݀(ݕଷ − ଷݕ(8 − 8 = ଶݔ + 	ܥ ⟹	 
⟹ ln|ݕଷ − 8| = ଶݔ + ܥ ⟹ ଷݕ| − 8| = ௫మ݁ܥ ଷݕ| . − 8| = ݕ ௫మ funqcia gantolebis amonaxsnia, rodesac݁ܥ ≠ 2, 

magram (ݔ)ݕ = 2 funqcia mocemul gantolebas akmayofilebs, amitom 

amonaxsnTa simravleSi es funqciac Seva. |ݕଷ − 8| =  ௫మgamosaxulebis݁ܥ

marcxena mxare yovelTvis arauaryofiTi unda iyos, amitom ܥ ≥ ଷݕ| .0 − 8| = ݔ ௫మ funqcia SemosazRvrulia, rodesac݁ܥ ⟶ ∞, mxolod 

(ݔ)ݕ = ݔ2− + 1 

(ݔ)ݕ = ݁௫ − ݔ2 + 1 
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maSin, rodesac ܥ = 0. es ki Seesabameba (ݔ)ݕ = 2 amonaxsns. amrigad, 
amocanis amonaxsnia (ݔ)ݕ = 2 mudmivi funqcia.  

ᇱݕ .10 = ௫ାଶ௬௫ . 

SemovitanoT aRniSvna ݖ = ௬௫, maSin ݕ = ᇱݕ da ݖݔ = ᇱݖݔ + ᇱݖݔ :ᇱ-is es mniSvnelobebi SevitanoT mocemul gantolebaSi da miviRebTݕ da ݕ .ݖ + ݖ = 1 + ݖ2 ⟹ ᇱݖݔ = 1 + -es ukanaskneli ki aris gantoleba gan ,ݖ

calebad cvladebSi. marTlac, ݔ ௗ௭ௗ௫ = 1 + ݖ ⟹ ௗ௭ଵା௭ = ௗ௫௫ , ݖ ≠ 1, ݔ ≠ 0.	 
vaintegroT miRebuli gamosaxulebis orive mxare: න 1ݖ݀ + ݖ = න݀ݔݔ ⟹ ln|ݖ + 1| = ln|ݔ| + ܥ ⟹ ݖ + 1 = ݔܥ ⟹ ⟹ ݖ = ݔܥ − 1 ⟹ ݕ = ଶݔܥ −  . ݔ

11. gantoleba ݕݔ − ᇱݕଶݔ = ଶݔ + ଵଽ  ଶ cvladis gardaqmniT daiyvanebaݕ

gancalebadcvladebian gantolebaze. gavyoT gantolebis yvela wevri ݔଶ-ze da miviRebT: 
 
௬௫ − ᇱݕ = 1 + ௬మଽ௫మ.    (1) 

SemovitanoT aRniSvna: ݖ = ௬௫, maSin ݕ = ᇱݕ da ݔݖ = ݔᇱݖ + -Sevita .ݖ
noT ݕ da ݕᇱ-is es mniSvnelobebi (1)-Si, miviRebT: ݖ − ݔᇱݖ − ݖ = 1 + ଵଽ  .ଶݖ
es ukanaskneli gadavweroT misi ekvivalenturi saxiT: − ௗ௭ௗ௫ ݔ = 1 + ଵଽ  ,ଶݖ
anu 

ௗ௭ଵାభవ௭మ = − ௗ௫௫ , es ki aris gantoleba gancalebad cvladebSi. ganto-

lebis orive mxaris cal-calke integrebiT miviRebT: 

න 1ݖ݀ + ଵଽ ଶݖ = න 1ݖ݀ + ቀ௭ଷቁଶ = 3න ݀ ቀ௭ଷቁ1 + ቀ௭ଷቁଶ = ݃ݐܿݎܽ  		,3ݖ
න−݀ݔݔ = −න݀ݔݔ = ݔ݈݊− −  .ܥ

amrigad, 3ܽ݃ݐܿݎ ௭ଷ = ݔ݈݊− − ݖ ⟹ ܥ = ଵଷ)݃ݐ3− ݔ݈݊ + ଵଷ -davubrun .(ܥ
deT aRniSvnas da miviRebT: ݕ = ଵଷ)݃ݐݔ3− ݔ݈݊ + ଵଷ  .(ܥ
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SeniSvna: Aam magaliTSi Cven gamoviyeneT cxrilis integrali  ௗ௫ଵା௫మ = ݔ݃ݐܿݎܽ +  am tolobidan advilad miiReba .ܥ ௗ௫మାమ௫మ saxis 
integralis analizuri saxe, marTlac: 

න ଶܽݔ݀ + ܾଶݔଶ = න ଵమ మାమ௫మమݔ݀ = 1ܽଶ න 1ݔ݀ + ቀ௫ ቁଶ = 
= 1ܽଶ න  ݀ ቀ௫ ቁ1 + ቀ௫ ቁଶ = 1ܾܽ ݃ݐܿݎܽ ൬ܾܽݔ൰ +  .ܥ

12. amovxsnaT erTgvarovani gantoleba ݕݔᇱ = 1)ݕ + ݕ݈݊ − -ga .(ݔ݈݊
davweroT es gantoleba Semdegi saxiT:  ݕ݀ݔ − ݕ ቆ1 + ݈݊ ቀݔݕቁቇ݀ݔ = 0, ݔ > 0, ݕ > 0. 

amrigad, ݔ)ܯ, (ݕ = ݕ− ቀ1 + ݈݊ ௬௫ቁ da ܰ(ݔ, (ݕ = -erTgvarovani funqci ݔ
ebia (݉ = 1). movaxdinoT cvladis gardaqmna ݕ = ݕ݀ maSin ,ݖݔ = ݖ݀ݔ +  ݔ݀ݖ
da miviRebT:  ݔଶ݀ݖ + ݔ݀ݖݔ − 1)ݖݔ + ݔ݀(ݖ݈݊ = 0 ⇒ ݖ݀ݔ − ݔ݀ݖ݈݊ݖ = 0. 

cvladebis gancalebis da integrebis Semdeg miviRebT: ݈݊ݔ − ln|ln|ݖ|| = ݈݊ܿ, ݖ ≠ ݕ ⇒ 1 = ௫݁ݔ . 
3.3. geometriuli amocanebis analizi 

mas Semdeg, rac gamovimuSaveT gancalebadcvladebiani gantolebebis 

amoxsnis teqnika, SesaZlebelia movaxdinoT Tavis dasawyisSi miRebuli 

gantolebebis sruli analizi.  

1. amovxsnaT gantoleba: ݕݔᇱ =   .ݕ2
davuSvaT, ݔ ≠ 0 da ݕ ≠ 0 da mocemuli gantoleba gadavweroT misi 

ekvivalenturi saxiT: 
ௗ௬௬ = 2 ௗ௫௫  ⇒ ln|ݕ| = 2 ln|ݔ| + (ݔ)ݕ ⇒ ܿ =  .ଶݔܿ

amrigad, miviReT saZiebeli wiris gantoleba. igi parabolaa, Tu ܿ ≠ 0. 
rodesac ܿ = 0, vRebulobT, rom ݕ = 0, romelic gantolebis amonaxs-

nia, magram Cveni amocanis pirobebs ar akmayofilebs. 
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2. amovxsnaT gantoleba: 
௬మଶ = ܽଶݕᇱ.  

CavTvaloT, rom ݕ ≠ 0. gavyoT gamosaxulebis orive mxare ݕ-ze 
da cvladebis gancalebis Semdeg miviRebT: 

ଶௗ௬௬మ = ௗ௫మ, saidanac:  −2ݕ = ଶݔܽ + ܥ ⇒ ݕ = 2ܽଶܽܥଶ +  .ݔ
Tu ݕᇱ < 0, maSin ܵ = − ௬మଶ௬ᇲ = ܽଶ, romlis integrebiTac miviRebT ݕ = ଶమ௫ିమ. aRvniSnoT ܽܥଶ = -ሚ, ris Semdegac orive amonaxsni Caܥ−

iwereba saxiT: ݕ = ଶమሚ±௫. amrigad, wirebi, romlebic amocana 1-is piro-

bebs akmayofileben, moicemian analizurad (ݔ)ݕ = ଶమሚ±௫ funqciebiT. 
3. amovxsnaT gantoleba: 

௬௬ᇲ + ᇱݕݕ = 2ܽ.  
gadavweroT es gantoleba misi ekvivalenturi saxiT: 

ݕ + ᇱଶݕݕ = ᇱݕ2ܽ ⇒ ᇱݕ = ݕܽ ± ඨܽଶݕଶ − 1 ⇒ 

⇒ ܽݕ݀ݕ ± ඥܽଶ − ଶݕ = ݔ݀ ⇒ ݀(ܽଶ − ܽ(ଶݕ ± ඥܽଶ − ଶݕ =  ݔ2݀−
sabolood vRebulobT amonaxsns: ඥܽଶ − ଶݕ − ݈ܽ݊ቀܽ ± ඥܽଶ − ଶቁݕ ± ݔ = ܿ. 

4. amovxsnaT gantoleba 
ଶଷ ᇱݕݔ) + (ݕ =  gadavweroT gantoleba .ݕ

misi ekvivalenturi 
ௗ௬௬ = ௗ௫ଶ௫ saxiT. miviReT gantoleba gancalebad 

cvladebSi, romlis TiToeuli mxaris integrebiT miviRebT tolobas ln|ݕ| = ଵଶ (ln|ݔ| + ܿ) ⇒ (ݔ)ݕ =  .ܿݔ√
3.4. gantoleba srul diferencialebSi 

gantolebebi gancalebad cvladebSi aris ufro zogadi, e.w. ganto-

lebebi srul diferencialebSi gantolebaTa klasis kerZo SemTxvevaa. 

am paragrafSi gantolebaTa am klasis amoxsnis meTods ganvixilavT. 
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sanam gansaxilveli gantolebis analizze gadavalT, ganvixiloT 

ramdenime faqti ori cvladis funqciis srul diferencialze. 

davuSvaT,  ori cvladis uwyvetad diferencirebadi funq-

ciaa. SegaxsenebT, rom -is sruli diferenciali – , gan-

martebiT aris Semdegi gamosaxuleba: 

. 

ganvixiloT  funqcia ara yvela -saTvis, aramed mxo-

lod ,  wirze mdebare wertilebisaTvis. maSin: 
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ukanasknel gamosaxulebas ewodeba -is diferenciali , 

 wiris gaswvriv.  

axla ganvixiloT Sebrunebuli procedura. davuSvaT , 

 wiris gaswvriv  funqciis diferenciali 0-is tolia:  

, 

maSin am wirze  mudmivia: . Aanu ,  

wiri (sazogadod, misi nawili mainc) ganisazRvreba  

aracxadi gantolebiT.  

ganvixiloT:  

   (1) 

gamosaxuleba, sadac , ,  da  uwyveti funqcie-

bia -is iseT  areSi, romelic ar Seicavs (1) gantolebis 

gansakuTrebul wertilebs. 

(1) gantolebas ewodeba gantoleba srul diferencialebSi, Tu ar-

sebobs iseTi uwyvetad diferencirebadi funqcia -Si, rom  
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toloba sruldeba -ze. am dros ݔ)ݑ, (ݕ = -funqcias ewodeba gan ܥ
tolebis amonaxsni. 

davuSvaT, (1) aris gantoleba srul diferencialebSi. Tu , 

, , maSin  da  funqciebi iZlevian (1)-is para-

metrul amonaxsns. marTlac,  

, 

e.i.  nebismieri -saTvis. naTelia, rom samarT-

liania piriqiTac: Tu  yoveli -saTvis, maSin 

 da  funqciebi arian parametruli amonaxsnebi.  

amrigad,  gantoleba, sadac  nebismieri mudmivia, Sei-

cavs (1) gantolebis yvela amonaxsns. srul diferencialebSi mocemu-

li gantolebis integraluri wiri, romelic gadis  wertil-

ze, calsaxad ganisazRvreba  gantolebidan.  

sanam zemoT Tqmuls davazustebT Sesabamisi debulebis saxiT, ga-

varkvioT, ra SemTxvevaSia (1) gamosaxuleba, gantoleba srul diferen-

cialebSi. 

Teorema 1. Tu  are caladbmulia, maSin imisaTvis, rom (1) gan-

toleba iyos gantoleba srul diferencialebSi, aucilebeli da sak-

marisia  

     (2) 

tolobis Sesruleba yoveli -saTvis. 

aucilebloba. vTqvaT, (1) aris gantoleba srul diferencialebSi, 

maSin arsebobs orjer uwyvetad diferencirebadi funqcia, rom:  

,    (3) 

igiveobebi sruldeba -ze. Aqedan:  

, , 
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saidanac  yvela -saTvis -dan. aq gamoviyeneT 

is faqti, rom ݔ)ݑ, -orjer uwyvetad warmoebadi funqciaa, ris ga (ݕ
moc 

డమ௨(௫,௬)డ௫డ௬ = డమ௨(௫,௬)డ௬డ௫ . 
sakmarisoba. Tu  calad bmulia, maSin analizis kursidan cno-

bil Teoremas gamoviyenebT, romlis Tanaxmad, (3) pirobidan gamomdina-

reobs, rom arsebobs iseTi  funqcia, romlis sruli diferen-

cialic aris  forma. igi aigeba (3) gantoleba-

Ta sistemidan. is faqti, rom (1) gantoleba aris srul diferenci-

alebSi, niSnavs, rom  veqtoruli veli potencialu-

ria  areze.  veqtorul vels ewodeba poten-

cialuri, Tu arsebobs iseTi ݔ)ݑ, ,ݔ)ܲ funqcia, rom (ݕ (ݕ = డ௨డ௫ da ܳ(ݔ, (ݕ = డ௨డ௬. am SemTxvevaSi  funqcias ewodeba (1) gantolebis 

Sesabamisi potenciali. 

davuSvaT, Teoremis (2) piroba Sesrulebulia. vaCvenoT, rom ar-

sebobs ݔ da ݕ cvladebis ݔ)ݑ, -funqcia, romlis sruli diferenci (ݕ

alia mocemuli ܲ݀ݔ +  forma. Tu aseTi funqcia arsebobs, maSin ݕ݀ܳ
misi kerZo warmoebulebi ݔ-iT da ݕ-iT toli unda iyos, Sesabamisad, ܲ(ݔ, ,ݔ)ܳ da (ݕ  .funqciebis, e.i. unda Sesruldes (3) tolobebi (ݕ

(3)-is pirveli gantolebidan gamodis, rom:  ݔ)ݑ, (ݕ = න ,ݔ)ܲ ݔ݀(ݕ + ௫(ݕ)ܿ
௫బ ,																															(4) 

sadac ݔ ori cvladis ܲ(ݔ, ,ݔ)ܳ da (ݕ  funqciebis gansazRvris (ݕ
aridan aRebuli nebismieri wertilia. ܿ(ݕ) ukanasknel gamosaxuleba-

Si nebismieri diferencirebadi mxolod ݕ cvladze damokidebuli 

funqciaa da SevecadoT, igi imgvarad SevarCioT, rom dakmayofildes 

(3)-is meore toloba: ߲߲ݕ ቆන ,ݔ)ܲ ݔ݀(ݕ + ௫(ݕ)ܿ
௫బ ቇ = ,ݔ)ܳ  .(ݕ

amrigad,  න ݕ߲߲ܲ ݔ݀ + ܿᇱ(ݕ)௫
௫బ = ,ݔ)ܳ  .(ݕ
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gaviTvaliswinoT (2) toloba da integralqveSa gamosaxuleba uka-

nasknel tolobaSi SevcvaloT misi toli sididiT. maSin gveqneba: න ݕ߲߲ܲ ݔ݀ + ܿᇱ(ݕ)௫
௫బ = න ݔ߲߲ܳ ݔ݀ + ܿᇱ(ݕ)௫

௫బ = ,ݔ)ܳ (ݕ − ,ݔ)ܳ (ݕ + ܿᇱ(ݕ). 
aqedan Cans, rom 

డ௨డ௬ = ,ݔ)ܳ (ݕ)tolobis Sesasruleblad saWiroa ܿᇱ (ݕ = ,ݔ)ܳ (ݕ)ܿ :am tolobas ki adgili aqvs maSin, rodesac .(ݕ =  ,ݔ)ܳ ௬௬బݕ݀(ݕ , 

sadac ݕ, iseve rogorc ݔ, ܲ da ܳ funqciebis gansazRvris aridan 
aRebuli nebismieri wertilia. ݕ-is arCeva aq miuTiTebs imaze, rom ܿ(ݕ) aris ݕ cvladis ܳ(ݔ,  ݕ funqciis pirvelyofili, romelic (ݕ
wertilSi ݕ-is tolia. CavsvaT ܿ(ݕ)-is miRebuli mniSvneloba (4)-Si 

da gveqneba: ݔ)ݑ, (ݕ = න ,ݔ)ܲ ݔ݀(ݕ +௫
௫బ න ,ݔ)ܳ ௬ݕ݀(ݕ

௬బ = ܿ, 
sadac ܿ nebismieri mudmivia. amiT ara marto saWiro Tvisebebis mqone ݔ)ݑ,  funqciis arseboba davamtkiceT, aramed, ufro metic, vipoveT (ݕ
es funqcia. 

amrigad, davamtkiceT Teorema: 

Teorema 2. (1) diferencialuri gantolebis amonaxsns aqvs saxe:   ,ݔ)ܲ ݔ݀(ݕ +௫௫బ  ,ݔ)ܳ ௬௬బݕ݀(ݕ = ܿ,    (5) 

sadac ܿ nebismieri mudmivia. 
es Teorema aris (1) diferencialuri formis (sruli diferenci-

alis) integrebis an pirvelyofilis povnis meTodi. (5) gamosaxuleba 

damokidebulia ܿ mudmivze da amrigad, (5) formuliT mocemulia (1) 

gantolebis zogadi amonaxsni. funqciebi, romlebsac toli sruli di-

ferenciali aqvT, erTmaneTisagan mudmiviT gansxvavdebian, amitom ganto-

lebis zogadi amonaxsnis dasawerad mniSvneloba ar aqvs romel pir-

velyofils avirCevT, radgan yvela SemTxvevaSi gantolebis zogad amo-

naxsns eqneba saxe ݔ)ݑ, (ݕ = ܿ. Teorema (2)-Si pirvelyofilad arCe-

ulia iseTi ݔ)ݑ, ,ݔ)ݑ funqcia, rom sruldeba (ݕ (ݕ = 0 toloba. 
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Tu ܲ da ܳ funqciebis gansazRvris areSi Sedis (0,0) wertili da am 

wertilSi TviT es funqciebi da maTi 
డడ௬ , డொడ௫	kerZo warmoebulebi uwy-

vetebia, maSin gamoTvlebis warmoebis gasamartiveblad SesaZlebelia 

CavTvaloT, rom (ݔ, (ݕ = (0,0). 
rogorc vxedavT, (5) formula simetriuli ar aris im Tvalsaz-

risiT, rom pirveli integralqveSa ori cvladis, xolo meore ki erTi ݕ cvladis funqciebia. es gamowveulia mxolod imiT, rom amonaxsnis 

ageba (3) formulis pirveli tolobidan daviwyeT. Tu sawyis gamosaxu-

lebad CavTvliT (3)-is meore tolobas da zemoT moyvanil msjelobas 

gavimeorebT, miviRebT (1) gantolebis  ,ݔ)ܲ ݔ݀(ݕ +௫௫బ  ,ݔ)ܳ ݕ݀(ݕ = ܿ௬௬బ       (6) 

zogad amonaxsns. amrigad, (5) da (6) ekvivalenturi formulebia da Ti-

Toeuli maTgani warmoadgens (1)-is zogad amonaxsns.  

axla davamtkicoT arsebobis Teorema. 

Teorema 3. vTqvaT, (1) aris gantoleba srul diferencialebSi da (ݔ,  ,) gantolebis gansazRvris aridan aRebuli iseTi wertiliaݕ

rom 
డడ௬ , డொడ௫ uwyveti funqciebia da ܲ da ܳ funqciebidan erTi mainc gan-

sxvavebulia nulisagan am wertilSi. maSin (1) gantolebas srul dife-

rencialebSi aqvs erTi amonaxsni mainc. 

amasTan: 

1) Tu ܲ	(ݔ, (ݕ = 0 da ܳ	(ݔ, (ݕ ≠ 0, maSin ݕ = -cxadad ga (ݔ)߮
moisaxeba ݔ)ݑ, (ݕ = ܿ zogadi amonaxsnidan da akmayofilebs pirobas 	ݕ =   ;(ݔ)߮

2) Tu ܲ	(ݔ, (ݕ ≠ 0 da ܳ	(ݔ, (ݕ = 0, maSin ݔ =  amonaxsni (ݕ)߰
akmayofilebs ݕ =   .pirobas (ݔ)߮

damtkiceba. davuSvaT ܳ	(ݔ, (ݕ ≠ 0. radgan, ݑ	ݔ), (ݕ = ,ݔ)ݑ ,0  (ݕ
da 

డ௨డ௬ uwyveti funqciebia da ቀడ௨డ௬ቁ௫ୀ௫బ,௬ୀ௬బ = ,ݔ)	ܳ (ݕ ≠ 0 piroba Ses-
rulebulia, es niSnavs, rom sruldeba yvela piroba aracxadi funq-

ciis arsebobisaTvis. amitom vaskvniT, rom arsebobs ݔ)ݑ, (ݕ = 0 ganto-
lebis erTaderTi ݕ = ݕ amonaxsni, romelic akmayofilebs pirobas (ݔ)߮ =  axla vaCvenoT, rom am sawyisi pirobis damakmayofilebeli .(ݔ)߮
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sxva amonaxsni diferencialur gantolebas ar aqvs. davuSvaT sawinaaRm-

dego. vTqvaT, ݕ = ݕ gantolebis iseTi amonaxsnia, rom (1) (ݔ)݂ =  .(ݔ)݂
(1) gantoleba gadavweroT misi ekvivalenturi ܲ(ݔ, (ݕ + ,ݔ)ܳ ᇱݕ(ݕ = 0 
saxiT. amrigad, amonaxsnis ganmartebis Tanaxmad gvaqvs: ܲ(ݔ, ((ݔ)݂ + ܳ൫ݔ, (ݔ)൯݂ᇱ(ݔ)݂ = 0. 

CavsvaT ݔ)ݑ, ݕ Si-(ݕ = ,ݔ)ݑ ze damokidebul-ݔ miviRebT ,(ݔ)݂  ((ݔ)݂
funqcias da vipovoT misi warmoebuli: ݀݀ݔ ,ݔ൫ݑ ൯(ݔ)݂ = ݔ߲߲ ,ݔ൫ݑ ൯(ݔ)݂ + ݕ߲߲ ,ݔ൫ݑ (ݔ)൯݂ᇱ(ݔ)݂ = = ܲ൫ݔ, ൯(ݔ)݂ + ,ݔ)ܳ (ݔ)ᇱ݂((ݔ)݂ ≡ 0. 

radgan ݔ)ݑ, -is warmoebuli igivurad 0-ia, amitom is inar-((ݔ)݂

Cunebs mudmiv mniSvnelobas, anu yvelgan miiRebs im mniSvnelobas, rac 

hqonda ݔ = ,ݔ൫ݑ : wertilSiݔ ൯(ݔ)݂ = ,ݔ)ݑ (ݕ = 0. 
e.i. ݕ = ,ݔ)ݑ	akmayofilebs (ݔ)݂ (ݕ = 0 gantolebas, magram ݕ =  (ݔ)߮

agreTve akmayofilebs am gantolebas da ݂(ݔ) = (ݔ)߮ =  , pirobasݕ
rac niSnavs, rom ݕ = ݕ da (ݔ)݂ =  .funqciebi toli unda iyos (ݔ)߮

amrigad, ݕ =   .amonaxsni erTaderTia (ݔ)߮
amiT Teorema damtkicebulia. 

Tu	(ݔ, ,ݔ)	ܲ ) wertili iseTia, romݕ (ݕ = ,ݔ)	ܳ (ݕ = 0, maSin (ݔ,  .) iqneba (1) gantolebis gansakuTrebuli wertiliݕ

 funqcias ewodeba (1) gantolebis maintegrirebeli mamrav-

li, Tu masze gamravlebiT (1) xdeba diferencialuri gantoleba srul 

diferencialebSi. sazogadod, maintegrirebeli mamravlis povnis algo-

riTmi ar arsebobs. erTaderTi, riTac maintegrirebeli mamravlis pov-

nisas SegviZlia visargebloT, aris Teorema 1-is (2) toloba, rome-

lic gantolebis -ze gamravlebis Semdeg miiRebs saxes: 

.    (7) 

es ukanaskneli kerZowarmoebulebiani diferencialuri gantolebaa, 

romlis amoxsnac (1)-is amoxsnis ekvivalenturia. amrigad, maintegri-
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rebeli mamravlis povna mxolod intuiciasa da teqnikazea damokide-

buli.  

arsebobs ramdenime kerZo SemTxveva, rodesac (7) gantolebidan Se-

saZlebelia kvadraturebSi ℎ(ݔ,  maintegrirebeli mamravlis povna. es (ݕ

is SemTxvevebia, rodesac ℎ(ݔ, -ze an mxo-ݔ damokidebulia mxolod (ݕ
lod ݕ-ze. davuSvaT, ℎ(ݔ, (ݕ = ℎ(ݔ), maSin (7) gantoleba miiRebs saxes:  

ℎ డడ௬ = ܳ డడ௫ + ℎ డொడ௫ ⇒ ℎ ቀడడ௬ − డொడ௫ቁ = ܳ ௗௗ௫ ⇒ 
ௗ = ങುങିങೂങೣொ  .ݔ݀

radgan, Cveni daSvebiT, ℎ mxolod ݔ-zea damokidebuli, amitom 

ukanaskneli tolobis marjvena mxare mxolod ݔ-zea damokidebuli. 

aRvniSnoT igi ߮(ݔ)-iT. miviRebT gantolebas: ݀ݕℎ =  ,ݔ݀(ݔ)߮
saidanac ℎ(ݔ) = (ݔ)߮ ఝ(௫)ௗ௫, sadac݁ = ങುങିങೂങೣொ . aq aviReT ℎ(ݔ)-is mxo-
lod erTi konkretuli ܿ݁ఝ(௫)ௗ௫ mniSvneloba yvela SesaZlo amonax-

snebidan, rac sakmarisia Cveni miznebisaTvis. 

debuleba 1. imisaTvis, rom (1) saxis gantolebas hqondes mxo-

lod ݔ-ze damokidebuli maintegrirebeli mamravli, aucilebelia da 

sakmarisi, rom 
ଵொ(௫,௬) ቀడడ௬ − డொడ௫ቁ gamosaxuleba iyos damokidebuli mxo-

lod ݔ-ze. am SemTxvevaSi maintegrirebel mamravls aqvs saxe: ℎ(ݔ) = భೂቀങುങିങೂങೣቁௗ௫݁ .     (8) 

damtkiceba: Tu maintegrirebeli mamravli mxolod ݔ-zea damoki-
debuli, maSin, rogorc ukve vaCveneT, 

ଵொ ቀడడ௬ − డொడ௫ቁ gamosaxulebac mxo-

lod ݔ-zea damokidebuli da maintegrirebeli mamravli moicema (8) 

formuliT. axla vaCvenoT piriqiT. vTqvaT, 
ଵொ ቀడడ௬ − డொడ௫ቁ damokidebulia 

mxolod ݔ-ze da davamtkicoT, rom maintegrirebel mamravls aqvs (8) 

saxe. amis saCveneblad (1) gatolebis orive mxare gavamravloT ℎ(ݔ) =  ఝ(௫)ௗ௫-ze da SevamowmoT TeoremaSi moyvanili (2) pirobis݁

samarTlianoba: 
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డడ௬ ൫݁ఝ(௫)ௗ௫	ܲ൯ = ఝ(௫)ௗ௫݁ డడ௬; ߲߲ݔ ൫݁ఝ(௫)ௗ௫	ܳ൯ = ܳ(ݔ)ఝ(௫)ௗ௫߮݁ + ఝ(௫)ௗ௫݁ ݔ߲߲ = = ఝ(௫)ௗ௫݁ ቀడడ௬ − డொడ௫ቁ + ఝ(௫)ௗ௫݁ డொడ௫ = ఝ(௫)ௗ௫݁ డడ௬. 
rogorc vxedavT, miRebuli Sedegebi erTmaneTs emTxveva, riTac de-

buleba damtkicebulia. analogiuri debuleba samarTliania im SemTxveva-

Sic, rodesac maintegrirebeli mamravli mxolod ݕ cvladzea damoki-

debuli. maSin, (8) formulis msgavsad, maintegrirebeli mamravli mo-

icema formuliT: ℎ(ݕ) = భುቀങೂങೣିങುങቁௗ௬݁ .     (9) 

amasTan, piroba imisa, rom maintegrirebeli mamravli damokidebu-

li iyos mxolod ݕ cvladze, moyvanilia Semdeg debulebaSi: 

debuleba 2. imisaTvis, rom (1) gantolebas hqondes maintegrire-

beli mamravli, damokidebuli mxolod ݕ-ze, aucilebelia da sakma-

risi, rom 
ଵ ቀడொడ௫ − డడ௬ቁ = -gamosaxuleba damokidebuli iyos mxo (ݕ)߰

lod ݕ cvladze. am dros gantolebis maintegrirebeli mamravli mo-

icema (9) formuliT.  

damtkiceba: iseve, rogorc zemoT, am debulebis dasamtkiceblad sa-

Wiroa vaCvenoT, rom sruldeba Teoremis (2) toloba, romelsac Cvens 

SemTxvevaSi aqvs saxe: డడ௬ ൫݁ట(௬)ௗ௬	ܲ൯ = డడ௫ ൫݁ట(௬)ௗ௬ܳ൯. 
ganvixiloT (1) saxis gantoleba ݉-erTgvarovani koeficientebiT: ݔ)ܯ, ݔ݀(ݕ + ,ݔ)ܰ ݕ݀(ݕ = 0. 
amrigad, ݔ)ܯ, ,ݔ)ܰ da (ݕ ݉	(ݕ −erTgvarovani funqciebia. rogorc 

viciT, es niSnavs, rom ݔ)ܯ, (ݕ = ଵܯݔ ቀ௬௫ቁ da ܰ(ݔ, (ݕ = ݔ ଵܰ ቀ௬௫ቁ. 
maSin ݕ = -gardaqmniT (9) gantoleba miiyvaneba gancalebadcvla (ݔ)ݖݔ

debian gantolebaze. marTlac,  ݀ݕ = ݔ݀ݖ + ⇒ ݖ݀ݔ ݔ݀(ݖ)ଵܯݔ + ݔ ଵܰ(ݖ)ݔ݀ݖ + ାଵݔ ଵܰ(ݖ)݀ݖ = 0 ⇒ 
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⇒ (ݖ)ଵܯ) + ଵܰ(ݖ)ݔ݀(ݖ = ݔ− ଵܰ(ݖ)݀ݖ	 ⇒ ݔݔ݀	 = − ଵܰ(ݖ)݀ܯݖଵ(ݖ) + ଵܰ(ݖ)ݖ. 
ukanaskneli gantoleba ki gancalebadcvladebiani gantolebaa. 

magaliTi 1. amovxsnaT gantoleba:  

.    (10) 

es ar aris gantoleba srul diferencialebSi, radgan , 

 da . vipovoT am gantolebis ma-

integrirebeli mamravli. gamoviyenoT debuleba 2. 
ଵ ቀడொడ௫ − డడ௬ቁ = − ଷ௬. 

SevniSnoT, rom  aris gantolebis amonaxsni da veZeboT axla 

mxolod 0-sagan gansxvavebuli amonaxsni. amrigad, davuSvaT, rom 

. (9) tolobidan miviRebT, rom . (10) gantolebis mas-

ze gamravlebiT miviRebT gantolebas srul diferencialebSi: 

, 

saidanac  da . pirveli gantolebidan gvaqvs:  

. 

CavsvaT es meore gantolebaSi: . amrigad, (10) 

gantolebis amonaxsnebia:  da , sadac  nebismieri 

mudmivaa. 

gancalebadcvladebiani diferencialuri gantolebebi aris ganto-

lebebi srul diferencialebSi – klasis kerZo SemTxveva (es ukve aR-

vniSneT paragrafis dasawyisSi) im TvalsazrisiT, rom gancalebadcvla-

debiani gantoleba maintegrirebeli mamravlis saSualebiT yovelTvis 

SegviZlia miviyvanoT gantolebaze srul diferencialebSi.  
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debuleba 3.  ଵ݂(ݔ)݃ଵ(ݐ)݀ݔ + ଶ݂(ݔ)݃ଶ(ݐ)݀ݐ = 0             (11) 
saxis gancalebadcvladebiani diferencialuri gantolebis maintegri-

rebeli mamravlia ℎ(ݔ, (ݐ = ଵభ(௧)మ(௫) funqcia. 
debulebis damtkicebamde SevniSnoT, rom (11) gantoleba ar aris gan-

toleba srul diferencialebSi. misTvis Teorema 1-is (2) piroba nebis-

mieri ଵ݂, ݃ଵ, ଶ݂, ݃ଶ	funqciebisaTvis savaldebulo ar aris Sesruldes. 

damtkiceba: (11) gantolebis ℎ(ݔ,  :ze gamravlebis Semdeg miviRebT-(ݕ

ଵ݂(ݔ)ଶ݂(ݔ) ݔ݀ + ݃ଶ(ݐ)݃ଵ(ݐ) ݐ݀ = 0 
gantolebas, romlisTvisac Teorema 1-is (2) piroba samarTliania.  

magaliTi 2. amovxsnaT gantoleba: 

.   (12) 

,  da isini uwyvetad 

warmoebadi funqciebi arian -Si. imis gasarkvevad, aris Tu ara 

(12) gantoleba srul diferencialebSi, saWiroa SevamowmoT Teorema 

1-is (2) piroba. Cvens SemTxvevaSi igi dakmayofilebulia, radgan:  

. 

axla saWiroa (12)-is Sesabamisi potencialis povna. amisaTvis ki 

vxsniT Semdeg gantolebaTa sistemas: 

, . 

am sistemis pirveli gantolebidan viRebT: 

,     (13) 

sadac  uwyvetad warmoebadia -is mimarT. mis sapovnelad (13) 

formuliT gansazRvruli  funqcia CavsvaT sistemis meore ga-

ntolebaSi, miviRebT: 

. 

0)1(32 2223 =−++ dyyyxdxxy
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amrigad, (12)-is yvela amonaxsni ganisazRvreba  

tolobidan, sadac  nebismieri mudmivia.  
aqve SevniSnoT, rom ݔଶݕଷ + ଶݕ − ଷݕ =  SegviZlia ganvixiloT ܥ

rogorc ݕ-is mimarT gantoleba da misi amonaxsni vipovoT me-2 da 

me-3 Teoremebis gamoyenebiT.  

3.5. pirveli rigis wrfivi gantoleba 

SegaxsenebT, rom )(xfy =  erTi cvladis funqcias ewodeba wrfi-

vi, Tu mas aqvs saxe baxxf +=)( , xolo, Tu ),...,,( 21 nxxxf  mravali 

cvladis funqciaa, maSin is SesaZlebelia mravali sxvadasxva formiT 

iyos wrfivi, magaliTad:  

nnn xaxaxaxxxf +++= ...),...,,( 221121  

an kidev  

),...,(),...,(),...,,( 212121 nnn xxbxaxaxxxf +=  

mravali cvladis wrfivi funqciebis magaliTebia. amasTan, pirveli ganto-

leba wrfivia Yyvela cvladis mimarT, xolo meore ki − ݔଵ-is mimarT. 
),(/ xtfx =  diferencialur gantolebas ewodeba wrfivi, Tu misi 

marjvena mxare wrfivia x  cvladis mimarT. e.i. gantolebas aqvs saxe: 

)()()()(/ tbtxtatx += . 

gantolebas ewodeba erTgvarovani, Tu 0)( ≡tb . 

wrfivi erTgvarovani gantoleba. ganvixiloT wrfivi erTgvaro-

vani gantoleba: 

)()()(/ txtatx = .    (1) 

(1) aris gantoleba gancalebadi cvladebiT. misi amonaxsnis povna 

xdeba Semdegnairad: ௫ᇲ(௧)௫(௧) = ᇱ(|(ݐ)ݔ|ln) ⇒ (ݐ)ܽ = |(ݐ)ݔ|ln ⇒ (ݐ)ܽ = ݐ݀(ݐ)ܽ + (ݐ)ݔ ⇒ ⇒ ܥ = ±݁݁(௧)ௗ௧ ⇒ (ݐ)ݔ =  (௧)ௗ௧,    (2)݁ܥ

sadac ܥ nebismieri mudmivia. 

Cyyyx =−+ 3332

C
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koSis amocanas (1) gantolebisaTvis aqvs saxe: ݔ(ݐ) =  ,ݔ
xolo mis amonaxsns ki (2) formulis gaTvaliswinebiT (ݐ)ݔ = ݁ݔ (ఛ)ௗఛబ . 

ukanaskneli tolobidan gamomdinareobs, rom Ctx =)( 0 . piriqiT, Tu 

saWiroa amonaxsnTa (2) simravlidan avarCioT iseTi, rom  

00)( xtx = ,   (3) 

anu, rogorc am SemTxvevaSi amboben, mocemuli (3) sawyisi pirobiT 

vipovoT (1)-is amonaxsni, maSin naTelia, rom aseTi amonaxsni iqneba:  



=
t

t
da

extx 0

)(

0)(
ττ
.   (4) 

SeniSvna. (1) gantolebas yovelTvis aqvs (ݐ)ݔ ≡ 0 igivurad 0-is 
toli amonaxsni, romelsac trivialuri amonaxsni ewodeba. amitom, 

(1)-dan (2)-ze gadasvlis dros Cven vuSvebT, rom (ݐ)ݔ ≢ 0. zogadi 
amonaxsni, romelic (2) formuliT moicema, am amonaxsns Seicavs. ker-

Zod, (1) gantolebas, ݔ(ݐ) = 0 sawyisi pirobis SemTxvevaSi, aqvs tri-
vialuri amonaxsni. 

wrfivi araerTgvarovani gantoleba. pirveli rigis wrfivi araer-

Tgvarovani  

)()()()(/ tbtxtatx +=     (5) 

gantolebis zogadi amonaxsni moicema formuliT: 












+= 

−

Cdsesbetx
t

t

dada
s

t

t

t

0

00

)()(

)()(
ττττ

.   (6) 

qvemoT moyvanilia (6) formulis damtkiceba. am miznis misaRwevad 

gavaanalizoT (5) gamosaxuleba. pirvel rigSi igi gadavweroT Semdegi 

ekvivalenturi formiT: 

)()()()(/ tbtxtatx =− .    (7) 

ukanaskneli tolobis marcxena mxares moTavsebulia ucnobi fun-

qciis warmoebuli funqcia, romelsac akldeba es funqcia gamravle-

buli nebismier winaswar mocemul funqciaze. miRebuli Sedegi gato-

lebulia cnobil funqciasTan. amrigad, (7) aris funqciaTa toloba. 
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aRvniSnoT E -Ti namdvili cvladis namdvil uwyvet funqciaTa sim-

ravle, xolo F -iT ki im diferencirebad funqciaTa simravle, rome-

lTa warmoebuli uwyvetia. es simravleebi veqtoruli sivrceebia, 

amasTan, EF ⊂ . maT funqcionalur sivrceebsac uwodeben. aviRoT 

F -dan nebismieri )(tx  funqcia da mas SevusabamoT misi warmoebuli 

funqcia )(/ tx . miviRebT asaxvas F  sivrcidan E -Si. funqcionalur 

sivrceebs Soris asaxvas specialuri saxeli aqvs da mas operatori 

ewodeba, xolo im operators ki, romelic )()( / txtx   Sesabamiso-

bis wesiT aris mocemuli, – diferencialuri operatori da 
dt

d
 sim-

boloTi aRiniSneba. amrigad: ௗௗ௧ : ܨ → 			,ܧ ௗௗ௧ (ݐ)ݔ =   (8)    .(ݐ)ᇱݔ

operatoris magaliTia agreTve )()()( txtatx   SesabamisobiT mo-

cemuli asaxva zemoT aRweril funqcionalur sivrceTa Soris, sadac 

)(ta  fiqsirebuli funqciaa. am operators funqciaze gamravlebis ope-

ratori hqvia.   

axla davubrundeT (7) gantolebas. mis marcxena mxares dgas 

)(ta
dt

d −
 
operatori (diferencialuri da funqciaze gamravlebis ope-

ratorebis sxvaoba) da (6) SesaZlebelia gadaiweros  

)()()( tbtxta
dt

d =





 −  

operatoruli formiT. Tu 0)( ≡tb ,MmaSin (7) gadaiqceva erTgvarovan 

gantolebad da misi amonaxsni moicema (2) formuliT, anu 


=
t

t
da

Cetx 0

)(

)(
ττ
 

funqcia )(ta
dt

d −  operatoris moqmedebiT gadava igivurad 0-is tol 

funqciaSi. xolo, Tu davuSvebT, rom 

t

t
da

Ce 0

)( ττ
 gamosaxulebaSi C  

mudmivi ki ara, aramed nebismieri diferencirebadi funqciaa da 

)(ta
dt

d −  operatoriT vimoqmedebT 

t

t
da

etC 0

)(

)(
ττ
 funqciaze, maSin  
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=−+=
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t

t
dadadada

etCtaetatCetCetCta
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d
0000
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)(
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= ݁(ݐ)ᇱܥ (ఛ)ௗఛబ      (9) 

funqcia )(tC -s SerCevis xarjze nebismieri uwyveti funqciis toli 

SeiZleba aRmoCndes. amis gamo, bunebrivia, (6) gantolebis amonaxsni 

veZeboT  



=
t

t
da

etCtx 0

)(

)()(
ττ
   (10) 

saxis funqciaTa Soris. gantolebis amoxsnis am meTods mudmivTa vari-

aciis an lagranJis meTodi ewodeba. amrigad, mudmivTa variaciis meTo-

dis Tanaxmad vuSvebT, rom (7) gantolebis amonaxsns aqvs (10) saxe 

da varCevT )(tC  funqcias ise, rom (7) gantolebaSi )(tx -s Casmis Sem-

deg igi gadaiqceva igiveobad. (10) gamosaxulebis CasmiT (7)-Si da (9) 

tolobis gaTvaliswinebiT miviRebT: 

)()()()()()( 000
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/ tbetCtaetatCetC

t

t

t

t

t

t
dadada

=−+
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=
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−
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CdsesbtC
t

t

da
s

t += 
−

0

0

)(

)()(
ττ

.     

amrigad, )(tC  funqcia gamovsaxeT (7) gantolebis koeficientebis 

saSualebiT. SevitanoT )(tC  es mniSvneloba (10)-Si da miviRebT (7) gan-

tolebis amonaxsns: 
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t
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00
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.   (12)  

magaliTi. radioaqtiuri nivTierebis daSlis kanoni. pirveli ri-

gis wrfivi diferencialuri gantolebiT aRiwereba radioaqtiuri niv-

Tierebis DdaSlis dinamika. kerZod, radioaqtiuri nivTierebis daSlis 
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kanoni mdgomareobs SemdegSi: fiqsirebuli mcire drois manZilze da-

Slili atomebis ricxvis fardoba atomebis saerTo ricxvTan (proce-

sis dawyebis momentSi) damokidebuli ar aris atomebis saerTo ricx-

vze (CavTvaloT, rom atomebis es ricxvi sakmaod didia). amis mizezi 

isaa, rom radioaqtiuri daSla niSnavs birTvis daSlas, xolo birT-

vebi erTmaneTTan ar urTierTqmedeben nivTierebis Cveulebrivi mdgo-

mareobis dros, urTierTqmedebas adgili aqvs eleqtronebis garsebs 

Soris. amitom konkretuli atomis daSlis albaToba damokidebuli 

ar aris atomebis (saerTo) raodenobaze. daSlili atomebis raodenoba 

drois  monakveTSi proporciulia -si. aRvniSnoT -Ti daS-

lili nivTierebis masa drois  momentSi.  drois monakveTSi daS-

lili nivTierebis masa iqneba . amrigad, radioaqtiuri 

daSlis kanoni Caiwereba Semdegnairad: 

,   (1) 

sadac utoloba miT ufro zustia, rac ufro mcirea . aq  mud-

mivi koeficientia da axasiaTebs mocemul nivTierebas: igi tolia in-

dividualuri atomis daSlis albaTobisa drois erTeulis ganmavlo-

baSi im pirobebSi, rodesac drois es erTeuli sakmaod mcirea. (1) 

Tanadoba SesaZlebelia gavyoT , gavamravloT -ze da gadav-

weroT saxiT: 

.   (2) 

(2) utolobis sizuste izrdeba, rodesac , amitom gada-

valT ra zRvarze, mivalT tolobamde: 

,       (3) 

romelsac ewodeba radioaqtiuri daSlis diferencialuri gantoleba. 

SesaZlebelia agreTve aviRoT nivTierebis sawyisi nebismieri raodenoba 

,     (4) 

romelic, Cveulebriv, iTvleba (3) gantolebis sawyis pirobad.  
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Tu aRmoCnda, rom (3), (4) amocanas aqvs erTaderTi amonaxsni, 

maSin SegviZlia CavTvaloT, rom igi sworad asaxavs gansaxilvel 

process.  

rogorc viciT, (3),(4) koSis amocanas marTlac aqvs erTaderTi 

amonaxsni: 

.       (5) 

axla, ukve miRebuli formulebidan, ganvsazRvroT  koeficientis 

arsi. amisaTvis SemovitanoT naxevrad daSlis periodi , romelic 

tolia im droisa, romelSic daiSala Tavidan aRebuli nivTierebis 

naxevari. miviRebT , anu , saidanac  da 

e.i. . (3) diferencialuri gantolebis amonaxsnis (4) formu-

la gardaiqmneba Semdegnairad: 

. 

amrigad, , sadac  naxevrad daSlis periodia. aqve 

moviyvanoT zogierTi nivTierebis daxevrad daSlis periodi. uranis yve-

laze gavrcelebuli izotopis -isaTvis  weliwads, 

radiumisaTvis naxevrad daSlis periodi tolia 1600 weliwadis: 

. naxSirbadis radioaqtiuri izotopisaTvis, -saTvis, 

naxevrad daSlis periodi 5700 weliwadia. es izotopi gamoiyeneba 

arqeologiaSi namarxebis wlovanebis dadgenis dros. namarxis datari-

Rebis am meTods radionaxSirbadis meTodi ewodeba. radionaxSirbadis 

meTodi emyareba im faqts, rom  organizmSi xvdeba mxolod si-

cocxlis periodSi, xolo sikvdilis Semdeg igi gamoidevneba organi-

zmidan radioaqtiuri daSlis kanoniT. Sedardeba ra cocxal organi-

zmSi -is raodenoba namarxSi darCenils, dgindeba namarxis asaki.  
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3.6. tipiuri amocanebi. wrfivi gantolebebi da gantolebebi, 

romlebic wrfivze daiyvanebian 

pirveli rigis gantolebebis amosaxsnelad SegviZlia gamoviyenoT 

koSis formula, an gavimeoroT yvela is nabiji, romliTac (12) for-

mula miviReT. 

ᇱݕݔ .1 = ݕ2 −  .ସݔ
pirvel rigSi amovxsnaT mocemuli gantolebis Sesabamisi erTgva-

rovani gantoleba ݕݔᇱ = -amisaTvis ki movaxdinoT cvladebis gan .ݕ2

caleba da miRebuli gantoleba vaintegroT: ݕᇱݕ = ݔ2 ⟹ න݀ݕݕ = න2ݔ ݔ݀ + ܿ ⟹ ln|ݕ| = 2 ln|ݔ| + ܿ ⟹ ݕ =  .ଶݔܿ
axla veZeboT gantolebis zogadi amonaxsni ݕ = -ଶ saxis fuݔ(ݔ)ܿ

nqciaTa Soris, rac niSnavs, rom, Tu ݕ = -ଶ, funqciam unda daakݔ(ݔ)ܿ
mayofilos mocemuli gantoleba. CavsvaT gantolebaSi ݕ = -ଶ. miݔ(ݔ)ܿ
viRebT: ݔଷܿᇱ + ଶܿݔ2 = ଶݔ2ܿ − ସݔ ⟹ ܿᇱ = ݔ− ⟹ (ݔ) = ଶݔ12− + ܿ. 

CavsvaT ܿ(ݔ) funqciis es mniSvneloba ݕ =  ଶ funqciaSi daݔ(ݔ)ܿ
miviRebT: (ݔ)ݕ = − ଵଶ ସݔ +  .ଶݔܿ

ᇱݕݔ .2 − ݕ2 =  ସݔ2
nabiji 1. vxsniT erTgvarovan gantolebas: ݕݔᇱ − ݕ2 = ݕ ⟹ 0 =  .ଶݔܿ
nabiji 2. ݕ = ଷܿᇱݔ :(ݔ)ܿ ଶ funqcia Segvaqvs gantolebaSi da vpoulobTݔ(ݔ)ܿ + ଶܿݔ2 − ଶݔ2ܿ = (ݔ)ܿ ⟹ ସݔ2 = ଶݔ + ܿ. 
nabiji 3. ܿ(ݔ) funqciis am mniSvnelobas vsvamT (ݔ)ݕ-Si: (ݔ)ݕ ସݔ= +  .ଶݔܿ
ᇱݕ .3 + ݔ݃ݐݕ = ᇱݕ ݔܿ݁ݏ + ݔ݃ݐݕ = 0 ⟹ ݕᇱݕ = ݔ݃ݐ− ⟹ න݀ݕݕ = −නݔ݃ݐ ݔ݀ ⟹ ln|ݕ| = −න ݔݏܿݔ݊݅ݏ  ݔ݀



 

85 

gamovTvaloT integrali − ௦௫௦௫ ݔ݀ =  ௗ௦௫௦௫ ݔ݀ = ln|cos	(ݔ)| + ܿ. amrigad, ln|ݕ| = ln|cos	(ݔ)| + ܿ ⟹ (ݔ)ݕ = ܿ	cos	(ݔ). CavsvaT (ݔ)ݕ =  (ݔ)	cos(ݔ)ܿ
gantolebaSi:  ܿᇱ cos(ݔ) − sin(ݔ)ܿ(ݔ) + ݔݏܿ(ݔ)ܿ ݔݏܿݔ݊݅ݏ = sec(ݔ) ⟹ ܿᇱ(ݔ) = (ݔ)ଶݏ1ܿ ⟹ (ݔ)ܿ = න (ݔ)ଶݏܿݔ݀ ⟹ (ݔ)ܿ = (ݔ)݃ݐ + ܿ. 

sabolood vRebulobT (ݔ)ݕ = sin(ݔ) +  .(ݔ)ݏܿ	ܿ
ݔ2) .4 + ᇱݕ(1 = ݔ4 + ݔ2) ݕ2 + ᇱݕ(1 = ݕ2 ⟹ ݕᇱݕ = ݔ22 + 1 ⟹ න݀ݕݕ = න ݔ2ݔ2݀ + 1 ⟹ ⟹ ln|ݕ| = ln(2ݔ + 1) + ܿ ݕ ⟹ = ݔ2)ܿ + (ݔ)ݕ .(1 = ݔ2)(ݔ)ܿ + 1)-is CasmiT gantolebaSi miviRebT: (ܿᇱ(ݔ)(ݔ2 + 1) + ݔ2)(2ܿ + 1) = ݔ4 + ݔ2)2ܿ + 1) ݔ2) ⟹	 + 1)ଶܿᇱ = ⟹  ݔ4 ݔ2) + 1)ଶܿᇱ = ݔ4 ⟹ ܿᇱ = ݔ2)ݔ4 + 1)ଶ ⟹ (ݔ)ܿ = න ݔ2)ݔ݀ݔ4 + 1)ଶ + ܿ. 
gamovTvaloT es integrali: න ݔ2)ݔ݀ݔ4 + 1)ଶ = න(4ݔ + 2 − ݔ2)ݔ݀(2 + 1)ଶ = න2(2ݔ + ݔ2)ݔ݀(1 + 1)ଶ − න ݔ2)ݔ2݀ + 1)ଶ =	 = ln|2ݔ + 1| + ݔ12 + 1 + ܿ. 
amrigad, sabolood miviRebT:  (ݔ)ݕ = ݔ2) + 1) ln|2ݔ + 1| + ݔ2)ܿ + 1) + 1. 
(ݔ)ݕ .5 =  ݐ݀(ݐ)ݕ + ݔ + 1௫ (0)ݕ , = 1. 
gavawarmooT gantolebis orive mxare: ݕᇱ = ݕ + 1, saidanac (ݔ)ݕ = ௫݁ܥ − 1. sasazRvro pirobis gaTvaliswinebiT miviRebT: ܿ = 2. 

sabolood gveqneba: (ݔ)ݕ = 2݁௫ − 1.  
6. (݁௬ − ݔ(ᇱݕ = 2 
aRvniSnoT ݁௬ = (ݔ)ݕ da ganvsazRvroT aqedan (ݔ)ݖ = ln|(ݔ)ݖ|, maS-

in ݕᇱ(ݔ) = ௭ᇲ(௫)௭(௫) . gamosaval gantolebaSi (ݔ)ݕ funqcia SevcvaloT 
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(ݔ)ݖda miviRebT: ቀ (ݔ)ݖ − ௭ᇲ(௫)௭(௫) ቁ ݔ = 2. Sesabamisi gadalagebiT mivi-

RebT bernulis gantolebas ݖᇱ + ଶ௫ ݖ = -ଶ. kidev erTi aRniSvna Semoviݖ
tanoT: ݂(ݔ) = ଵ௭(௫). bernulis gantoleba ݂(ݔ)-is mimarT gadaiqceva – ݂ᇱ + ଶ௫ 	݂ = 1 wrfiv gantolebad, romlis zogad amonaxsns (am amo-

naxsns vpoulobT koSis formulidan) aqvs saxe ݂(ݔ) = 1)ݔ + -sa ,(ݔܥ
idanac, Cveni aRniSvnis Tanaxmad, (ݔ)ݖ = ଵ௫(ଵା௫) da (ݔ)ݕ = ln|(ݔ)ݖ|, 
amitom gamosavali gantolebis amonaxsni iqneba (ݔ)ݕ = −ln	(ݔ +  .(ଶݔܥ

ଷݔᇱݕ .7 sin(ݕ) = ᇱݕݔ −  ݕ2
gavyoT gantolebis orive mxare ݕᇱ-ze: ݔଷ sin(ݕ) = ݔ − 2 ᇱݕݕ ⟹ ଷݔ sin(ݕ) = ݔ − ݕ2 ݕ݀ݔ݀ ⟹ ⟹ ݕ2 ݕ݀ݔ݀ − ݔ = ଷݔ− sin(ݕ). 
ganvixiloT ݔ, rogorc ݕ-is funqcia, gavyoT miRebuli gamosaxu-

lebis orive mxare ݔଷ-ze da SemovitanoT aRniSvna ିݔଶ = -mivi .(ݕ)ݖ
RebT wrfiv gantolebas: ݖݕᇱ + ݖ = sin(ݕ), romlis zogadi amonaxsnia ݖ = ௬ − ୡ୭ୱ	(௬)௬ . sabolood gamosavali gantolebis yvela amonaxsnia ݕ = 0; ଵ௫మ = ௬ − ୡ୭ୱ	(௬)௬  anu ݕଶ + (ݕ)ݏܿݔ − ଶݔܿ = 0. 

8. amovxsnaT gantoleba ݕᇱ − ଶ௬௫ − ଷݕ2 = 0. gantolebis yvela wevri 

gavyoT ݕଷ-ze da SemovitanoT aRniSvna ݖ = ଵ௬మ. maSin gantoleba gada-

iwereba Semdegnairad:  12 ᇱݖ + ݔ2 ݖ = −2 ⇒ ᇱݖ + ݔ4 ݖ = −4. 
miviReT wrfivi araerTgvarovani gantoleba, romlis amosaxsnelad 

gamoviyenebT koSis formulas: ݖ = ܥ)రೣௗ௫ି݁ − න4݁రೣௗ௫݀ݔ) ⇒ ݖ = ݁ିସ௫(ܥ − න4݁ସ௫݀ݔ) ݖ ⇒ = ସିݔ ൬ܥ − න4ݔସ݀ݔ൰ ⇒ ݖ = ସିݔ ቆܥ − ହ5ݔ4 ቇ ⇒ ସݔܥ − 45  .ݔ
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radgan = ଵ√௭	, amitom ݕ = ± √ହ௫మඥହିସ௫ఱ. 
savarjiSoebi damoukidebeli muSaobisaTvis 

1. amoxseniT wrfivi gantolebebi koSis formulis gamoyenebiT: 

1) 
3' 2 xyxy +=
 
(pasuxi: (ݔ)ݕ = ݔ) +  (ଶݔ(ܿ

2) 
2' 3 xyxy −=−
 
(pasuxi: (ݔ)ݕ = (ଵ௫ +  (ଷݔ(ܿ

3) 
3' 2xyxy +−=
 
(pasuxi: (ݔ)ݕ = ௫రାଶଶ௫ ) 

4) 
2' 32 xyxy =−  (pasuxi: (ݔ)ݕ = (3 ln(ݔ) +  (ଶݔ(ܿ

(ݐ)ᇱݔݐ (5 + (ݐ)ݔ = (ݐ)ݔ :ଶ (pasuxiݐ = ௧మଷ + ௧) 
2. daiyvaneT wrfiv gantolebaze da amoxseniT Semdegi gantolebebi: 

1) 0
)21(5 2

' =−−
x

xyy
y

 
(pasuxi: (ݔ)ݕ = √ଵଵ௫ఱ√ଶ௫భభାଵଵ) 

2) 0
)21(3 2

' =−−
x

xyy
y

 
(pasuxi: (ݔ)ݕ = ± √௫య√ଵଶ௫ళା) 

3) 0
)21(2 3

' =−−
x

xyy
y

 
(pasuxi: (ݔ)ݕ = √య ௫మ√ଵଶ௫ళାయ ) 

4) 0
42 4

' =−+
x

xyy
y

 
(pasuxi: (ݔ)ݕ = √ହయ√ଵଶ௫ାହ௫లయ ) 

5) 0
)1(3 2

' =−+
x

xyy
y

 
(pasuxi: (ݔ)ݕ = ± ଵටలఱ௫ା௫ల) 

3. amoxseniT Semdegi gancalebadcvladebiani gantolebebi: 

1)
 

xyyxyx =++ 22'2

49

1
 (pasuxi: (ݔ)ݕ = ଵ)݃ݐݔ7− ln(ݔ) + ଵ ܿ)) 

2)
 

2'22

64

1
xxyyxy −=+  (pasuxi: (ݔ)ݕ = ଵ଼)݃ݐݔ8− ln(ݔ) + ଵ଼ ܿ)) 

3)
 

0
16

1 '222 =−++ yxyxyx  (pasuxi: (ݔ)ݕ = ଵସ)݃ݐݔ4 ln(ݔ) + ଵସ ܿ)) 
4)
 

22'2

25

1
yxyxxy +=−  (pasuxi: (ݔ)ݕ = ଵହ)݃ݐݔ5− ln(ݔ) + ଵହ ܿ)) 
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5)
 

xyyxyx =++ 22'2

36

1
 (pasuxi: (ݔ)ݕ = ଵ)݃ݐݔ6− ln(ݔ) + ଵ ܿ)) 

6)
 

xyyx −=+ ')1(  (pasuxi: (ݔ)ݕ = ௫ି݁ݔ)ܿ − ݁ି௫) ) 
7)
 

0)2(' =−⋅+ ytgxy  (pasuxi: (ݔ)ݕ = 2 +   (ܿ(ݔ)ݏܿ
8)
 

xyyx =− ')1(  (pasuxi: (ݔ)ݕ = ௫݁ݔ)ܿ − ݁௫) ) 
9)

 
0)2(' =+⋅+ yctgxy  (pasuxi: (ݔ)ݕ = −2 + ୱ୧୬	(௫) ) 

4. cvladis ݖ = ௬௫ gardaqmniT amoxseniT gantolebebi:  

a) ݕᇱ = ௫ିଶ௬௫ , b) ݕᇱ = ଷ௫ା௬௫ , g) ݕᇱ = ି௫ାଷ௬௫ .  

(pasuxi: a) (ݔ)ݕ = ௫ଷ + భ௫మ ; b)	(ݔ)ݕ = (3 ln ݔ + ܿଵ)ݔ; g)	(ݔ)ݕ = ௫ଶ + ܿଵݔଷ). 
5. amoxseniT Semdegi erTgvarovani gantolebebi:  

ݔ6) (1 + ݕ − ݔ݀(1 + ݔ4) + ݕ − ݕ݀(ݔ = 0 (pasuxi: (2ݔ + ݕ − 3)ଶ ݔ3)ܿ= + ݕ − ହଶ)). ߙ = − ଵଶ , ߚ = 4; cvladebis ݔ = ݑ − ଵଶ , ݕ = ݒ + 4 
gardaqmna gvaZlevs gantolebas (6ݑ + ݑ݀(ݒ + ݑ4) + ݒ݀(ݒ = 0. 
ݔ5) (2 − ݕ7 + ݕ݀(1 + ݔ) + ݕ − ݔ݀(1 = 0 (pasuxi: (ݔ − ݔ)(ݕ + ݕ7 −4)ଷ = ߙ .(ܿ = ߚ	 = ଵଶ ݔ ; = ݑ + ଵଶ, ݕ = ݒ + ଵଶ cvladebis gardaqmnis 

Semdeg gantoleba miiyvaneba (5ݑ − ݒ݀(ݒ7 + ݑ) + ݑ݀(ݒ = 0 ganto-
lebaze. 

6. ipoveT integraluri mamravli da amoxseniT gantolebebi: 

1)ݕ (1 + ݔ݀(ݕݔ − ݕ݀ݔ = 0 pasuxi: integraluri mamravli ℎ(ݔ, (ݕ = ଵ௬మ, gantolebis zogadi amonaxsni 
௫௬ + ௫మଶ = ܿ. 

ଶݔ) (2 + ଶݕ + ݔ݀(ݔ2 + ݕ݀ݕ2 = 0 pasuxi: integraluri mamravli ℎ(ݔ, (ݕ = ݁௫, gantolebis zogadi amonaxsni (ݔଶ + ଶ)݁௫ݕ = ܿ. 
ݔ3) (3 + ݕݔ6 + ݔ݀(ଶݕ3 + ଶݔ2) + ݕ݀(ݕݔ2 = 0. pasuxi: integraluri 

mamravli ℎ(ݔ, (ݕ = ଷݔ zogadi amonaxsni ,ݔ + ݕଷݔ2 + ଷଶ ଶݕଶݔ = ܿ. 
7. amoxseniT srul diferencialebSi mocemuli Semdegi gantolebebi: 

ݕ) (1 − ݔ݀(ݔ݅ݏ + ݔ) + ݕ݀(1 = 0 (pasuxi: (ݔ + ݕ(1 + ݕݏܿ = ܿ). 
2) 

ଶ௫௬య ݔ݀ + ௬మିଷ௫మ௬ర ݕ݀ = 0 (pasuxi: ௫మ௬య − ଵ௬ = ܿ). 
ݔ2) (3 + ݔ݀(ݕ + ݔ) + ݕ݀(ݕ2 = 0 (pasuxi: ݔଶ + ݕݔ + ଶݕ = ܿ). 
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8. amoxseniT koSis amocana:  ݔ)ݔ − (ݔ)ᇱݕ(1 + (ݔ)ݕ = ݔଶ(2ݔ − 1), (2)ݕ = 4. pasuxi: (ݔ)ݕ =  .ଶݔ
9.  amoxseniT gantoleba: ݔ  ݐ݀(ݐ)ݕ = ݔ) + (1 ,ݐ݀(ݐ)ݕݐ ݔ > 0௫௫ . miTi-

Teba: orive mxare orjer gaawarmoeT ݔ-iT. miiReba wrfivi erTgvaro-
vani gantoleba (ݔ)ݕ-is mimarT.Ppasuxi: (ݔ)ݕ = ܿ ଵ௫య ݁ିభೣ. 
10.  ipoveT sarkis forma, romelsac aqvs Tviseba: masze dacemuli pa-

raleluri sxivebi erT wertilSi ikribebian. 

miTiTeba: sarke CaTvaleT wirad, paraleluri sxivebi ܺ RerZis para-
lelurad, xolo sxivebis Sekrebis wertili iyos koordinatTa saTave. 

saZiebeli wiris gantoleba aris 
௬௬ᇲ − ݔ = ඥݔଶ + -ଶ, romelic gadaiweݕ

reba ݔ݀ݕ − ቀݔ + ඥݔଶ + ݕଶቁ݀ݕ = 0	saxiT. es erTgvarovani gantolebaa. 

gamoiyeneT Casma ݔ = ଶݕ saZiebel wirTa ojaxia .ݕݖ = ଶ ݔ + ଵమ. amri-
gad, sarkes parabolis forma unda hqondes. 
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 uri rigis wrfivi diferencialuri- .4

gantolebebi 

4.1. mudmivkoeficientebiani erTgvarovani gantoleba 

am paragrafiT daviwyebT iseTi diferencialuri gantolebebis Ses-

wavlas, romelTa amoxsnac kvadraturebSia SesaZlebeli. pirvel rigSi 

ganvixilavT normalur gantolebas:  

0)()(...)()( '
1

)1(
1

)( =++++ −
− tfatfatfatf nn

nn

     
(1)         

aseT diferencialur gantolebas, sadac ݐ namdvili cvladia da 

naaa ,...,, 21  mocemuli namdvili an kompleqsuri ricxvebia, ewodeba wrfivi 

erTgvarovani n  rigis mudmivkoeficientebiani diferencialuri ganto-

leba )(tf  ucnobi funqciis mimarT. naaa ,...,, 21  ricxvebs ewodebaT gan-

tolebis koeficientebi. 

nn
nn aDaDaDDL ++++= −
−

1
1

1 ...)( , 

sadac D  aRniSnavs 
dt

d
 diferencialur operators, diferencialuri 

mravalwevris gamoyenebiT (1) gantoleba Caiwereba Semdegi saxiT: 

0)()( =tfDL .    (2) 

Semdeg lemas uwodeben superpoziciis princips (1) gantolebisaTvis. 

lema 1. davuSvaT, )(),( 21 tftf  (1) gantolebis raime amonaxsnebia da 

21,CC  nebismieri kompleqsuri ricxvebia. maSin )()()( 2211 tfCtfCtf +=  

funqcia agreTve aris (1) gantolebis amonaxsni. 

damtkiceba: lemis dasamtkiceblad, (2)-is Tanaxmad, saWiroa vaCve-

noT, rom:  

( ) 0)()()( 2211 =+ tfCtfCDL . 

ukanaskneli toloba frCxilebis gaxsnisa da mudmivebis diferen-

cirebis operatoris gareT gatanis Semdeg miiRebs saxes: 

0)()()()( 2211 =+ tfDLCtfDLC .   (3)  



 

91 

radgan )(),( 21 tftf  funqciebi (1) gantolebis amonaxsnebia, amitom 

TiToeulisaTvis sruldeba (2) toloba, rac niSnavs, rom (3) tolo-

bis TiToeuli Sesakrebi 0-is tolia. amiT lema damtkicebulia. 

sxva sityvebiT, lema 1 gveubneba, rom ori amonaxsnis wrfivi kom-

binacia agreTve amonaxsnia. qvemoT moyvanili Teorema gansazRvravs 

(1) diferencialuri gantolebis wrfivad damoukidebeli amonaxsnebis 

raodenobas. kerZod, samarTliania Semdegi mniSvnelovani Teorema. 

Teorema 1. n -uri rigis mudmivkoeficientebiani wrfivi erTgva-

rovani gantolebis amonaxsnebis simravle qmnis n-ganzomilebian veq-

torul sivrces.  

am Teoremidan gamomdinareobs, rom (1)-s aqvs n  wrfivad damouki-

debeli amonaxsni. (1) gantolebis n  wrfivad damoukidebel kerZo amo-

naxsnebis erTobliobas (1) diferencialuri gantolebis amonaxsnTa 

fundamenturi sistema ewodeba. amrigad, amonaxsnTa fundamenturi sis-

tema aris (1) gantolebis amonaxsnTa sivrcis bazisi. (1) diferenci-

aluri gantolebis nebismieri amonaxsni, romelsac kerZo amonaxsni 

ewodeba, aris sabaziso amonaxsnebis wrfivi kombinacia. amrigad, ker-

Zo amonaxsni aris gantolebis nebismieri amonaxsni.  

umniSvnelovanesi amocanaa amonaxsnTa fundamenturi sistemis ageba. 

axla swored am amocanis gadaWras SevudgebiT.  

)(DL  diferencialuri mravalwevris paralelurad ganvixiloT 

mravalwevri  

nn
nn aaaL ++++= −
− λλλλ 1

1
1 ...)( , 

romelsac (1) diferencialuri gantolebis maxasiaTebeli mravalwevri 

ewodeba, sadac λ  (ricxviTi) cvladia.  

0... 1
1

1 =++++ −
−

nn
nn aaa λλλ     (4) 

n -uri xarisxis gantolebas ki (1)-is maxasiaTebeli gantoleba ewo-

deba. 

rogorc cnobilia, (4) gantolebas aqvs n  fesvi (amonaxsni) jera-

dobebis gaTvaliswinebiT. am ricxvebs (namdvils an kompleqsurs) (1) 

diferencialuri gantolebis maxasiaTebeli fesvebi ewodebaT.  
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Teorema 2. davuSvaT, nλλ ,...,1  (1) diferencialuri gantolebis 

erTmaneTisagan wyvil-wyvilad gansxvavebuli maxasiaTebeli fesvebia: 

ji λλ ≠ , rodesac ji ≠ . maSin gantolebis kerZo amonaxsnebia 

tetf 1)(1
λ= , tetf 2)(2

λ= ,..., t
n

netf λ=)(  funqciebi. xolo zogadi amonaxsnia 

t
n

tt neCeCeCtf λλλ +++= ...)( 21
21  funqcia, sadac 

1C ,
2C ,..., nC  nebismieri mud-

mivebia. 

nλλ ,...,1  maxasiaTebel fesvebs Soris SesaZlebelia iyos kompleq-

suri ricxvebi. davuSvaT maTi raodenobaa l2  (gantolebis kompleq-

suri fesvebis raodenoba luwia, radgan kompleqsur βα i+  ricxv-

Tan erTad misi βα i−  SeuRlebulic gantolebis amonaxsnia). aRvni-

SnoT namdvili fesvebi kλλ ,...,1 -Ti, xolo kompleqsuri fesvebi ki − 
11 βα i± , 22 βα i± ,..., ll iβα ± . kerZo amonaxsnebi, romlebic Seesabamebian 

jj iβα ±  maxasiaTebel fesvebs, arian 
ti

j
jjetf )()( βα ±= . warmovadginoT 

igi trigonometriuli formiT, anu gamoviyenoT kompleqsuri eqspo-

nentis Semdegi ganmarteba titeit sincos +=  (eileris formula): 

titti jjjj eee βαβα ±± =)(  )sin(cos titeee jj
ttit jjj ββαβα ±=± 

)sin(cos)( titetf jj
t

j
j ββα ±= . 

lema 2. Tu )()()( titt ϕφψ +=  funqcia aris (1) diferencialuri 

gantolebis kompleqsuri amonaxsni, maSin )(tφ  da )(tϕ  namdvili fun-

qciebi agreTve (1) diferencialuri gantolebis amonaxsnebia.  

damtkiceba: lema mtkicdeba )()()( titt ϕφψ +=  funqciis CasmiT (1) 

diferencialur gantolebaSi. miRebuli gamosaxulebis gamartivebis 

Semdeg saWiroa gaviTvaliswinoT, rom kompleqsuri funqcia nulis to-

lia maSin da mxolod maSin, rodesac misi namdvili da kompleqsuri 

nawili 0-is tolia. Sedegad, )(tφ  da )(tϕ  namdvili funqciebi (1) ga-

ntolebis amonaxsnebia.  

zemoT Tqmulidan gamomdinareobs, rom, Tu (1) gantolebis maxasia-

Tebeli fesvebi wyvil-wyvilad gansxvavebulia da maT Soris aris kom-

pleqsuri ricxvebi, maSin amonaxsnTa fundamenturi sistemaa: 
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te 1λ , te 2λ  , ... , tkeλ , 

)sin(cos 11
1 tite t ββα ± , ... , )sin(cos tite ll

tl ββα ±    (5) 

funqciebi. am SemTxvevaSic cxadia, (5) kerZo amonaxsnebis wrfivi kom-

binacia aris (1) diferencialuri gantolebis zogadi amonaxsni.  

lema 3. simravle, romelic miiReba  

)sin(cos)sin(cos titBetitAe tt ββββ αα −++  

wrfivi kombinaciiT, emTxveva cos sint tae t be tα αβ β+  wrfivi kombinaciebis 

simravles, sadac BA,  da ba ,  kompleqsuri ricxvebia.  

დamtkiceba: vaCvenebT, rom lemaSi moyvanil or simravles Soris ar-

sebobs urTierTcalsaxa Tanadoba. radgan: 

=−++ )sin(cos)sin(cos titBetitAe tt ββββ αα  

=−++= ]sin)(cos)[( tiBAtBAe t ββα  

]sincos[ tbtae t ββα += , 

amitom 

BAa += , ( )b i A B= −  

toloba, an  

2

iba
A

−= ,  
2

iba
B

+=  

amyarebs urTierTcalsaxa Tanadobas lemaSi moyvanil simravleebs Soris.  

(5) fundamenturi sistemis da lema 3-is gamoyenebiT miRebuli 

Sedegi CamovayaliboT Teoremis saxiT, romelsac vuwodoT Teorema 

namdvili zogadi amonaxsnis Sesaxeb. 

Teorema 3. davuSvaT nλλ ,...,1  (1) diferencialuri gantolebis 

erTmaneTisagan wyvil-wyvilad gansxvavebuli maxasiaTebeli fesvebia: 

ji λλ ≠ , rodesac ji ≠ , romelTa Soris aris l2 kompleqsuri fesvi. am 

SemTxvevaSi gantolebis kerZo amonaxsnebia te 1λ , te 2λ ,..., tkeλ , te t
1cos1 βα , 

te t
2cos2 βα ,..., te l

tl βα cos , te t
1sin1 βα , te t

2sin2 βα ,..., te l
tl βα sin  funqciebi, xolo zo-

gadi amonaxsnia am funqciebis wrfivi kombinacia namdvili koeficientebiT. 
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gantoleba (1)-is koeficientebi namdvili ricxvebia.Bbunebrivia, misi 

amonaxsni namdvil funqciaTa klasSi veZeboT. namdvili amonaxsnis pov-

nis erT-erT gzas vaCvenebT e.w. harmoniuli oscilatoris magaliTze.  

magaliTi 1. vipovoT 0)( 2 =+′′ yty ω , sadac ω  namdvili ricxvia, gan-

tolebis namdvili amonaxsni.  

amoxsna: maxasiaTebeli gantolebis fesvebia ωλ i=1
, 2 ,iλ ω=− xolo 

gantolebis zogad amonaxsns ki aqvs saxe 1 2( ) ,i t i ty t C e C eω ω−= + sadac 1C  

da 2C  nebismieri mudmivebia. gamoviyenoT eileris formula: 

)sin()cos( tite ti ωωω += , 

saidanac miviRebT namdvil amonaxsns: 

)sin()cos()( 21 tCtCty ωω += , 

romelsac zogjer sxva saxiTac weren. kerZod, ukanaskneli toloba 

gadavweroT Semdegnairad: ඥܿଵଶ + ܿଶଶ( భටభమାమమ ݐ߱ݏܿ + మටభమାమమ  .(ݐ߱݊݅ݏ
radgan ( భටభమାమమ)ଶ + ( మටభమାమమ)ଶ = 1 da ቮ ೕටభమାమమቮ < 1, ݆ = 1,2, amitom 

SegviZlia SemovitanoT Semdegi tolobebiT gansazRvruli 0>A  da ϕ  

parametrebi:  

2
2

2
1 CCA += , 

A

C2sin −=ϕ ߮ݏܿ , = భ , 
maSin gantolebis zogadi amonaxsni iqneba: 

)cos()( ϕω += tAty . 

axla ganvixiloT SemTxveva, rodesac (1) diferencialur ganto-

lebas aqvs jeradi fesvebi. zogadi amonaxsnis miRebis procedura ze-

moT moyvanili SemTxvevisagan ar gansxvavdeba da jeradi fesvebis Sem-

TxvevaSic samarTliania Teorema 1. Cven moviyvanT Teorema 2-is ana-

logs. 
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Teorema 4. davuSvaT, pλλ ,...,1  (1) diferencialuri gantolebis erT-

maneTisagan wyvil-wyvilad gansxvavebuli maxasiaTebeli fesvebia: ji λλ ≠ , 

rodesac ji ≠ , romelTa jeradobebia, Sesabamisad, 1 2, ,..., .pk k k  maSin 

gantolebis kerZo amonaxsnebia: 

te 1λ , tte 1λ , tet 12 λ ,..., tk et 11 1 λ− , 

te 2λ , tte 2λ , tet 22 λ ,..., tk et 212 1 λ− , 

... ... ... ... 

tpeλ , 
tpteλ , 

tpet λ2 ,...,
tk pp et λ1−
 

funqciebi, xolo zogadi amonaxsni miiReba zemoT moyvanil amonaxsnTa 

fundamentur sistemaSi Semavali funqciebis wrfivi kombinaciiT komp-

leqsuri koeficientebiT.  

namdvili fesvebis gamoyofa xdeba iseve, rogorc martivi maxasi-

aTebeli fesvebis SemTxvevaSi.  

am paragrafSi moyvanili yvela debuleba vrceldeba  

0)()(...)()( '
1

)1(
1

)(
0 =++++ −

− tfatfatfatfa nn
nn    (6) 

saxis mudmivkoeficientebian gantolebebze. naTelia, rom (6)-is yvela 

wevris 00 ≠a -ze gayofiT miiReba (1) gantoleba. 

vTqvaT, ଵ݂, ଶ݂, … , ݂ (1) gantolebis amonaxsnTa fundamenturi sis-

temaa. 

ۇۉ
ଵ݂(ݐ) … ݂(ݐ)ଵ݂ᇱ(ݐ) … ݂ᇱ(ݐ)… … …ଵ݂(ିଵ)(ݐ) … ݂(ିଵ)(ݐ)(7)    ۊی 

matricis determinants ewodeba vronskis determinanti da aRiniSneba ܹ(ݐ) simboloTi. samarTliania Semdegi debuleba: 

debuleba 1. ܹ(ݐ) ≠ 0. 
samarTliania ufro zogadi faqti. diferencialuri gantolebisgan 

damoukideblad ganvixiloT ݃ଵ, ݃ଶ, … , ݃ funqciaTa erToblioba ganxi-

lul [ܽ, ܾ] namdvil ricxvTa monakveTze. Tu isini wrfivad damokide-

bulebi arian (܀-is an ۱-s mimarT), maSin maTi vronskis determinanti, 
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romelic (7) saxis matricis determinantia, igivurad 0-is tolia am 

monakveTze. vronskis determinantis nulTan toloba aris aucilebeli 

piroba imisa, rom funqciaTa raime erToblioba wrfivad damokidebu-

lia. Sebrunebuli debuleba samarTliani ar aris. kerZod, funqciaTa 

erTobliobis vronskis determinanti SesaZlebelia iyos igivurad nu-

lis toli, magram funqciaTa es erToblioba aRmoCndes wrfivad damo-

ukidebeli. xolo, Tu funqciaTa simravle diferencialuri gantolebis 

amonaxsnebia, maSin debuleba 1-Si moyvanili piroba vronskis determi-

nantisaTvis aris aucilebeli da sakmarisi piroba imisa, rom funqci-

aTa es erToblioba iyos wrfivad damoukidebeli. 

4.2. cvladkoeficientebiani wrfivi gantoleba 

axla ufro zogadi gantolebis analizze gadavideT.  

0)()()()(...)()()()( '
1

)1(
1

)(
0 =++++ −

− tftatftatftatfta nn
nn     (1) 

cvladkoeficientebiani wrfivi erTgvarovani gantoleba aris zogadi  

0),,...,,,( /)1()( =− fffftF nn
 

n -uri rigis diferencialuri gantolebis kerZo SemTxveva. am ukana-

sknel CanawerSi gaerTianebulia rogorc cvladkoeficientebiani, ise 

mudmivkoeficientebiani wrfivi gantolebebi, amasTanave, arawrfivi di-

ferencialuri gantolebebic.  

davuSvaT, )(),(),...,(),( 121 tftftftf nn−  
funqciebi (1) gantolebis nebis-

mier ݊ wrfivad damoukidebel amonaxsnTa sistemaa, mas (iseve, rogorc 

mudmivkoeficientebiani gantolebis SemTxveveSi) amonaxsnTa fundamentu-

ri sistema ewodeba. vTqvaT,  

)()(...)()()( 112211 tfCtfCtfCtfCtf nnnn ++++= −−  

(1) gantolebis zogadi amonaxsnia. ganvixiloT  

)()()()()(...)()()()( '
1

)1(
1

)(
0 tbtftatftatftatfta nn

nn =++++ −
−    (2) 

araerTgvarovani gantoleba da misi amonaxsni, veZeboT  

)()()()(...)()()()()(
~

112211 tftCtftCtftCtftCtf nnnn ++++= −−  
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saxis funqciaTa Soris. pirveli rigis wrfivi araerTgvarovani ganto-

lebis amonaxsnis sapovnelad analogiuri meTodi ukve gamoviyeneT. gan-

tolebis amoxsnis am meTods mudmivTa variaciis meTodi ewodeba. sa-

marTliania Semdegi Teorema. 

Teorema 1. davuSvaT, )(),(),...,(),( 121 tftftftf nn−  funqciebi (1) erTgva-

rovani gantolebis amonaxsnTa fundamenturi sistemaa. Tu )(tC j  fun-

qciebi akmayofileben gantolebaTa Semdeg:  

0)()()()(...)()()()( /
1

/
2

/
1

/
1 12

=++++ −−
tftCtftCtftCtftC nn nn

       (3) 

0)()()()(...)()()()( ////////
1 11221

=++++
−−

tftCtftCtftCtftC
nnnn

         (4) 

... ... ... 

0)()()()(...)()()()( )2(/)2(/)2(/)2(/
1 11221

=++++ −−−−
−−

tftCtftCtftCtftC nnnn

nnnn
    (5) 

)(

)(
)()()()(...)()()()(

0

)1(/)1(/)1(/)1(/
1 11221 ta

tb
tftCtftCtftCtftC nnnn

nnnn
=++++ −−−−

−−
   (6) 

sistemas, maSin  

)()()()(...)()()()()(
~

112211 tftCtftCtftCtftCtf nnnn ++++= −−        (7) 

funqcia aris (2) araerTgvarovani gantolebis amonaxsni. 

damtkiceba: davuSvaT, )(tC j
 funqciebi akmayofileben (3)-(6) ganto-

lebaTa sistemas. aviRoT (7) funqcia da gavawarmooT igi, amasTan, ga-

viTvaliswinoT, rom namravls vawarmoebT da Sedegi davajgufod ise, 

rom erTad iyos moTavsebuli pirveli Tanamamravlis yvela warmoebu-

li, Semdeg meore Tanamamravlis: 

+++++= −−
)]()()()(...)()()()([)(

~ /
1

/
2

/
1

//

121
tftCtftCtftCtftCtf nn nn

 

)]()()()(...)()()()([ //
1

/
2

/
1 121

tftCtftCtftCtftC
nn nn +++++

−− . 

pirveli Sesakrebi (3)-is Tanaxmad 0-is tolia, amitom: 

)()()()(...)()()()()(
~ //

1
/

2
/

1
/

121
tftCtftCtftCtftCtf

nn nn ++++=
−− . 
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es ukanaskneli kvlav gavawarmooT da Sesakrebebis dajgufeba ze-

moT moyvanilis analogiurad movaxdinoT. miviRebT: 

+++++=
−−

)]()()()(...)()()()([)(
~ //////////

112211
tftCtftCtftCtftCtf

nnnn
 

)]()()()(...)()()()([ ////
1

//
2

//
1 121

tftCtftCtftCtftC
nn nn +++++

−− . 

aq pirveli kvadratuli frCxili (4) tolobis gamo 0-is tolia. 

gawarmoebis es procedura 1−n  rigamde gavagrZeloT. i -uri warmoebu-
lisaTvis gveqneba: 

)()()()(...)()()()()(
~ )()(

1
)(

2
)(

1
)(

121
tftCtftCtftCtftCtf i

n
i

n
iii

nn
++++=

−− . 

ukanaskneli n -uri warmoebuli gamoiyureba Semdegnairad: 

( ) ( 1) ( 1) ( 1) ( 1)/ / / /
( ) [ ( ) ( ) ( ) ( ) ... ( ) ( ) ( ) ( )]

1 1 2 2 1 1

n n n n n
f t C t f t C t f t C t f t C t f t

n nn n

− − − −= + + + + +
− −

  

)]()()()(...)()()()([ )()(
1

)(
2

)(
1 121

tftCtftCtftCtftC n
n

n
n

nn

nn
+++++

−− . 

pirvel kvadratul frCxilebSi moTavsebuli gamosaxuleba (6) to-

lobis gamo 
)(

)(

0 ta

tb -is tolia, amitom: 

( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ... ( ) ( ) ( ) ( )1 2 11 2 1 ( )0

b tn n n n n
f t C t f t C t f t C t f t C t f tnn nn a t

= + + + + +− −
 . 

amis Semdeg )(
~ )( tf i -saTvis miRebuli gamosaxuleba gavamravloT 

)(ta in− -ze da miRebuli Sedegebi SevkriboT: 

=++++ −
− )()()()(...)()()()( '

1
)1(

1
)(

0 tftatftatftatfta nn
nn  

( )( ) ( ) ( ) ( )
( )[ ( ) ( ) ( ) ( ) ... ( ) ( ) ( ) ( ) ]0 1 2 11 2 1 ( )0

b tn n n n
a t C t f t C t f t C t f t C t f tnn nn a t

= + + + + + +− −
 

( 1) ( 1) ( 1) ( 1)
( )[ ( ) ( ) ( ) ( ) ... ( ) ( ) ( ) ( )]1 1 2 11 2 1

n n n n
a t C t f t C t f t C t f t C t f tnn nn

− − − −+ + + + + +− −
 

)]()()()(...)()()()()[(... 112211 tftCtftCtftCtftCta nnnnn ++++++ −− . 

miRebuli tolobis marjvena mxare CvenTvis mosaxerxebeli for-

miT davajgufoT da )(tb -s gavutoloT (radgan marcxena mxare )(tb -s 

tolia): 
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++++ − )]()(...)()()()()[( 1
)1(

1
)(

01 11
tftatftatftatC n

nn  

+++++ − )]()(...)()()()()[( 2
)1(

21
)(

202 tftatftatftatC n
nn  

)()()]()(...)()()()()[(... )1(
1

)(
0 tbtbtftatftatftatC nn

n
n

n
nN =++++++ − , 

aq TiToeuli striqoni 0-is tolia, rac imas amtkicebs, rom (7) gamo-

saxulebiT mocemuli funqcia (2) diferencialuri gantolebis amona-

xsnia.  

mudmivkoeficientebiani gantolebis analogiurad ganixileba cvlad-

koeficientebiani gantolebis vronskis determinanti da, amrigad, igi 

aris erTgvarovani gantolebis amonaxsnTa fundamenturi ଵ݂, ଶ݂, … , ݂ 
sistemisagan Sedgenili (7) matricis determinanti, romelic paragraf 

3.1-is debuleba 1-is Tanaxmad, nulisagan gansxvavebulia.  

(3)-(6) aris wrfiv algebrul gantolebaTa sistema )(),...,( //
1 tCtC n  

funqciebis mimarT. gadavweroT igi matriculi formiT: 

 

























=













































−
−−

−
−−

−−
−

−−

−

−

)(

)(
0

...

0

0

)(

)(

...

)(

)(

)()(...)()(

)()(...)()(

...............

)()(...)()(

)()(...)()(

0

/

/
1

/
2

/
1

)1()1(
1

)1(
2

)1(
1

)2()2(
1

)2(
2

)2(
1

//
1

/
2

/
1

121

ta

tb
tC

tC

tC

tC

tftftftf

tftftftf

tftftftf

tftftftf

n

n
n

n
n

n
nn

n
n

n
n

nn

nn

nn

  

(8) 

cxadia, rom gantolebaTa am sistemas erTaderTi amonaxsni aqvs, 

radgan sistema gadaugvarebelia. marTlac, 

1 2 1
/ / / /

1 2 1

( 2) ( 2) ( 2) ( 2)
1 2 1

( 1) ( 1) ( 1) ( 1)
1 2 1

( ) ( ) ... ( ) ( )

( ) ( ) ... ( ) ( )

( ) det ... ... ... ... ...

( ) ( ) ... ( ) ( )

( ) ( ) ... ( ) ( )

n n

n n

n n n n
n n

n n n n
n n

f t f t f t f t

f t f t f t f t

W t

f t f t f t f t

f t f t f t f t

−

−

− − − −
−

− − − −
−

 
 
 
 =
 
 
 
 

 

aris (1) diferencialuri gantolebis amonaxsnTa fundamenturi siste-

mis vronskis determinanti, romelic aranulovania. (8) sistemidan ga-

nisazRvreba calsaxad )(/ tC j
, nj ,...,1=  funqciebi krameris formulis 
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gamoyenebiT, xolo maTTvis miRebuli gamosaxulebebis integrebiT ki mi-

viRebT )(
~

tf  zogadi amonaxsnis )(tC j  ganusazRvrel koeficientebs: 

(ݐ)ܥ  =  ∆ೕ(௧)ௐ(௧)  (9)   ,ݐ݀

sadac ∆(ݐ), ݆ = 1,… , ݊ (8) sistemasTan mikavSirebuli sistemis deter-

minantebia. 

(2) araerTgvarovani gantolebis amonaxsnTa sivrce ar aris wrfi-

vi sivrce (igi ar Seicavs 0-s), magram aris afinuri sivrce da misi 

ganzomilebaa ݊, ris gamoc, (2) araerTgvarovani gantolebis ݂ zoga-
di amonaxsni miiReba (2)-s Sesabamisi erTgvarovani gantolebis ሚ݂	 
zogadi amonaxsnisa da araerTgvarovani gantolebis romelime erTi 

konkretuli መ݂ amonaxsnis SekrebiT:P ݂ = ሚ݂ + ݂. 
damtkicebuli Teoremidan gamomdinareobs, rom mudmivkoeficien-

tebiani araerTgvarovani gantolebisaTvis (9) formuliT SegviZlia 

vipovoT gantolebis zogadi amonaxsni, ris gamoc aseTi saxis ganto-

lebebisaTvis mudmivTa variaciis meTodi aris universaluri, Tumca 

garkveuli saxis gantolebebisaTvis arsebobs amonaxsnis povnis ufro 

efeqturi meTodebi. gantolebaTa erT-erT aseT klass, amonaxsnis age-

bis gansxvavebuli gziT, ganvixilavT Semdeg paragrafSi.  ݊-uri rigis wrfivi erTgvarovani (1) gantolebisaTvis koSis amo-

cana aris piroba zogad ݂ amonaxsnze, romelic calsaxad gamoyofs amo-

naxsnTa ݊-ganzomilebiani sivrcidan erTaderT amonaxsns raime winas-

war dasaxelebul ݐ wertilSi saZiebeli funqciis ݂(ݐ) = ݂ da misi 
warmoebulebis ݂()(ݐ) = ݂, ݆ = 1,… , ݊ − 1 mniSvnelobis saSualebiT. 

kerZod, samarTliania Semdegi debuleba. 

debuleba 1.  ൝ 0)()()()(...)()()()( '
1

)1(
1

)(
0 =++++ −

− tftatftatftatfta nn
nn݂(ݐ) = ݂, ݂ᇱ(ݐ) = ଵ݂, ݂ᇱᇱ(ݐ) = ଶ݂, … , ݂(ିଵ)(ݐ) = ݂ିଵ	  

koSis amocanas aqvs erTaderTi amonaxsni. 

debuleba trivialuria zemoT moyvanili Teoremebis Semdeg, radgan 

zogadi amonaxsni Seicavs ݊ mudmivs, romelTa gansazRvrac SesaZlebe-

lia ݊ sawyisi pirobiT. amrigad, miviRebT wrfiv algebrul gantole-

baTa sistemas ݊ ucnobiT. amasTan, gantolebaTa sistemis mTavari dete-
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rminanti 0-sagan gansxvavebulia, ris gamoc sistemas aqvs erTaderTi 

amonaxsni. 

magaliTi. amovxsnaT koSis amocana ݕᇱᇱ(ݔ) + (ݔ)ᇱݕ7 + (ݔ)ݕ10 = 0, (0)ݕ = 2, ᇱ(0)ݕ = 1. 
davweroT maxasiaTebeli gantoleba da vipovoT misi fesvebi: ߣଶ + ߣ7 + 10 = ଵߣ ⇒ 0 = −2, ଶߣ = −5 ⇒ 

gantolebis kerZo amonaxsnebi iqneba ݕଵ(ݔ) = ݁ିଶ௫ da ݕଶ(ݔ) = ݁ିହ௫, 
xolo zogad amonaxsns ki eqneba saxe	− (ݔ)ݕ = ܿଵݕଵ(ݔ) + ܿଶݕଶ(ݔ) ⇒ (ݔ)ݕ = ܿଵ݁ିଶ௫ + ܿଶ݁ିହ௫. pirveli sawyisi pirobidan gamomdinareobs, 

rom (0)ݕ = 2 ⇒ (zogad amonaxsnSi vsvamT ݔ = 0 da (ݔ)ݕ funqciis 
miRebul mniSvnelobas vutolebT 2-s) ܿଵ + ܿଶ = 2.  

meore sawyisi pirobis Tanaxmad, (ݔ)ݕ = ܿଵ݁ିଶ௫ + ܿଶ݁ିହ௫ funqciis 
warmoebulis mniSvneloba ݔ = 0 wertilSi 1-is tolia, amitom vpou-
lobT (ݔ)ݕ funqciis warmoebuls: ݕᇱ(ݔ) = −2ܿଵ݁ିଶ௫ − 5ܿଶ݁ିହ௫, Semdeg 
vsvamT miRebul gamosaxulebaSi ݔ = 0 da vutolebT 1: −2ܿଵ − 5ܿଶ = 1.  ܿଵ, ܿଶ ricxvebis sapovnelad miviReT wrfiv gantolebaTa sistema: ܿଵ + ܿଶ = 2, 	−2ܿଵ − 5ܿଶ = 1	 ⇒ ܿଵ = 2 − ܿଶ, −4+2ܿଶ − 5ܿଶ = 1 ⇒ ܿଶ = −5/3, ܿଵ = 11/3.  ܿଵ, ܿଶ-is miRebuli mniSvnelobebi CavsvaT gantolebis zogad amona-
xsnSi da miviRebT amonaxsns: (ݔ)ݕ = 113 ݁ିଶ௫ − 53 ݁ିହ௫, 
romelic daakmayofilebs (0)ݕ = 2, ᇱ(0)ݕ = 1 sawyis pirobebs. 
4.3. mudmivkoeficientebiani diferencialuri gantoleba 

kvazipolinomialuri araerTgvarovani wevriT ݂(ݔ) = ܲ(ݔ)݁ఈ௫ saxis gamosaxulebas, sadac ܲ(ݔ) ݉-xarisxis 

mravalwevria, ewodeba kvazimravalwevri. 

debuleba 1. davuSvaT,  ܽݕ()(ݔ) + ܽଵݕ(ିଵ)(ݔ) + ⋯+ ܽିଵݕᇱ(ݔ) + ܽ(ݔ)ݕ =  (1)   (ݔ)݂
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gantolebaSi ݂(ݔ) = ܲ(ݔ)݁ఈ௫ kvazimravalwevria. maSin (1) gantole-

bis kerZo amonaxsns aqvs saxe: ݕ(ݔ) =  ఈ௫,     (2)݁(ݔ)௦ܳݔ

სadac: a) ݏ = 0, Tu ߙ ar emTxveva (1) gantolebis Sesabamisi erTg-
varovani gantolebis maxasiaTebel fesvTagan arcerTs; b) ݏ = ݈, Tu ݈ 
aris im maxasiaTebeli fesvis jeradoba, romelic ߙ-s tolia. ܳ(ݔ) 
ki ݉-xarisxis mravalwevria.  ܳ(ݔ) mravalwevris koeficientebis sapovnelad saWiroa (2) gamo-
saxuleba CavsvaT (1) da Sesabamisi koeficientebi erTmaneTs gavuto-
loT. 

Tu ݂(ݔ) = ଵ݂(ݔ) + ଶ݂(ݔ) + ⋯+ ݂(ݔ), maSin (1)-is kerZo amonaxsnebi 
iqneba   ܽݕ()(ݔ) + ܽଵݕ(ିଵ)(ݔ) + ⋯+ ܽିଵݕᇱ(ݔ) + ܽ(ݔ)ݕ = ݂(ݔ), ݅ = 1,… ,  
gantolebebis ݕప(ݔ) kerZo amonaxsnebis jami, xolo TiToeuli ݕప(ݔ) 
amonaxsnis povna SesaZlebelia zemoT moyvanili algoriTmiT.  

magaliTi 1. vipovoT ݕᇱᇱ(ݔ) − ݕ = 2݁௫ − -ଶ gantolebis zogadi amoݔ
naxsni. 

Sesabamisi erTgvarovani gantolebis maxasiaTebeli fesvebia -1 da 1. 

amitom erTgvarovani gantolebis zogadi amonaxsnia: ݕത(ݔ) = ଵ݁௫ܥ + ଶ݁ି௫ܥ . 
radgan gantolebis marjvena mxare aris ori − ଵ݂(ݔ), ଶ݂(ݔ) funq-

ciebis jami, sadac ଵ݂(ݔ) = 2݁௫, ଶ݂(ݔ) =  ଶ, amitom Cveni gantolebaݔ−

gaixliCeba or gantolebad: ݕᇱᇱ(ݔ) − ݕ = 2݁௫;    (1) ݕᇱᇱ(ݔ) − ݕ =  ଶ.     (2)ݔ−

TiToeuli maTganis marjvena mxare aris kvazimravalwevri. amitom 

araerTgvarovani gantolebis romelime kerZo amonaxsni SesaZlebelia vi-
povoT zemoT moyvanili wesiT. daviwyoT pirveli gantolebiT. mis amo-
naxsns veZebT ݔ௦ܳ(ݔ)݁ఈ௫ saxiT, sadac ݉ = ߙ ,0 = 1. es ukanaskneli 

emTxveva erT-erT martiv maxasiaTebel fesvs, amitom ݏ = 1. CavsvamT ra 
Sesabamis mniSvnelobebs ݔ௦ܳ(ݔ)݁ఈ௫ gamosaxulebaSi, miviRebT, rom sa-
Ziebel funqcias aqvs saxe: ܽݔ݁௫, romelSic ܽ ucnobi ricxvi gani-
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sazRvreba ܽ݁ݔ௫-is CasmiT (1) gantolebaSi. MmiviRebT ܽ݁௫ + ܽ݁௫ ++ܽ݁ݔ௫ − ܽ݁ݔ௫ = 2݁௫, saidanac ܽ = 1. Aamrigad, ݕଵ෦(ݔ) = ௫݁ݔ . 
axla daviwyoT (2) gantolebis analizi. am SemTxvevaSi ݉ = ߙ ,2 = 0. 

radgan 0 ar aris maxasiaTebeli fesvi, amitom ݏ = 0 da, amrigad, ganto-
lebis amonaxsns veZebT ܾ + ܾଵݔ + ܾଶݔଶ saxis mravalwevrebs Soris. 

CavsvaT es funqcia (2)-Si da miviRebT: 2ܾଶ − ܾ − ܾଵݔ − ܾଶݔଶ =  ,ଶݔ−
saidanac ܾଶ = −1, ܾଵ = 0, ܾ = 2, amrigad (2) gantolebis kerZo amo-
naxsnia ݔଶ + 2. e.i. ݕଶ෦(ݔ) = ଶݔ + 2.  

amrigad, saZiebeli gantolebis kerZo amonaxsnia ݕ(ݔ) = (ݔ)ଵ෦ݕ (ݔ)ଶ෦ݕ++ = ௫݁ݔ + ଶݔ + 2, xolo zogadi amonaxsni ki, rogorc cnobilia, 

tolia erTgvarovani gantolebis zogadi amonaxsnisa da araerTgvarovani 

gantolebis kerZo amonaxsnis jamis, saidanac gamodis, rom mocemuli 

gantolebis zogadi amonaxsnia (ݔ)ݕ = (ݔ)തݕ + (ݔ)ݕ = ଵ݁௫ܥ + ଶ݁ି௫ܥ ௫݁ݔ++ + ଶݔ + 2.  
magaliTi 2. vipovoT araerTgvarovani gantolebis zogadi amonaxsni: ݕᇱᇱ(ݔ) − (ݔ)ᇱݕ10 + (ݔ)ݕ25 = −3݁ହ௫. ܲ(ݔ)݁ఈ௫ kvazimravalwevri Cveni gantolebisaTvis aseTia: −3݁ହ௫. ݉ = ߙ ,0 = 5, xolo ܲ(ݔ) = −3. davweroT erTgvarovani gantolebis 

Sesabamisi maxasiaTebeli gantoleba da vipovoT misi fesvebi: ߣଶ − ߣ10 + 25 = ߣ) ⇒ 0 − 5)ଶ = ଵ,ଶߣ ⇒ 0 = 5. 
amrigad, 5 aris orjeradi maxasiaTebeli fesvi, romelic emTxveva −3݁ହ௫ kvazimravalwevris ߙ = 5 maCvenebels. amitom araerTgvarovani gan-

tolebis savaraudo kerZo amonaxsns ݔ௦ܳ(ݔ)݁ఈ௫-is Sesabamisad eqneba 
saxe: ݔଶܽ݁ହ௫, sadac ܽ = ܳ(ݔ) aris ݉ = 0 xarisxis saZiebeli mrava-

lwevri (anu mudmivi, romelic aRvniSneT ܽ-iT). radgan ݕ(ݔ) =  ଶܽ݁ହ௫ݔ
Cveni gantolebis savaraudo kerZo amonaxsnia, amitom misi CasmiT gan-

toleba unda gadaiqces igiveobad: ݕᇱ(ݔ) = ݁ହ௫ܽݔ2 + (ݔ)ᇱᇱݕ  ,ଶܽ݁ହ௫ݔ5 = 2ܽ݁ହ௫ + ݁ହ௫ܽݔ10 + ݁ହ௫ܽݔ10 +  ;ଶܽ݁ହ௫ݔ25
gantolebaSi CasmiT miviRebT: 2ܽ݁ହ௫ + ݁ହ௫ܽݔ10 + ݁ହ௫ܽݔ10 + ଶܽ݁ହ௫ݔ25 ݁ହ௫ܽݔ2)10− − + ଶܽ݁ହ௫ݔଶܽ݁ହ௫)+25ݔ5 = −3݁ହ௫ ⇒  
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gamosaxulebis marcxena mxares msgavsi wevrebis SeerTebis Semdeg mivi-
RebT tolobas: 2ܽ݁ହ௫ = −3݁ହ௫ ⇒ ܽ = −3/2, saidanac gamomdinareobs, 
rom araerTgvarovani gantolebis kerZo amonaxsnia ݕ(ݔ) = ଶ݁ହ௫ݔ3/2− .  

radgan maxasiaTebeli fesvebi ukve vipoveT, amitom vwerT erTgva-
rovani gantolebis zogad amonaxsns: ݕො(ݔ) = ܿଵ݁ହ௫ + ܿଶ݁ݔହ௫ (radgan ma-
xasiaTebel gantolebas jeradi fesvebi aqvs, amitom erTgvarovani ganto-
lebis kerZo amonaxsnebi iqneba ݁ହ௫ da ݁ݔହ௫). sabolood, Cveni ganto-
lebis zogadi amonaxsni iqneba: (ݔ)ݕ = (ݔ)ොݕ + (ݔ)ݕ ⇒ (ݔ)ݕ = ܿଵ݁ହ௫ ++ܿଶ݁ݔହ௫ − ଷଶ ଶ݁ହ௫ݔ . 
4.4. zogierTi diferencialuri gantolebis Sesaxeb, romelic 

cvladis gardaqmniT miiyvaneba wrfiv erTgvarovan 

mudmivkoeficientebian gantolebamde 

universaluri meTodi, Tu cvladis ra gardaqmna gamodgeba ama Tu im 

gantolebis amosaxsnelad, ar arsebobs. mosaxerxebeli cvladis ga-
rdaqmnis arCeva garkveuli tipis xelovnebaa, magram diferencialuri 

gantolebebis TeoriaSi arsebobs standartuli situaciebi, sadac cno-
bilia ama Tu im cvladis gardaqmnas sadamde mivyavarT. Cven cvladis 

gardaqmnis meTods, rogorc diferencialuri gantolebis amoxsnis sa-
Sualebas, imisTvis ki ar moviyvanT, rom zepiradaa dasamaxsovrebeli, 

aramed imisaTvis, rom gantolebisadmi midgomis mravalferovneba gaCvenoT.  

ganvixiloT meore rigis diferencialuri gantoleba: 

0)()()()()( =+′+′′ tytqtytpty ,   (1) 

sadac )(tp , )(tq  mocemuli uwyveti funqciebia ܀-is romelime I inte-
rvalze.  

debuleba 1 (aucilebeli piroba). Tu (1) gantoleba daiyvaneba 

mudmivkoeficientebian wrfiv diferencialur gantolebaze )(tϕτ =  

cvladis gardaqmniT, maSin: ߬ = ܥ  ,ݐ݀(ݐ)ݍඥ
sadac ܥ raime mudmivia, xolo integrali unda gavigoT, rogorc ro-
melime pirvelyofili. 
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დamtkiceba: )(tϕ  CavTvaloT orjer uwyvetad diferencirebadad 

da davuSvaT, rom 0)( ≠′ tϕ  nebismieri t -saTvis I -dan. maSin: 

)()( t
d

dy
ty ϕ

τ
′⋅=′ , )()()( 2

2

2

t
d

dy
t

d

yd
ty ϕ

τ
ϕ

τ
′′⋅+′⋅=′′ . 

CavsvaT y′  da y ′′  zemoT miRebuli mniSvnelobebi (1)-Si da miviRebT: 

0
)(

)(

)(

)()()(
222

2

=
′

+⋅
′

′+′′
+ y

t

tq

d

dy

t

ttpt

d

yd

ϕτϕ
ϕϕ

τ
. 

gvinda, rom am gantolebis koeficientebi mudmivebi iyos, amisaT-

vis ki aucilebelia, rom )()( 22 ttqC ϕ′= . aqedan, == dttqCt )()(ϕτ . 

magaliTi 1. 0)()()( 21
2 =+′+′′ tyatytatyt , 0>t  saxis gantolebas, 

sadac 1a , 2a  mocemuli ricxvebia, ewodeba meore rigis eileris gan-
toleba. cvladis tln=τ  gardaqmniT es gantoleba miiyvaneba  

0)1( 212

2

=+⋅−+ ya
d

dy
a

d

yd

ττ
 

mudmivkoeficientebian gantolebaze. marTlac: ݕᇱ(ݐ) = ݐ݀ݕ݀ = ߬݀ݕ݀ ∙ ݐ݀߬݀ = ߬݀ݕ݀ ∙ 1߬ (ݐ)ᇱᇱݕ ; = ݀ଶݐ݀ݕଶ = ݐ݀݀ ൬݀ݐ݀ݕ൰ = ݐ݀݀ ൬݀߬݀ݕ ∙ 1߬൰ = ݀ଶ߬݀ݕଶ ∙ ݐ݀߬݀ ∙ 1߬ − ߬݀ݕ݀ ∙ 1߬ଶ = = ݀ଶ߬݀ݕଶ ∙ 1߬ଶ − ߬݀ݕ݀ ∙ 1߬ଶ ; 
SevitanoT ݕᇱ(ݐ),  is es mniSvnelobebi mocemul gantolebaSi-(ݐ)ᇱᇱݕ

da miviRebT mudmivkoeficientebian gantolebas. 

 analogiurad, Tu n -uri rigis eileris gantolebaSi  

0)()(...)()( 1
)1(1

1
)( =+′+++ −

−− τττττττ yayayay nn
nnnn

 

movaxdenT tln=τ  cvladis gardaqmnas, miviRebT mudmivkoeficientebian 

diferencialur gantolebas: 

0)()(...)()( 1
)1(

1
)( =+′+++ −

− tyatyatyaty nn
nn

. 
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magaliTi 2. 0)()()()1( 22 =+′−′′− tyntyttyt , sadac 1|| <t , n – nam-

dvili parametria, ewodeba CebiSevis gantoleba. cvladis )cos(τ=t  

gardaqmniT CebiSevis gantoleba miiyvaneba  

02
2

2

=+ yn
d

yd

τ
 

gantolebamde, romlis amonaxsnia ))arccos(cos()( ϕ+⋅= tnAty , sadac A 

da ϕ  nebismieri mudmivebia. Tu n  mTelia, maSin ))arccos(cos()( tntTn ⋅=  

aris n  xarisxis mravalwevri, romelsac CebiSevis mravalwevri ewodeba.  

aqve gavakeToT SeniSvna: debulebaSi moyvanili )(tϕτ =  cvladis 

gardaqmnis rols magaliT 1-Si TamaSobs tln=τ  funqcia. am magaliTSi 

2
2)(

t

a
tq =  da, marTlac, == dt

t

a
Ct 2)ln(τ . xolo magaliT 2-Si ki 

gvaqvs gardaqmna )cos(τ=t , saidanac gamodis, rom )arccos( t=τ . gar-

da amisa, 
2

2

1
)(

t

n
tq

−
=  da amrigad:  −

== dt
t

n
Ct

21
)arccos(τ . 

magaliTi 3. (1) gantoleba mudmivkoeficientebian gantolebamde 

zogjer ucnobi funqciis gardaqmnis saSualebiT miiyvaneba. magaliTad, 

0
4

122 =





 −+′+′′ ytytyt , 0>t ,   (2) 

beselis gantoleba 
t

z
y =  gardaqmniT SesaZlebelia miyvanil iqnes 

gantolebamde 

0=+′′ zz .     (3) 

vaCvenoT (2) da (3) gantolebebis ekvivalenturoba. radgan (ݐ)ݖ = (ݐ)ᇱݖ :amitom ,ݐ√(ݐ)ݕ = ݐ√(ݐ)ᇱݕ + ݐ√2(ݐ)ݕ (ݐ)ᇱᇱݖ				, = ݐ√(ݐ)ᇱᇱݕ + ݐ√2(ݐ)ᇱݕ + ݐ√2(ݐ)ᇱݕ −  .	ݐ√ݐ4(ݐ)ݕ
Tu sruldeba (3), maSin samarTliania toloba: (ݕᇱᇱ(ݐ)√ݐ + ݐ√2(ݐ)ᇱݕ + ݐ√2(ݐ)ᇱݕ − (ݐ√ݐ4(ݐ)ݕ + ݐ√(ݐ)ݕ	 = 0, 
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romlis gamartivebis Semdeg miviRebT (2) gantolebas. amrigad, beselis 

gantolebis amonaxsni moicema saxiT: 

)sin()( ϕ+= t
t

A
ty , 

sadac A da ϕ  nebismieri mudmivebia. kerZod, (ݐ)ݕ = ௦௧√௧  beselis gan-

tolebis erT-erTi kerZo amonaxsnia. 

magaliTi 4. (1) gantoleba mudmivkoeficientebian gantolebamde Se-
saZlebelia agreTve miyvanil iqnes erTdroulad cvladis da ucnobi 

funqciebis gardaqmniT. magaliTad, stoqsis 

22 )()( btat

Ay
y

−−
=′′ , ),( bat ∈  

gantoleba gardaqmniT: 

τe
tb

at =
−
−

, u
bt

y =
−

, )(τuu =  

miiyvaneba mudmivkoeficientebian gantolebamde.  

marTlac, Tanmimdevrulad vpoulobT: 

τ

τ

e

bea
t

+
+=

1
, τe

uba
y

+
−=

1

)(
, )1(: τ

ττ
−+′−==′ euu

d

dt

d

dy
y , 

τ

ττ

e

ee

ba

uu
y

2)1)(1( ++
−
′−′′=′′

−

. 

Tu yyt ′′,, -is mniSvnelobebs CavsvamT stoqsis gantolebaSi, miviRebT: 

2)( ab

Au
uu

−
=′−′′ . 

4.5. bernulis gantoleba 

rogorc ukve viciT,  

)()()()( tbtxtatx +=′     (1) 

gantolebis zogad amonaxsns aqvs saxe:  




+


=
t

t

dada

dssbeCetx

t

s

t

t

0

0 )()(
)()( ττττ

.   (2) 



 108

ganvixiloT (1)-is `mcire~ ganzogadeba:  

)()()()()( txtbtxtatx α=+′ .   (3) 

es diferencialuri gantoleba bernulis gantolebis saxelwode-
biTaa cnobili. Tu 0=α , maSin (3) gantoleba wrfivi araerTgvarova-
nia, xolo Tu 1=α , maSin	− wrfivi erTgvarovani, amitom misi amo-
naxsni (2) formuliT moicema. ganvixiloT aratrivialuri SemTxveva: 

0≠α  da 1≠α , gavyoT (3) αx -ze da movaxdinoT gardaqmna: 

α−= 1)()( txty , 

miviRebT gantolebas:  

)()()()(
1

1
tbtytaty =+′

−α
, 

romelic (2) formulis saSualebiT ixsneba. rodesac 0>α , αx -ze (3) 

gantolebis orive mxaris gayofiT ikargeba (3)-is trivialuri amona-
xsni 0≡x , romelsac amonaxsnTa simravles davumatebT. amis gakeTeba 

mogviwevs imis gamo, rom zogadi formuliT igi ar miiReba.  

magaliTi. amovxsnaT gantoleba (ݔ + ᇱݕ)(1 + (ଶݕ =  .ݕ−
davuSvaT, rom ݔ ≠ −1. gavyoT gantolebis orive mxare ݔ + 1-ze 

da gadavweroT gantoleba Semdegi saxiT: ݕᇱ + ௬௫ାଵ =  ଶ, romelicݕ−

bernulis gantolebaa. mis amosaxsnelad orive mxare gavyoT ݕଶ-ze da 
SemovitanoT aRniSvna ିݕଵ = (ݔ)ᇱݖ :miviRebT .(ݔ)ݖ = (ݔ)ᇱݖ ⟹ ᇱݕଶିݕ− − ௭(௫)௫ାଵ = 1. 

es aris wrfivi gantoleba, romlis amonaxsnia (ݔ)ݖ = (ln|ݔ + 1| ݔ)(ܿ+ + 1). davubrundeT aRniSvnebs da miviRebT: (ݔ)ݕ = ଵ(୪୬|௫ାଵ|ା)(௫ାଵ). 
4.6. rikatis gantoleba 

pirveli rigis arawrfivi diferencialuri gantoleba, romlis in-
tegreba kvadraturebSi sazogadod SeuZlebelia, rikatis (iakopa fran-
Ceska rikati – 1676-1754, italieli maTematikosi) 

)()()()()()( 2 tctxtbtxtatx =++′    (1) 

gantolebaa, sadac )(ta , )(tb , )(tc  mocemuli funqciebia.  
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(1)-is paralelurad ganvixiloT rikatis specialuri gantoleba:  

αbttaxtx =+′ )()( 2
,   (2) 

sadac a  da b  mudmivebia. 

rodesac 0=α , miiReba gancalebadcvladebiani gantoleba. marT-
lac, (2) gadavweroT Semdegi saxiT: ݀ݐ݀ݔ + ଶݔܽ = ܾ ⇒ ݔ݀ = (ܾ − ݐ݀(ଶݔܽ ⇒ ܾݔ݀ − ଶݔܽ =  ,ݐ݀
romlis integrebac siZneles ar warmoadgens. 

rodesac 2−=α , gveqneba diferencialuri gantoleba, romelic ga-

daiqceva araerTgvarovan gantolebad, ucnobis 
)(

1
)(

tx
ty =  gardaqmniT. 

marTlac, miviRebT diferencialur gantolebas − ௬ᇲ(௧)௬మ(௧) + (௧)௬మ(௧) =  .ଶݐܾ
daniel bernulma moaxdina specialuri rikatis gantolebis deta-

luri analizi da aCvena, rom 
atttx

tx
1

)(

1
)(

2
1

+= , 3

1

1
+= αtt  cvladebis 

gardaqmniT (2) gantoleba miiyvaneba gantolebaze:  

3

4

11
2
1

1

11

3
)(

3

)( +
+−

+
=

+
+ α

α

αα
t

a
tx

b

dt

tdx
.   (3) 

garda amisa, bernulma daamtkica, rom (2) gantoleba kvadratureb-

Si integrebadia, Tu 
12

4

+
−=

k

kα , Zk∈ . amrigad, (3) kvlav aris ri-

katis specialuri gantoleba maCvenebliT 
3

4

+
+−=′

α
αα . es niSnavs, rom, 

Tu cnobilia rikatis specialuri gantolebis amonaxsni maCvenebliT 

α , maSin SesaZlebelia amonaxsnis analizuri Cawera rikatis spe-

cialuri gantolebisTvis maCvenebliT 
3

4

+
+−

α
α

 da piriqiT. Cven viciT 

amonaxsnis povnis formulebi, rodesac 2,0 −=α . 2−=α  maCveneblidan 

zemoT moyvanili gardaqmnis saSualebiT miviRebT gantolebas maCveneb-
liT .2−=′α  ase rom, axals verafers gavigebT. xolo, roca 0=α , 
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maSin 
3

4−=′α . Tu imave procedurebs CavatarebT α′ -Tvis, sazogadod, 

miviRebT yvela amonaxsns 
12

4

+
−=

k

kα  maCveneblisTvis. 

Teorema 1. (j. liuvili) (2) arawrfivi gantoleba kvadratureb-

Si integrebadia maSin da mxolod maSin, rodesac 
12

4

+
−=

k

kα .  

davubrundeT zogad SemTxvevas. radgan specialuri rikatis ganto-
leba kvadraturebSi integrebadia mxolod maCveneblis zemoT moyvanili 

mniSvnelobisTvis, unda velodoT, rom (1) gantolebis integreba kvad-
raturebSi TiTqmis yovelTvis SeuZlebelia. magram es ase ar aris. uc-
nobis specialuri gardaqmniT rikatis gantoleba kvlav rikatis gan-
tolebaSi gadadis. am faqts gamoviyenebT rikatis gantolebis CvenTvis 

saintereso amonaxsnis povnisTvis. ganvixiloT ucnobis Semdegi gar-
daqmna 

( ) ( ) ( )x t x t tϕ= + ,   (4) 

sadac )(tϕ  raime fiqsirebuli funqciaa. marTlac, (4)-is Casma (1)-Si 

gvaZlevs:  

2

2

( ) ( ( ) 2 ( ) ( )) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

x t a t b t t x t b t x t

c t t a t t b t t

φ
φ φ φ

′ + + + =
′= − − −

  
  (5) 

romelic (1) gamosavali gantolebisagan gansxvavebulia, Seicvala koe-
ficientebi )(ta  da )(tc . ismis kiTxva, SesaZlebelia Tu ara SevarCioT 

)(tϕ  ise, rom gardaqmnis Semdeg gaqres gantolebis marjvena mxare. aseT 

pirobebSi aRniSnuli gantoleba bernulis gantolebad gadaiqceva (ro-
mlis integrebac SesaZlebelia). aseTi ram marTlac SesaZlebelia. 

amisTvis saWiroa gantolebis marjvena mxarem daakmayofilos piroba: 

0)()()()()()( 2 =−−′− ttbttattc ϕϕϕ . 

amrigad, )(tϕ  unda iyos imave (1) rikatis gantolebis amonaxsni. 

aqedan gamomdinareobs Semdegi mniSvnelovani daskvna: Tu cnobilia 

rikatis gantolebis erTi amonaxsni mainc, maSin (4) gardaqmniT SesaZ-
lebelia (1) gantolebis miyvana bernulis gantolebamde, romelic ukve 

integrebadia kvadraturebSi. 
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Teorema 2. nebismieri erTgvarovani wrfivi meore rigis diferen-
cialuri 

0)()()()()( 21 =+′+′′ txtatxtatx    (6) 

gantoleba ekvivalenturia rikatis gantolebis. 

damtkiceba: ganvixiloT gardaqmna: 

)(
)(

)(
ty

tx

tx =
′

, 

maSin 

)()()( txtytx =′  )()()()()()()()()( 2 txtytxtytxtytxtytx +′=′+′=′′ , 

am ukanasknelis (6)-Si CasmiT gveqneba:  

0)()()()()()())()(( 21
2 =+++′ txtatxtytatxtyty , 

romlis )(tx -ze gayofis Semdeg miviRebT rikatis gantolebas ( )y t -s 

mimarT: 

0)()()()()( 2
2

1 =+++′ tatytytaty . 

Teorema 3. ganvixiloT meore rigis erTgvarovani gantoleba: 

0)()()()()( =+′+′′ xyxbxyxaxy ,   (7) 

sadac )(xa , )(xb  mocemuli namdvili funqciaa raime ܫ ⊂ -interval ܀
ze, amasTan, )(xa  aris uwyvetad diferencirebadi, )(xb  ki −	uwyveti 
I -ze. )(xy  funqciis gardaqmniT (7) yovelTvis SesaZlebelia 

0)()()( =+′′ xzxqxz    (8) 

saxis gantolebaze miviyvanoT. 

damtkiceba: davuSvaT, )()()( xzxuxy =  da avarCioT )(xu  ise, rom 

)(xz′ -is win mdgomi koeficienti ganuldes )(xz -is mimarT. diferen-
cialur gantolebaSi gvaqvs: 

)()()()()( xzxuxzxuxy ′+′=′ , 

)()()()(2)()()( xzxuxzxuxzxuxy ′′+′′+′′=′′ . 
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SevitanoT (7)-Si, miviRebT:  

0)())()()()()(()())()()(2()()( =+′+′′+′+′+′′ xzxuxbxuxaxuxzxuxaxuxzxu .  (9) 

amrigad, Cveni miznis misaRwevad saWiroa aviRoT )(xu , romelic 

0)()()(2 =+′ xuxaxu  (10) 

gantolebis amonaxsnia. (10)-is amonaxsns aqvs saxe: 


=

−
x

x

da

exu 0

)(
2

1

)(
ξξ

, Ix ∈0 . 

Tu es asea, maSin: 

)()(
2

1
)( xuxaxu −=′ , 

)())(
2

1
)((

2

1
))()()()((

2

1
)( 2 xuxaxaxuxaxuxaxu −′−=′+′−=′′ . 

CavsvaT )(xu , )(xu′ , )(xu ′′  mniSvnelobebi (9)-Si imis gaTvaliswine-

biT, rom )(xz′ -is koeficienti 0-ia. miviRebT (8) gantolebas, sadac 

)(
2

1
)(

4

1
)()( 2 xaxaxbxq ′−−= , 

amasTan, )(xq  uwyveti iqneba I -ze. 

SeniSvna: Tu constxq ≡)( , an 
2)()( −−= αxCxq , α>x , maSin (8) 

gantoleba da, aqedan gamomdinare (7), integrebadi iqneba kvadraturebSi. 

(8) gantoleba, gadawerili Semdegi saxiT: 

ቆ ௗమௗ௫మ + ቇ(ݔ)ݍ (ݔ)ݖ = 0, 
aris Sriodingeris (ervin Sriodingeri – 1887-1961, avstrieli fizi-
kosi) stacionaruli gantoleba (kvanturi meqanikis ZiriTadi ganto-
leba), amitom Teorema 2 da 3-dan gamomdinare, rikatis gantolebis 

amoxsnis meTodebis da amonaxsnis Tvisebebis codna mniSvnelovania. aq 

moviyvanT ramdenime maTgans. 
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rikatis gantolebis zogierTi Tviseba. 1. rikatis gantoleba ݐ =  damoukidebeli cvladis gardaqmnis mimarT invariantulia (ଵݐ)߮

(rac niSnavs imas, rom, cvladis gardaqmnis SemTxvevaSi, rikatis 

gantoleba kvlav rikatis gantolebaSi gadava: Seicvleba mxolod 

gantolebis koeficientebi). 

2. rikatis gantoleba invariantulia damoukidebuli cvladis 

(ucnobi funqciis) wilad-wrfivi (ݐ)ݔ = ఈ௫భ(௧)ାఉఊ௫భ(௧)ାఋ gardaqmnis mimarT. 
3. rikatis gantolebis zogadi amonaxsni:  (ݐ)ݔ = (ݐ)ଵݕܿ + (ݐ)ଵݖܿ(ݐ)ଶݕ +  (ݐ)ଶݖ

wilad-wrfivi funqciis saxiT warmoidgineba da, piriqiT, (9) saxis 

nebismieri funqcia romelime rikatis gantolebis amonaxsnia, sadac ܿ 
nebismieri mudmivia da ݕଵ(ݐ)ݖଶ(ݐ) − (ݐ)ଵݖ(ݐ)ଶݕ ≠ 0. 

(ݐ)ݔ .4 = (ݐ)ଵݔ + ଵ௬(௧) gardaqmniT, sadac ݔଵ(ݐ) rikatis gantolebis 

cnobili amonaxsnia, (1) miiyvaneba (ݐ),ݕ − ൫2ܾ(ݐ) + (ݐ)ݕ൯(ݐ)ܽ =  wrfiv (ݐ)ܽ
gantolebaze. 

5. Tu ݔଵ(ݐ) da ݔଶ(ݐ) rikatis gantolebis cnobili amonaxsnebia, 

maSin (ݐ)ݕ = ଵ௫భ(௧)ି௫మ(௧) kvlav rikatis gantolebis amonaxsnia. 

6. Tu ݔଵ(ݐ), ݔଶ(ݐ) da ݔଷ(ݐ) rikatis gantolebis sami amonaxsnia, 

maSin zogadi amonaxsni ganisazRvreba Semdegi  (ݐ)ݔ − (ݐ)ݔ(ݐ)ଶݔ − (ݐ)ଵݔ : (ݐ)ଷݔ − (ݐ)ଷݔ(ݐ)ଶݔ − (ݐ)ଵݔ = ܿ 
anharmoniuli Tanadobidan, sadac ܿ nebismieri mudmivia. 

7. Tu ݔଵ(ݐ), ݔଶ(ݐ), ݔଷ(ݐ) da ݔସ(ݐ), rikatis gantolebis oTxi 

amonaxsnia, maSin: ݔଶ(ݐ) − (ݐ)ସݔ(ݐ)ଵݔ − (ݐ)ଵݔ : (ݐ)ଷݔ − (ݐ)ସݔ(ݐ)ଶݔ −  (ݐ)ଶݔ
anharmoniuli Tanadoba mudmivia. 
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savarjiSoebi damoukidebeli muSaobisaTvis 

1. amoxseniT Semdegi erTgvarovani gantolebebi: 

ᇱᇱݕ (1 − ᇱݕ4 + ݕ5 = 0 (pasuxi: ݕ = ݁ଶ௫(ܿଵܿݔݏ + ܿଶݔ݊݅ݏ)) 
ᇱᇱݕ (2 + ᇱݕ2 + ݕ10 = 0 (pasuxi: ݕ = ݁ି௫(ܿଵܿݔ3ݏ + ܿଶݔ݊݅ݏ)) 
ᇱᇱݕ (3 + ݕ4 = 0 (pasuxi: ݕ = ܿଵܿݔ2ݏ + ܿଶݔ2݊݅ݏ) 
ᇱᇱᇱݕ (4 − ݕ8 = 0 (pasuxi: ݕ = ܿଵ݁ଶ௫ + ݁ି௫൫ܿଶܿݔ3√ݏ + ܿଷݔ3√݊݅ݏ൯) 
(ସ)ݕ (5 − ݕ = 0 (pasuxi: ݕ = ܿଵ݁௫ + ܿଶ݁ି௫ + ܿଷܿݔݏ + ܿସݔ݊݅ݏ) 
ᇱᇱᇱݕ (6 + ᇱᇱݕ3 + ᇱݕ3 − ݕ7 = 0  
(pasuxi: ݕ = ܿଵ݁௫ + ݁ିଶ௫൫ܿଶܿݔ3√ݏ + ܿଷݔ3√݊݅ݏ൯) 
2. ipoveT Semdegi araerTgvarovani gantolebebis zogadi amonaxsnebi: 

1)
xeyyy 4'" 2168 −=++  (pasuxi: (ݔ)ݕ = ܿଵି݁ݔସ௫ + ܿଶ݁ିସ௫ +  (ଶ݁ିସ௫ݔ

2) 
xeyyy 4'" 2168 =+−  (pasuxi: (ݔ)ݕ = ܿଵ݁ݔସ௫ + ܿଶ݁ସ௫ +  (ଶ݁ସ௫ݔ

3) 
xeyyy 3'" 496 =+−  (pasuxi: (ݔ)ݕ = ܿଵ݁ݔଷ௫ + ܿଶ݁ଷ௫ +  (ଶ݁ଷ௫ݔ2

4) 
xeyyy 5'" 32510 −=++  (pasuxi: (ݔ)ݕ = ܿଵି݁ݔହ௫ + ܿଶ݁ିହ௫ + ଷଶ  (ଶ݁ଷ௫ݔ

3. amoxseniT koSis amocana:  

1) 3)0(,2)0(,065 ''" ===+− yyyyy  (pasuxi: (ݔ)ݕ = −݁ଷ௫ + 3݁ଶ௫) 
2) 3)0(,2)0(,065 ''" ===++ yyyyy  (pasuxi: (ݔ)ݕ = −7݁ିଷ௫ + 9݁ିଶ௫) 
3) 3)0(,2)0(,056 ''" ===++ yyyyy  (pasuxi: (ݔ)ݕ = − ହସ ݁ିହ௫ + ଵଷସ ݁ି௫) 
4) 3)0(,2)0(,056 ''" ===+− yyyyy  (pasuxi: (ݔ)ݕ = ସ ݁௫ + ଵସ ݁ହ௫) 
5) 2)0(,1)0(,0127 ''" ===+− yyyyy  (pasuxi: (ݔ)ݕ = 2݁ଷ௫ − ݁ସ௫) 
4. amoxseniT bernulis gantoleba: 

1) 
xeyyy 2' 3 =−
 
(pasuxi: (ݔ)ݕ = ସିೣାସషయೣ) 

2) 
xeyyy 22' 3 −+−=
 
(pasuxi: (ݔ)ݕ = ଵషమೣାೣ) 

3) 
xeyyy 22' 2 −=−
 
(pasuxi: (ݔ)ݕ = ସమೣାସషమೣ) 

4) 
xeyyy 22' 22 =+
 
(pasuxi: (ݔ)ݕ = − మೣଶ௫ି)  

5. amoxseniT rikatis gantoleba, Tu cnobilia misi erTi kerZo amonaxsni:  

ᇱ݁ି௫ݕ (1 + ଶݕ − ௫݁ݕ2 = 1 − ݁ଶ௫, ݕଵ = ݁௫ pasuxi: ݁௫ + ଵାೣ 
ᇱݕ (2 + ଶݕ − ݔ݊݅ݏݕ2 + ݔଶ݊݅ݏ − ݔݏܿ = ଵݕ ,0 = ݕ :pasuxi ݔ݊݅ݏ = ݔ݊݅ݏ + ଵା௫ 
ᇱݕݔ (3 − ଶݕ + ݔ2) + ݕ(1 = ଶݔ + ଵݕ ,ݔ2 = ݕ :pasuxi ݔ = ݔ + ଵ௫ାଵ 
ᇱݕଶݔ (4 = ଶݕଶݔ + ݕݔ + ଵݕ ,1 = − ଵ௫ pasuxi: ݕ = − ଵ௫ + ଵ(ି௫)௫ 
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5. zogierTi specialuri saxis diferencialuri 

gantolebis amoxsnis meTodi 

5.1. gansakuTrebuli (singularuli) amonaxsni 

gantolebebs, romlebic ucnobi funqciis warmoebuls cxadad ar Se-
icaven, sazogadod, aseTi saxe aqvT: ݐ)ܨ, ,ݔ (ᇱݔ = 0      (1) 

da maTi Tvisebebi aqamde ganxiluli ݔᇱ = ,ݐ)݂ -gantolebebis Tvise (ݔ
bisagan arsebiTad gansxvavdeba. am saxis gantolebebisaTvis koSis amo-
canis arsebobisa da erTaderTobis Teorema yalibdeba Semdegnairad. 

Teorema 1. davuSvaT, ܨ uwyvetad warmoebadi funqciaa ܷ areSi da (ݐ, ,ݔ ᇱݔ ) ∈ ܷ wertilSi ܨ = 0 da 
డிడ௫ᇲ ≠ 0.MmaSin ricxviTi RerZis 

sakmaod mcire [ݐ − ,ߝ ݐ + -monakveTze arsebobs (1) gantolebis er [ߝ
TaderTi amonaxsni, romelic ݔ(ݐ) = ,ݔ (ݐ)ᇱݔ = -ᇱ pirobebs akݔ
mayofilebs. 

Sedegi 1. vTqvaT, ݐ)ܨ, ,ݔ ( = 0 gantolebas (ݐ,  ) wertilSiݔ

aqvs ݉ gansxvavebuli ଵ, ,ଶ … ,   fesvi da yoveli maTganisaTvis

sruldeba utoloba 
డி(௧బ,௫బ,)డ ≠ 0. maSin (ݐ,  ) wertilis midamoSiݔ

(1) gantolebis ݉ amonaxsni arsebobs, romlebic (ݐ,  ) wertilzeݔ

gadian. Ggarda amisa, am amonaxsnebis pirveli warmoebulebi ݐ 
wertilSi ݔᇱ(ݐ) = , ݅ = 1,… ,݉ erTmaneTisagan gansxvavebulebia.  

Tu (ݐ,  ) wertilze gadis (1) gantolebis erTze meti amonaxsniݔ

da or maTgans mainc ݐ wertilSi aqvs erTi da igive warmoebuli ݔᇱ(ݐ), amboben, rom am wertilSi (irRveva) ar sruldeba erTader-
Tobis piroba. Tu erTaderTobis piroba darRveulia, maSin romelime ݔᇱ -saTvis sruldeba pirobebi: ݐ)ܨ, ,ݔ ᇱݔ ) = 0,			 ,ݐ)ܨ߲ ,ݔ ᇱݔ ᇱݔ߲( = 0.																							(2) 
radgan ݔᇱ winaswar ar aris cnobili, amitom (ݐ, -) wertilis sapovݔ
nelad saWiroa (2) gantolebaTa sistemidan gamovricxoT ݔᇱ . miviRebT 
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gantolebas ݃(ݐ, (ݔ = 0, romlis 0-ebi garkveul simravles gansazR-
vraven (ݐ,  .sibrtyeze. am simravles ewodeba diskriminantuli wiri (ݔ

diskriminantuli wiri Seicavs yvela im wertils, sadac erTaderTo-
bis piroba ar sruldeba, magram aramarto maT. 

aqve SegaxsenebT, rom ori ߮(ݐ) da ߰(ݐ) funqciebiT mocemuli wi-

rebi erTmaneTs exebian an aqvT Sexebis wertili, Tu sruldeba tolo-

bebi ߮(ݐ) = (ݐ)da ߮ᇱ (ݐ)߰ = ߰ᇱ(ݐ). 
(1) gantolebis gansakuTrebuli amonaxsni ewodeba iseT amonaxsns, 

romelsac yovel wertilSi exeba sxva amonaxsni, romelic misgan gan-

sxvavebulia am wertilis Tundac sakmaod mcire midamoSi.  

radgan gansakuTrebuli amonaxsnisaTvis erTaderTobis piroba dar-
Rveulia, amitom mas diskriminantuli wiri aucileblad Seicavs. ami-
tom gantolebis gansakuTrebuli amonaxsnis sapovnelad saWiroa Tavda-
pirvelad diskriminantuli wiris povna. magram igi yovelTvis ar aris 

gansakuTrebuli amonaxsni, zogjer maSinac ki, rodesac igi amonaxs-
nia. amis gamo Semdeg nabijze saWiroa Semowmdes: 

1. aris Tu ara igi amonaxsni; 

2. exeba Tu ara mas yovel wertilSi sxva amonaxsni.  
Tu orive piroba sruldeba, maSin diskriminantis ganxiluli nawi-

li iqneba gansakuTrebuli amonaxsni.  

wirTa ߮(ݐ, ,ݔ ܿ) = 0 ojaxis momvlebi ewodeba ܦ wirs, romelic 

am wirTa ojaxs exeba yovel wertilSi.  

Teorema 2. ݔ =  wiri aris (1) gantolebis gansakuTrebuli (ݐ)߰

amonaxsni maSin da mxolod maSin, rodesac is aris gantolebis amonax-
snTa ojaxis momvlebi. 

,࢚)ࡲ .5.2 ,࢞ (ᇱ࢞ =  saxis gantolebis amoxsnis meTodebi 

a) warmoebuli funqciis mimarT gantolebis amoxsnis meTodi. amovx-
snaT ݐ)ܨ, ,ݔ (ᇱݔ = 0 gantoleba ucnobis warmoebuli ݔᇱ(ݐ) funqciis 

mimarT, e.i. gamovsaxoT igi ݐ-sa da ݔ-is saSualebiT. miviRebT erT an 

ramdenime ݔᇱ(ݐ) = ,ݐ)݂  saxis gantolebas, romlebsac ukve cnobili (ݔ

meTodebiT amovxsniT. 

b)parametris Semotanis meTodi. am meTodiT gantoleba miiyvaneba 

gantolebaze, romlis amoxsnac SesaZlebelia zemoT moyvanili meTodiT. 
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ganvixilavT SemTxvevebs, rodesac ݐ)ܨ, ,ݔ (ᇱݔ = 0 gantoleba miiyvaneba (ݐ)ݔ = ,ݐ)݂ (ݔ)ݐ ᇱ) anݔ = ,ݔ)݂ (ݐ)ݔ .ᇱ) saxis gantolebebzeݔ = ,ݐ)݂  ᇱ) gantolebaSi SevitanoTݔ = ௗ௫ௗ௧ parametri da miviRebT: (ݐ)ݔ = ,ݐ)݂  (3)     .(

axla ganvixiloT (3)-is orive mxaris sruli diferenciali da 

gveqneba: ݀ݔ = ௧݂ᇱ݀ݐ + ݂ᇱ݀. 
ukanasknel gamosaxulebaSi SevitanoT ݀ݔ = ݐ݀ :mniSvneloba ݐ݀ = ௧݂ᇱ݀ݐ + ݂ᇱ݀. 
es gantoleba ixsneba 

ௗ௧ௗ da ௗௗ௧ funqciebis mimarT. vTqvaT, misi 
amonaxsni vipoveT ݐ = ݐ .saxiT ()߮ =  s (3) gantolebaSi CasmiT-()߮

miviRebT sawyisi gantolebis amonaxsns parametruli saxiT: ݐ = ݔ ,()߮ = ,()߮)݂   .(
analogiuri gziT amoixsneba ݐ = ,ݔ)݂  .ᇱ) gantolebaݔ

5.3. lagranJisa da kleros gantolebebi 

arawrfivi gantolebebi, romlebic zemoT moyvanili meTodebis saSu-

alebiT ixsnebian ucnobi funqciis warmoebulis mimarT, ZiriTadad ar 

arian kvadraturebSi integrebadebi. magram zogierTi specialuri gan-

tolebis kvadraturebSi integreba SesaZlebelia, aseTia lagranJis ga-

ntoleba: ݔ()ܣ + ݐ()ܤ =  (1)    ,()ܥ

romelic parametris Semotanis Semdeg wrfivia ucnobi funqciis da 

cvladis mimarT. (1) gamosaxulebaSi ()ܣ, -diferencire ()ܥ da ()ܤ
badi funqciebia -s mimarT.  

lagranJis gantolebis kerZo SemTxvevaa kleros gantoleba: ݔ = ݐ +  (2)     .()ܾ

kleros (2) gantolebis zogadi amonaxsnebia araparalelur wrfe-

Ta ojaxi. Tu ܾ() arawrfivi da orjer uwyvetad warmoebadia, maSin 
mas aqvs gansakuTrebuli amonaxsni, romlis mxebia amonaxsnTa aRniS-
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nuli ojaxi. Tu ܾ() wrfivia, maSin wrfeebi erT wertilze gadian 

da gantolebas gansakuTrebuli amonaxsni ar aqvs. 

amocanebi. 1. amoxseniT gantoleba (ݔᇱ(ݐ))ଶ − ଶݐ4 = 0.  
pirvel rigSi amovxsnaT es gantoleba ݔᇱ(ݐ) warmoebulis mimarT, 

miviRebT or	− ݔᇱ(ݐ) = (ݐ)ᇱݔ da ݐ2 = -gantolebas, romelTa amona ݐ2−

xsnebi, Sesabamisad, (ݐ)ݔ = ଶݐ + ܿ da (ݐ)ݔ = ܿ −  ଶ funqciebia, racݐ

imas niSnavs, rom (ݐ,  sibrtyis yovel wertilSi gadis aranakleb ori (ݔ

amonaxsni.  

 

wirebis am ojaxis garda, gantolebis integraluri wirebia iseTi 

Sedgenili wirebi, romlebsac yvela wertilSi warmoebulebi aqvT (an, 

rac igivea, saerTo wertilSi maT saerTo mxebi aqvT). magaliTad, ܦܥܤܣ 
wiri gantolebis amonaxsnia, xolo ܭܱܤܣ ki gantolebis amonaxsni 

ar aris. imisaTvis, rom (ݐ, -) wertilSi gamavali erTaderTi amonaݔ

xsni gamovyoT, sazogadod, wertilTa am wyvilis miTiTeba sakmarisi ar 

aris. magaliTad, ݐ)ܤ = −1, ݔ = 1) wertilSi gantolebis ori amona-

xsni mainc gadis: (ݐ)ݔ = -ଶ (koordinatTa saTaveze gamavali hiperboݐ

la, romlis Stoebi zeviTaa mimarTuli) da (ݐ)ݔ =  wiri ܧܥܤܣ) ଶݐ−2
naxazze). imisaTvis, rom erTaderTi amonaxsnis gamoyofa moxdes, saWi-

roa ݐ wertilSi (ݐ)ݔ-s warmoebulis ݔᇱ = -mniSvneloba dava (ݐ)ᇱݔ

fiqsiroT, mxolod ݔᇱ ise unda SeirCes, rom (ݐ, ,ݔ ᇱݔ ) ricxvTa sa-
meulma mocemuli gantoleba daakmayofilos. magaliTad, Tu ݐ = ݔ  	,1− = 1 mniSvnelobis garda mocemulia ݔᇱ = 2, gantolebis erTaderTi 

amonaxsni iqneba (ݐ)ݔ = ᇱݔ ଶ, xolo, Tuݐ−2 = −2, maSin (ݐ)ݔ =  .ଶݐ
amonaxsnebis Tanaxebis wertilebSi erTaderToba irRveva. marTlac, na-

xazidan Cans, rom ܱݔ RerZis wertilebi amonaxsnTa Tanaxebis werti-

lebia da amonaxsnis gagrZeleba am wertilidan calsaxa ar aris. 
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2. amovxsnaT gantoleba ݔ = ݐᇱݔ +  .ଶ(ᇱݔ)
SemovitanoT aRniSvna  =  ᇱ. mocemuli gantoleba gadaiwerebaݔ

aseTi saxiT: ݔ = ݐ +  ଶ.       (3)

vipovoT gantolebis orive mxaris sruli diferenciali da erT-

maneTs davutoloT: ݀ݔ = ݐ݀ + ݀ݐ + ݔ݀ radgan ,݀2 = ݐ) amitom ,ݐ݀ + ݀(2 = 0. aqedan ki gamomdinareobs, rom ݐ + 2 = 0 an ݀ = 0. 
Tu ݐ + 2 = 0, maSin ݐ = -da misi CasmiT (1)-Si miviRebT gamosa 2−
vali gantolebis amonaxsns parametruli saxiT: ݐ = ݔ ,2− =  .ଶ−
Tu bolo gamosaxulebaSi SevitanT parametris mniSvnelobas, miviRebT 

gantolebis erT-erT amonaxsns: (ݐ)ݔ = − ௧మସ . axla ganvixiloT meore 

SemTxveva: ݀ = 0. am gantolebis amonaxsnia  = ܿ nebismieri mudmivi 
ricxvi, romlis Casmis Semdeg (3)-Si miviRebT gamosavali gantolebis 

kidev erT amonaxsns (ݐ)ݔ = ݐܿ + ܿଶ, romelic araparalelur wrfeTa 

ojaxia. SevamowmoT, aris Tu ara (ݐ)ݔ = − ௧మସ  funqcia gantolebis gan-

sakuTrebuli amonaxsni (gantoleba (3) kleros gantolebaa, romlis 

yvela amonaxsni Cven zemoT ukve davaxasiaTeT), risTvisac saWiroa Se-

mowmdes (ݐ)ݔ = − ௧మସ 	da (ݐ)ݔ = ݐܿ + ܿଶ wirebis Tanaxebis pirobebi: −ݐଶ4 = ݐܿ + ܿଶ, − 2ݐ = ܿ. 
meore tolobis CasmiT pirvelSi miviRebT igiveobas − ௧మସ = − ௧మଶ +௧మସ , rac imas niSnavs, rom (ݐ)ݔ = − ௧మସ  wirs yovel wertilSi exeba (ݐ)ݔ = ݐܿ + ܿଶ wrfeTa ojaxidan wrfe. amrigad, (ݐ)ݔ = − ௧మସ  gantole-

bis gansakuTrebuli amonaxsnia. 

ݔ	.3 = ᇱݔݐ −  .ᇱଶݔ
SemovitanoT  = ݔ ᇱ parametri da vipovoTݔ = ݐ − -ଶ gamosaxu

lebis sruli diferenciali: ݐ݀ = ݐ)݀ − ݐ݀ ⇒ (ଶ = ݀ݐ + ݐ݀ − ⇒  ⇒ ݀2 ݐ) − ݀(2 =  ⇒ 0 = ܿ da  = ௧ଶ.  
aqedan ݔ = ݐܿ − ܿଶ, ݔ = ௧మସ .  
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4. amovxsnaT gantoleba ݐଷݔᇱଶ + ᇱݔݔଶݐ + ܽ = 0. 
pirvel rigSi gantoleba amovxsnaT ݔ-is mimarT: ݔ = − ᇱݔଶݐܽ −  (4)																																														ᇱ.ݔݐ
amis Semdeg SemovitanoT parametri  =  ᇱ da misi gamoyenebiTݔ

(4) gantoleba gadavweroT aseTi saxiT: ݔ = − ଶݐܽ −  (5)																																																	.ݐ
vipovoT (5) gamosaxulebis orive mxaris sruli diferenciali 

da gaviTvaliswinoT, rom ݀ݔ =  amis Semdeg (5) toloba miiRebs .ݐ݀

Semdeg saxes: ݐ݀ = ଷݐ2ܽ ݔ݀ + ଶଶݐܽ ݀ − ݀ݐ −  .ݐ݀
am tolobidan viRebT: ൬ ଷݐ2ܽ − ൰2 ݔ݀ + ൬ ଶଶݐܽ − ൰ݔ ݀ = 0 ⇒ ൬ ଶଶݐܽ − ൰ݔ ൬݀ + ݐ2 ൰ݐ݀ = 0. 
ukanaskneli gantolebidan vpoulobT ݐ = ට మయ

 da ݐ = ඥ||, romel-

Ta CasmiT (5) gantolebaSi viRebT gantolebis yvela amonaxsns para-

metruli saxiT: ݔ = −2ඥܽయ  da ݔ = − మ ݊݃ݏ − ܿඥ||. 
Tu am gamosaxulebebidan  parametrs gamovricxavT, gveqneba: ݐ = ଶݔ4ܽ ⇒ ݔ = ܽܿ +  .ݐܿ
ݔ	.5 = ᇱݔݐ2 −   .ᇱଶݔ4
SemovitanoT parametri  =  ᇱ. gadavweroT mocemuli gantoleba amݔ

aRniSvnis gaTvaliswinebiT: ݔ = ݐ2 −  ଶ; vipovoT am gamosaxulebis4

sruli diferenciali:	݀ݔ = ݀ݐ2 + ݐ݀2 − ݀ݐTi da gavamartivoT miRebuli gamosaxuleba: 2-ݐ݀ SevcvaloT ݔ݀ Semdeg ;݀8 + ݐ݀ − ݀8 = 0, 
romelic SesaZlebelia gadaiweros saxiT:  ݀ݐ݀ + ݐ2 =  .8
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es ukanaskneli ki wrfivi pirveli rigis gantolebaa ݐ = -fun ()ݐ
qciis mimarT, romlis amosaxsnelad gamoviyenebT CvenTvis kargad 

cnobil koSis formulas da miviRebT: ݐ = మ + ଷ଼  s es mniSvneloba-ݐ .

SevitanoT sawyis gantolebaSi  = ݔ :ᇱ gaTvaliswinebiT da miviRebTݔ = 2 ቀ మ + ଷ଼ ቁ − ݔ ⇒ ଶ4 = ଶ − ସଷ  ଶ. amrigad, sawyisi gantolebis

zogadi amonaxsni parametruli saxiT moicema Semdegnairad: ݐ = ଶܿ + ݔ				,83 = ଶ43− + ܿ2 . 
garda am amonaxsnebisa, mocemul gantolebas aqvs trivialuri amo-

naxsni (ݐ)ݔ ≡ 0. 
ݔ .6 = ᇱଶݔݐ −  .ᇱଷݔ2
wina amocanebis analogiurad SemovitanoT parametri  = ݔ :ᇱ. maSinݔ = ଶݐ − ݔ݀ ⇒ ଷ2 = ଶݐ)݀ − )൫ ⇒ ⇒ (ଷ2 − ݐ݀(1 + ݐ)2 − ൯݀(3 = 0, 

saidanac vRebuloT:  = 1,  = 0 da ( − 1) ௗ௧ௗ + ݐ2 =  ukanaskneli .3

gamosaxuleba wrfivi pirveli rigis gantolebaa, romlis amonaxsnia ݐ = (ିଵ)మ + 2 + ᇱݔ s am mniSvnelobis da-ݐ .1 =  SetaniT gamosaval 

gantolebaSi miviRebT: ݔ = మ(ିଵ)మ +  .ଶ = 1,  = 0 gvaZlevs, Sesabami-

sad, ݔ = ݐ + ܿ da ݔ = -maTi CasmiT gamosaval gantolebaSi vRe .ݐݏ݊ܿ

bulobT, rom funqciaTa am ojaxebidan, gantolebis amonaxsnebia mxo-

lod (ݐ)ݔ = ݐ − 2 da (ݐ)ݔ ≡ 0 funqciebi. amrigad, gantolebis yvela 

amonaxsni Semdegi saxisaa: ݔ = 0; ݔ = ݐ − 2; ݐ	 = )ܿ − 1)ଶ + 2 + 1, ݔ = )ଶܿ − 1)ଶ +  .ଶ
ᇱଶݔݐ	.7 = ݔ	 −  .ᇱݔ
SemovitanoT parametri  =  ᇱ. maSin gantoleba gadaiwereba aseTiݔ

saxiT: ݔ = ଶݐ + ݔ݀  :sruli diferencialis gamoTvlis Semdeg miviRebT . = ଶݐ)݀ + ݔ݀ ⇒ ( = ݀ݐ2 + ݐଶ݀ + ݐ݀ ⇒ ݀ = = ݀ݐ2 + ݐଶ݀ + ݀ ) ⇒ − ݐ݀(ଶ = ݐ2) +  .݀(1
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davuSvaT,  ≠ 0 da  ≠ 1. am SemTxvevaSi ukanaskneli gantoleba ga-

daiwereba aseTi saxiT: 
ௗ௧ௗ − ଶିమ ݐ = ଵିమ.Ees aris pirveli rigis wrfivi 

diferencialuri gantoleba ()ݐ funqciis mimarT, romlis amonaxsns 

vpouloT koSis formuliT: ݐ = ି(ିଵ)మ ݔ . = ଶݐ + ݔ :s am mniSvnelobas, miviRebT-ݐ tolobaSi SevitanT  = మ(ି)(ିଵ)మ + -amrigad, miviReT ganto .
lebis zogadi amonaxsni parametruli saxiT: ݐ = ି(ିଵ)మ ݔ , = మ(ି)(ିଵ)మ +  ,
rodesac  ≠ 0 da  ≠ 1. axla davuSvaT  = 0 da  = 1, maSin ݔ = ݔ da ݐݏ݊ܿ = ݐ + ܿ, Sesabamisad. ݔ =  mocemuli gantolebis ݐݏ݊ܿ

amonaxsnia mxolod maSin, rodesac (ݐ)ݔ ≡ 0, xolo ݔ = ݐ + ܿ-s CasmiT 
mocemul gantolebaSi vRebulobT, rom ܿ = 1. amrigad, gamosavali gan-

tolebis amonaxsnebia: (ݐ)ݔ ≡ 0; (ݐ)ݔ				 = ݐ + 1; ݐ				 = ݈ܿ݊ − ) − 1)ଶ ݔ				, = ݈ܿ݊)ଶ − )( − 1)ଶ +  .
savarjiSoebi damoukidebeli muSaobisaTvis 

amoxseniT gantolebebi 

(ݔ)ݕ (1 = (ݔ)ᇱݕݔ2 + (ݔ)ᇱݕ miTiTeba: SemoitaneT aRniSvna .(ݔ)ᇱݕ݈݊ =   .
pasuxi: ݔ = మ − ଵ , ݕ = ݈݊ + ଶ − 2. 

(ݔ)ݕ (2 = 1)ݔ + ((ݔ)ᇱݕ + ݔ :ଶ.Ppasuxi((ݔ)ᇱݕ) = 2(1 − ( + ܿ݁ି,  ݕ = [2(1 − ( + ܿ݁ି](1 + ( +  .ଶ
(ݔ)ݕ (3 = (ݔ)ᇱݕݔ2 + ݔ :pasuxi .(ݔ)ᇱݕଶ݊݅ݏ = మ − ௦మ − ௦ ݕ 	, = ଶ − ଶ௦ − ,݊݅ݏ ݕ = 0.  
(ݔ)ݕ (4 = ଶ((ݔ)ᇱݕ)ݔ − ଵ௬ᇲ(௫). Ppasuxi: ݔ = మାଶିଵଶమ(ିଵ)మ, ݕ = మାଶିଵଶ(ିଵ)మ − ଵ. 
(ݔ)ݕ (5 = ଷଶ (ݔ)ᇱݕݔ + ݁௬ᇲ(௫). pasuxi: ݔ = య − 2݁ ቀଵ − ଶమ + ଶయቁ, ݕ = ଷଶమ − 2݁ ቀ1 − ଷ + ଷమቁ. 
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6. diferencialuri gantolebis amonaxsnis 

warmodgena xarisxovani mwkrivis saSualebiT 

6.1. ganmartebebi da elementaruli funqciebi 

ܽ + ܽଵݔ + ܽଶݔଶ + ⋯ = ∑ ܽݔஶୀ  saxis gamosaxulebas, sadac ܽ 
mudmivebia, xolo ݔ ki cvladia, ewodeba xarisxovani mwkrivi. rode-

sac garkveuli ܰ-dan dawyebuli, yvela ܽ, ݆ > ܰ 0-is tolia, maSin 

xarisxovani mwkrivi gadaiqceva sasrul jamad da, amrigad, miviRebT ܰ xarisxis mravalwevrs, anu polinomialur funqcias. sazogadod, 

Tu zemoT moyvanili xarisxovani mwkrivi krebadia, maSin igi aris   

0-is Semcvel intervalze ݔ cvladis funqcia (analogiurad, Tu ܽ + ܽଵ(ݔ − (ݔ + ܽଶ(ݔ − )ଶݔ + ⋯ = ∑ ܽ(ݔ − )ஶୀݔ  xarisxovani mwkri-

vi krebadia, sadac ݔ fiqsirebuli namdvili ricxvia, maSin igi aris ݔ 
cvladis funqcia ݔ-is Semcvel intervalze). am TvalsazrisiT, xarisxo-

vani mwkrivi aris `usasrulo xarisxis~ mravalwevri, Tu mwkrivi kreba-

dia. xarisxovani mwkrivis magaliTia 1 + ݔ + ଶݔ + ଷݔ + ⋯ mwkrivi, rome-

lic krebadia. rodesac |ݔ| < 1, igi aris usasrulo geometriuli pro-

gresia da misi jami 
ଵଵି௫ -is tolia, e.i. 1 + ݔ + ଶݔ + ଷݔ + ⋯ = ଵଵି௫, 

rodesac |ݔ| < 1. 	
moviyvanoT xarisxovani mwkrivis krebadobis niSani. 

Teorema 1. ganvixiloT ܽ + ܽଵݔ + ܽଶݔଶ + ⋯ = ∑ ܽݔஶୀ  xarisxo-

vani mwkrivis ori mezobeli wevris ganayofebis modulebis mimdevro-

ba da vTqvaT, arsebobs zRvari ݈݅ ݉→ஶ | ೕశభೕ | = ݈. davuSvaT, ܴ = 1/݈, 
garda amisa, CavTvaloT, ܴ = 0, Tu ݈ = ∞ da ܴ = ∞, Tu ݈ = 0, maSin: 

a) Tu |ݔ| < ܴ, mwkrivi absoluturad krebadia; 

b) Tu |ݔ| > ܴ, mwkrivi ganSladia; 

g) Tu ݔ = ±ܴ, maSin mwkrivi SeiZleba iyos rogorc krebadi, 

aseve ganSladi. 

TeoremaSi miTiTebul ܴ-s ewodeba xarisxovani mwkrivis krebado-
bis radiusi da rogorc Teoremidan Cans, is SeiZleba iyos rogorc 

usasrulobis, aseve 0-is toli. 
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elementaruli funqciebi (polinomialuri, maCvenebliani, xarisxo-

vani, trigonometriuli da maTi Seqceuli funqciebi), rogorc viciT, 

warmodgebian teiloris mwkrivad (romelic xarisxovani mwkrivia). es 

funqciebi arian romelime (ara aucileblad erTaderTi) diferencial-

uri gantolebebis amonaxsnebi, kerZod:  

1) ݊ − 1 xarisxis polinomialuri funqcia aris ݕ() = 0 
gantolebis zogadi amonaxsni: ݕ = ܽ + ܽଵݔ + ܽଶݔଶ + ⋯+ ܽିଵݔିଵ . 

2) trigonometriuli funqciebi (ܿݔݏ da ݔ݊݅ݏ funqciebi) ݕᇱᇱ + ݕ = 0 
gantolebis wrfivad damoukidebeli amonaxsnebia. gantolebis zogadi 

amonaxsni aseTia: (ݔ)ݕ = ܿଵܿݔݏ + ܿଶݔ݊݅ݏ. 
3) eqsponencialuri funqcia (݁௫) ݕᇱ − ݕ = 0 

gantolebis erT-erTi amonaxsnia (mudmivamde sizustiT). gantolebis zo-

gadi amonaxsnia (ݔ)ݕ = ܿ݁௫ funqcia. 
4) hiperboluri funqciebi dakavSirebulia  ݕᇱ + ݕ = 0 

saxis gantolebasTan. gantolebis amonaxsnia (ݔ)ݕ = ݁ି௫, igive funq-
cia akmayofilebs agreTve  ݕᇱᇱ − ݕ = 0 
gantolebas, magram am gantolebas aqvs kidev erTi amonaxsni ݁௫ . amri-
gad, gantolebis zogadi amonaxsnia (ݔ)ݕ = ܿଵ݁௫ + ܿଶ݁ି௫ funqcia. aRv-
niSnoT  ܿℎݔ = ݁௫ + ݁ି௫2  

da ݏℎݔ = ݁௫ − ݁ି௫2 . 
am funqciebs ewodebaT, Sesabamisad, hiperboluri kosinusi da hi-

perboluri sinusi. es funqciebi wrfivad damoukideblebi arian da 

orive akmayofilebs ݕᇱᇱ − ݕ = 0 gantolebas.  
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arsebobs mravali krebadi xarisxovani mwkrivi, romelTac ar aqvT 

konkretuli saxeli, magram yvela isini arian (iseve rogorc elemen-

taruli funqciebi) diferencialuri gantolebis amonaxsnebi. momdev-

no paragrafebSi ganvixilavT diferencialuri gantolebis amonaxsnis 

povnis meTods, mxolod es amonaxsnebi warmodgenilebi iqnebian kreba-

di xarisxovani mwkrivebis saSualebiT. 

6.2 pirveli rigis wrfivi gantolebis amonaxsnis                  

mwkrivad warmodgena  

 rogorc ukve ganvixileT 

)()(/ ttxtx =     (1) 

wrfivi gantolebis amoxsnis ori SesaZlo meTodidan: pirveli aris 

gantoleba gancalebadi cvladebiT. is SesaZlebelia gadaiweros aseTi 

saxiT: tdt
x

dx = , saidanac integrebis Semdeg miviRebT  = tdt
x

dx  anu 

C
t

x +=
2

ln
2

, maSasadame, amonaxsni iqneba: 
C

t

etx
+

= 2

2

)(  2

2

~
)(

t

eCtx = , sa-

dac CeC =~
. meore mxriv, SegviZlia es gantoleba ganvixiloT rogo-

rc pirveli rigis wrfivi erTgvarovani gantoleba da amovxsnaT ko-

Sis formulis gamoyenebiT da Sedegi igive iqneba. axla ganvixiloT 

am gantolebis amoxsnis kidev erTi xerxi. kerZod, veZeboT (1) ganto-

lebis amonaxsni:  

...)( 2
210 +++= tataatx     (2) 

saxis xarisxovani mwkrivis saxiT. maSin )(/ tx  iqneba: 

...32)( 2
321

/ +++= tataatx    (3) 

CavsvaT (2),(3) gamosaxulebebi (1)-Si da miviRebT: 

2 3 4 5
1 2 3 4 5 6

2 3 4 5
0 1 2 3 4

2 3 4 5 6 ...

...

a a t a t a t a t a t

a t a t a t a t a t

+ + + + + + =

= + + + + +
        (4) 

(4) aris xarisxovani mwkrivebis toloba, rac niSnavs, rom t -s 
toli xarisxebis mqone Sesabamisi koeficientebi erTmaneTis toli 

unda iyos, e.i.  
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01 =a , 
2

0
2

a
a = , 0

3
1

3 == a
a , 

424
02

4 ×
== aa

a , 

0
5

3
5 == a

a ,
6426

04
5 ××

== aa
a ,..., 

sadac )0(00 xxa == . amrigad, (2) miiRebs saxes: 









+

×
+++= ...

832

1

42

1

2
1)(

642

0

ttt
atx . 

frCxilebSi moTavsebuli mwkrivi krebadia 2

2t

e  funqciisaken (amaSi 

advilad davrwmundebiT, Tu 
௧మଶ -s ߬-Ti aRvniSnavT). amitom miviRebT, 

rom (1) gantolebis amonaxsnia 2
0

2

)(
t

eatx = .  

axla ganvixiloT kidev erTi wrfivi pirveli rigis gantoleba:  

1)()(/ += ttxtx                      (5) 

da misi amonaxsni veZeboT xarisxovani mwkrivis saSualebiT. mxolod 

aqve SevniSnoT, rom (5) gantoleba ar aris gantoleba gancalebadi cvla-

debiT, magram igi SesaZlebelia amoixsnas koSis formulis saSualebiT. 

visargebloT kvlav (2) da (3) gamosaxulebebiT da SevitanoT isini 

(5)-Si. miviRebT: 

2 3 4 5
1 2 3 4 5 6

2 3 4 5
0 1 2 3 4

2 3 4 5 6 ...

1 ...

a a t a t a t a t a t

a t a t a t a t a t

+ + + + + + =

= + + + + + +
 

saidanac 

,
2

0
2

a
a = ,

31

1

3
1

3 ×
== a

a ,
424

02
4 ×

== aa
a , 

531

1

5
3

5 ××
== a

a , 
6426

04
5 ××

== aa
a ,..., 

aqedan vRebulobT, rom (5) gantolebis amonaxsnia Semdegi xarisxovani 

mwkrivi: 

11 =a
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3 5 7

2 4 6

0

( ) ...
1 1 3 1 3 5 1 3 5 7

1 ...
2 2 4 2 4 6

t t t t
x t

t t t
a

 
= + + + + + × × × × × × 
 

+ + + + + × × × 

 

sadac 0a  ganisazRvreba sawyisi pirobidan. 

6.3. meore rigis wrfivi gantolebis amonaxsnis           

warmodgena mwkrivis saxiT 

1. davweroT ݕᇱᇱ(ݔ) + (ݔ)ᇱݕݔ + (ݔ)ݕ = 0 
gantolebis amonaxsni xarisxovani mwkrivis saSualebiT. 

vTqvaT, ݕ = ܽ + ܽଵݔ + ܽଶݔଶ + ⋯ = ∑ ܽݔஶୀ , maSin ݕᇱ = ܽଵ + 2ܽଶݔ + 3ܽଷݔଶ + ⋯ = ∑ ݆ ܽݔିଵஶୀଵ ᇱᇱݕ , = 2ܽଶ + 6ܽଷݔ + 12ܽସݔଶ + ⋯ = ∑ ݆(݆ − 1)ܽݔିଶஶୀଵ . 

CavsvaT mocemul gantolebaSi da miviRebT ݕᇱᇱ + ᇱݕݔ + ݕ = (2ܽଶ + 6ܽଷݔ + 12ܽସݔଶ + ⋯) + +(ܽଵݔ + 2ܽଶݔଶ + 3ܽଷݔଷ + ⋯) + +ܽ + ܽଵݔ + ܽଶݔଶ + ⋯. 

gadavweroT ukanaskneli gamosaxuleba ajamvis niSnis gamoyenebiT: ݕᇱᇱ + ᇱݕݔ + ݕ = ∑ (݆+2)(݆ + 1)ܽାଶݔ + ∑ ݆ܽݔ + ∑ ܽݔ = 0ஶୀஶୀଵஶୀ . 

xarisxovani mwkrivis nulTan tolobis gamo gvaqvs: 2ܽଶ + ܽ = 0    (Tavisufali wevri); 6ܽଷ + 2ܽଵ =  ;(s koeficienti-ݔ)   0
aqedan, ܽ-is da ܽଵ-is saSualebiT ܽଶ da ܽଷ koeficientebi gamoisa-

xebian Semdegnairad: ܽଶ = − ଵଶ ܽ, ܽଷ = − ଵଷ ܽଵ. analogiurad, ݆ ≥ 1-saTvis ݔ-s koeficientis 0-Tan gatoleba mogvcems (݆ + 2)			(݆ + 1) ܽାଶ ++(݆ + 1) ܽ = 0, anu ܽାଶ = − ଵାଶ ܽ . 
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saidanac:  ܽଶ = − ଵଶ ܽ, ܽସ = − ଵସ ܽଶ = − ଵସ∙ଶ ܽ, ܽଷ = − ଵଷ ܽଵ, ܽହ = − ଵହ ܽଷ = − ଵହ∙ଷ ܽଵ, ܽ = − ଵ ܽସ = − ଵ∙ସ∙ଶ ܽ, ܽ = − ଵ ܽହ = − ଵ∙ହ∙ଷ ܽଵ,.... 
amrigad, ܽଶ = (−1)2݊ ∙ (2݊ − 2) ∙ (2݊ − 4)…4 ∙ 2 ܽ = = (−1)2…2 ∙ ݊(݊ − 1)……2 ∙ 1 ܽ = (−1)2݊! ܽ 

da ܽଶାଵ = (ିଵ)(ଶାଵ)∙(ଶିଵ)∙(ଶିଷ)…ହ∙ଷ ܽଵ = (ିଵ)ଶ!(ଶାଵ)! ܽଵ. 
aqedan viRebT gantolebis formalur amonaxsns: ݕ = ܽ(∑ (−1) ௫మೕଶೕ!) + ܽ(∑ (−1) ଶೕ!௫మೕశభ(ଶାଵ)!ஶୀஶୀଵ ). 
formaluri vuwodeT amonaxsns imis gamo, rom jer ar viciT mi-

Rebuli mwkrivis krebadoba. magram krebadobis damtkiceba sirTules 

ar warmoadgens da is gamomdinareobs iqidan, rom ݈݅݉→ஶ ቚమశభమ ቚ =݈݅݉→ஶ ቚ(ିଵ)ଶ!(ଶାଵ)! ܽଵ ∙ ଶ!బ(ିଵ)ቚ = 0. es imas niSnavs, rom mwkrivis kreba-
dobis radiusi usasrulobaa (rac, Tavis mxriv, niSnavs, rom gantole-

bis amonaxsni, iseve rogorc misi koeficientebi, gansazRvrulia mTel 

namdvil RerZze) da amrigad, gantolebis amonaxsni warmovadgineT xa-

risxovani mwkrivis saxiT. 

2. vipovoT  ݕᇱᇱ + ݕଶݔ = (0)ݕ ,0 = 0, ᇱ(0)ݕ = 1 
koSis amocanis amonaxsni xarisxovani mwkrivis saxiT. 

davuSvaT, ݕ = ܽ + ܽଵݔ + ܽଶݔଶ + ⋯, maSin ݕᇱᇱ = 2ܽଶ + 6ܽଷݔ ++12ܽସݔଶ + ⋯+ (݆ + 1)݆ ܽାଵݔିଵ + ⋯ (ix.wina amocana). sasazRvro pi-

robebidan miviRebT, rom ܽ = 0 da ܽଵ = 1, aqedan, ݕ = ݔ + ܽଶݔଶ + ⋯ 

da ݔଶݕ = ଷݔ + ܽଶݔସ + ܽଷݔହ + ⋯+ ܽିଵݔିଵ + ⋯. radgan ݕᇱᇱ + ݕଶݔ = 0, 
miviRebT: 
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ܽ = 0                  (mudmivi wevri); ܽଷ = ସܽ ;(is koeficienti-ݔ)                  0 = ହܽ ;(ଶ-is koeficientiݔ)                  0 = − ଵହ∙ସ                (ݔଷ-is koeficienti); ܽ = 0 = ܽ = ,ସݔ)         ଼ܽ -is koeficientebi); ܽଽݔହݔ = − ଵଽ∙଼ ܽହ = − ଵଽ∙଼∙ହ∙ସ ܽହ   (ݔ-is koeficienti);  
da a.S.  

amrigad, saZiebeli mwkrivi pirveli oTxi wevriT iqneba: ݕ = ݔ − 15 ∙ 4 ହݔ + 19 ∙ 8 ∙ 5 ∙ 4 ଽݔ − 113 ∙ 12 ∙ 9 ∙ 8 ∙ 5 ∙ 4 ଵଷݔ + ⋯ 

aCveneT, rom es mwkrivi krebadia. miTiTeba: mwkrivis krebadobisa-

Tvis isargebleT wina amocanaSi gamoyenebuli mosazrebiT, amasTan, ga-

iTvaliswineT, rom rekursiuli Tanadobaa ܽାଵ = − ଵ(ାଵ) ܽିଷ, xolo 

zogadi wevri ki  (−1) 1(4݆ + 1)(4݆)…9 ∙ 8 ∙ 5 ∙ 4  ସାଵݔ
gamosaxulebaa. 

3. vipovoT (1 − ᇱᇱݕ(ଶݔ − ᇱݕݔ2 + ݕ߬ = 0 
leJandris gantolebis amonaxsni mwkrivis saxiT da mwkrivis pirveli 

ramdenime koeficienti; vipovoT koeficientebs Soris rekursiuli 

Tanadoba. 

iseve rogorc wina amocanebSi, vTqvaT, ݕ = ܽ + ܽଵݔ + ܽଶݔଶ + ⋯ == ∑ ܽݔஶୀ , maSin: ݕᇱ = ܽଵ + 2ܽଶݔ + 3ܽଷݔଶ + ⋯ = ∑ ݆ ܽݔିଵஶୀଵ ᇱݕݔ2− , = −2ܽଵݔ − 2 ∙ 2ܽଶݔଶ − 2 ∙ 3ܽଷݔଶ − ⋯− 2݅ ܽݔ − ᇱᇱݕ ,⋯ = 2ܽଶ + 3 ∙ 2ܽଷݔ + 4 ∙ 3ܽସݔଶ + ⋯+ ݆(݆ − 1)ܽݔିଶ + ⋯ = = ∑ ݆(݆ − 1)ܽݔିଶஶୀଵ ᇱᇱݕଶݔ− , = −2ܽଶݔଶ − 3 ∙ 2ܽଷݔଷ − 4 ∙ 3ܽସݔସ − ⋯− ݆(݆ − 1)ܽݔ − ⋯. 
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zemoT moyvanili gamosaxulebebis CasmiT mocemul (1 − ᇱᇱݕ(ଶݔ ᇱݕݔ2− + ݕ߬ = 0 gantolebaSi miviRebT koeficientebisaTvis Semdeg gan-

tolebebs: 2ܽଶ + ߬ܽ = 0                  (mwkrivis Tavisufali wevri); 3 ∙ 2ܽଷ − 2ܽଵ + ߬ܽଵ = 4 ;(is koeficienti- ݔ)          0 ∙ 3ܽସ − 2ܽଶ − 4ܽଶ + ߬ܽଶ = 5 ;(ଶ -is koeficientiݔ)    0 ∙ 4ܽହ − 3 ∙ 2ܽଷ − 2 ∙ 3ܽଷ − ߬ܽଷ   (ݔଷ -is koeficienti); … 
miRebuli gantolebebis amoxsniT miviRebT: ܽଶ = − 2߬ ܽ, 				ܽଷ = −2 − ߬3 ∙ 2 ܽଵ,	 	ܽସ = −6 − ߬4 ∙ 3 ܽଶ = −6 − ߬4 ∙ 3 2߬ ܽ, 	ܽହ = −12 − ߬5 ∙ 4 ܽଷ = 12 − ߬5 ∙ 4 2 − ߬3 ∙ 2 ܽଵ, 

da a.S. 

 amrigad, saZiebel mwkrivs aqvs saxe: ݕ = ܽ ቀ1 − ఛଶ ଶݔ − (ିఛ)ସ∙ଷ∙ଶ ସݔ + ⋯ቁ + ܽଵ ቀݔ + ଶିఛଷ∙ଶ ଷݔ + (ଵଶିఛ)(ଶିఛ)ହ∙ସ∙ଷ∙ଶ ହݔ + ⋯ቁ. 
rekursiuli Tanadobis misaRebad sakmarisia ݔ-s koeficienti 0-s 

gavutoloT:  (݆ + 2)(݆ + 1) ܽାଶ − ݆(݆ − 1) ܽ − 2݆ ܽ + ߬ ܽ = 0,	
saidanac:  ܽାଶ = (ାଵ)ିఛ(ାଶ)(ାଵ) ܽ . 

ukanaskneli gamosaxulebidan Cans, rom mwkrivis krebadobis radi-

usi damokidebulia ߬-ze. davuSvaT, ߬ = ݊(݊ + 1), sadac ݊ arauaryo-
fiTi mTeli ricxvia. maSin, Tu ݊ luwia, ܽଵ aviRoT 0-is tolad, 

xolo, Tu ݊ kentia, ܽ gavutoloT 0-s. miRebuli mwkrivi gadaiqceva 

sasrul jamad da, amrigad, miviRebT ݊ xarisxis mravalwevrs, rome-

lic iqneba (1 − ᇱᇱݕ(ଶݔ − ᇱݕݔ2 + ݊(݊ + ݕ(1 = 0 gantolebis amonaxsni. 

am mravalwevrs leJandris mravalwevri ewodeba da ܲ(ݔ) simboloTi 

aRiniSneba, romlis Tavisufali wevri ganisazRvreba ܲ(1) = 1 to-
lobidan.  



 

131 

4. vipovoT ݕᇱᇱ − ᇱݕݔ2 + ݕ߬ = 0 ermitis gantolebis amonaxsni xa-

risxovani mwkrivis saxiT. 

kvlav davuSvaT, rom: ݕ = ܽ + ܽଵݔ + ܽଶݔଶ + ⋯+ ܽݔ + ⋯, 
maSin ߬ݕ = ߬ܽ + ߬ܽଵݔ + ߬ܽଶݔଶ + ⋯+ ߬ ܽݔ + ݕݔ2− ,⋯ = −2ܽଵݔ − 4ܽଶݔଶ − 2 ∙ 3ܽଷݔଷ − ⋯−2݆ܽݔ − ⋯ 

da ݕᇱᇱ = 2ܽଶ + 3 ∙ 2ܽଷݔ + 4 ∙ 3ܽସݔଶ + ⋯+ ݆(݆ − 1)ܽݔିଶ + ⋯. 
CavsvaT miRebuli Sedegebi ݕᇱᇱ − ᇱݕݔ2 + ݕ߬ = 0 gantolebaSi da mi-

Rebuli xarisxovani mwkrivis koeficientebi gavutoloT 0-s: 2ܽଶ + ߬ܽ = 0            (mwkrivis Tavisufali wevri); 3 ∙ 2ܽଷ − 2ܽଵ + ߬ܽଵ = 4 ;(is koeficienti- ݔ)    0 ∙ 3ܽସ − 4ܽଶ + ߬ܽଶ = ݆) … ;(ଶ -is koeficientiݔ)    0 + 2)(݆ + 1) ܽାଶ − 2݆ ܽ + ߬ ܽ =  .( -is koeficientiݔ) 0
saidanac: ܽଶ = − 2߬ ܽ, 	ܽଷ = 2 − ߬3 ∙ 2 ܽଵ,	 

	ܽସ = 4 − ߬4 ∙ 3 ܽଶ = − ߬(4 − ߬)4 ∙ 3 ∙ 2 ܽ. 
zogadi wevrisaTvis gvaqvs gamosaxuleba: 

ܽାଶ = ଶିఛ(ାଶ)(ାଵ) ܽ, 
saidanac SegviZlia gamovTvaloT mwkrivis yvela koeficienti, kerZod: 	ܽହ = 6 − ߬5 ∙ 4 ܽଷ = (6 − ߬)(2 − ߬)5! ܽଵ. 

amrigad, gantolebis amonaxsni iqneba Semdegi formaluri xarisxo-

vani mwkrivi: ݕ = ܽ ቆ1 − 2߬ ଶݔ − (4 − ߬)4! ସݔ − (8 − ߬)(4 − ߬)߬6! ݔ − ⋯ቇ + +ܽଵ ቀݔ + ଶିఛଷ! ଷݔ + (ିఛ)(ଶିఛ)ହ! ହݔ + (ଵିఛ)(ିఛ)(ଶିఛ)! ݔ + ⋯ቁ. 
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es mwkrivi krebadia nebismieri ݔ-saTvis. rodesac ߬ 4-is jeradi 
naturaluri ricxvia, mwkrivi gadaiqceva sasrul jamad da miRebul 

mravalwevrs ewodeba ermitis mravalwevri. 

5. vipovoT ݕᇱᇱ =  .airis gantolebis amonaxsni mwkrivis saxiT ݕݔ

vTqvaT, ݕ = ∑ ܽݔஶୀ , maSin ݕᇱ = ∑ ݆ ܽݔିଵஶୀଵ  da            ݕᇱᇱ = ∑ ݆(݆ − 1) ܽݔିଶஶୀଶ . gantolebaSi am gamosaxulebebis CasmiT mivi-

RebT: ݕᇱᇱ − ݕݔ = ∑ ݆(݆ − 1) ܽݔିଶஶୀଶ − ∑ ܽݔାଵஶୀ = 0, 
saidanac:  2ܽଶ = 0            (mwkrivis Tavisufali wevri); 3 ∙ 2 ܽ − ܽ = 4 ;(is koeficienti- ݔ)      0 ∙ 3ܽସ − ܽଵ = 5 ;(ଶ -is koeficientiݔ)      0 ∙ 4ܽହ − ܽଶ = 6 ;(ଷ -is koeficientiݔ)      0 ∙ 5ܽ − ܽଷ = 7 ;(ସ -is koeficientiݔ)      0 ∙ 6ܽ − ܽସ = ݆) … ;(ହ -is koeficientiݔ)      0 + 2)(݆ + 1) ܽାଶ − ܽିଵ = ଶܽ	⇓ ;( -is koeficientiݔ)			0 = 0,	ܽଷ = ܽ/6,	ܽସ = ܽଵ/12,	ܽହ = మଶ = 0,		ܽ = ܽଷ/30,	ܽ = రସଶ = ܽଵ/504,	...	

rekursiuli formula aseTia:	 ܽାଷ = భ(ାଷ)(ାଶ). amrigad, saZiebeli 

mwkrivia: ݕ = ܽ ቆ1 + ଷ6ݔ + 180ݔ + ⋯ቇ + ܽଵ ቆݔ + ସ12ݔ + 504ݔ +⋯ቇ.	
frobeniusis meTodi 

Tu meore rigis gantolebis ufrosi koeficienti 0-Si 0-is to-

li xdeba, maSin gantolebis amosaxsnelad gamoiyeneba e.w. frobe-

niusis meTodi, romelic mdgomareobs gantolebis amonaxsnis ZiebaSi ݕ = (ܽݔ + ܽଵݔ + ܽଶݔଶ + ⋯) = ݔ ∑ ܽݔஶୀ  mwkrivis saxiT, sadac ݎ 
raime ucnobi ricxvia (araaucileblad mTeli, radgan am dros saqme 
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kvlav zemoT ganxilul SemTxvevasTan gveqneboda), romelic ganisazR-

vreba Tanadobidan mwkrivis koeficientebisaTvis.  

1. vipovoT 4ݕݔᇱᇱ − ᇱݕ2 + ݕ = 0 gantolebis zogadi amonaxsni fro-

beniusis meTodiT. 

amonaxsni veZeboT ݕ = ܽݔ + ܽଵݔାଵ + ܽଶݔାଶ + ⋯           (*) 

mwkrivis saxiT. maSin:  −2ݕᇱ = ିଵݔܽݎ2− − ݎ)2 + 1)ܽଵݔ − ݎ)2 + 2)ܽଶݔାଵ − ⋯  

da 4ݕݔᇱᇱ = ݎ)ݎ4 − 1)ܽݔିଵ + ݎ)4 + ݔଵܽݎ(1 + ݎ)4 + ݎ)(2 + 1)ܽଶݔାଵ + ᇱᇱݕݔ4 .⋯ − ᇱݕ2 + ݕ = 0 gantolebaSi maTi CasmiT miviRebT, rom:  ܽ[4ݎ)ݎ − 1) − [ݎ2 = 0. 
am gantolebas mocemuli gantolebis maxasiaTebeli gantoleba ewo-

deba. 

davuSvaT, ܽ ≠ 0, maSin: 4ݎ)ݎ − 1) − ݎ2 = ଵݎ ⇒ 0 = 0 da ݎଶ = ଷଶ. 
SevitanoT ݎ-is es mniSvnelobebi (*) gantolebaSi. pirvelad gan-

vixiloT SemTxveva, rodesac ݎଵ = 0, maSin:  ݕ = ܽ + ܽଵݔ + ܽଶݔଶ + ⋯+ ܽݔ + ᇱݕ2− ,⋯ = −2ܽଵ − 2 ∙ 2ܽଶݔ − 3 ∙ 2ܽଷݔଶ − ᇱᇱݕݔ4 ⋯ = 4 ∙ 2ܽଶݔ + 4 ∙ 6ܽଷݔଶ + 4 ∙ 12ܽସݔଷ + ᇱᇱݕݔ4 .⋯ − ᇱݕ2 + ݕ = 0 tolobis gaTvaliswinebiT miviRebT: ܽ − 2ܽଵ = 0               (mwkrivis Tavisufali wevri); 4 ∙ 2ܽଶ − 2 ∙ 2ܽଶ + ܽଵ = 4 ;(is koeficienti- ݔ)     0 ∙ 6ܽଷ − 3 ∙ 2ܽଷ + ܽଶ =  ,(ଶ -is koeficientiݔ)     0
saidanac ܽଵ = ଵଶ ܽ, ܽଶ = − ଵସ ܽଵ = − ଵ଼ ܽ, ܽଷ = − ଵଵ଼ ܽଶ = ଵଵସସ ܽ. 

amrigad, ݕ = ܽ ቀ1 + ଵଶ ݔ − ଵ଼ ଶݔ + ଵଵସସ ଷݔ − ⋯ቁ. 



 134

axla, vTqvaT, ݎଶ = ଷଶ, maSin: ݕ = ܽݔయమ + ܽଵݔఱమ + ܽଶݔళమ + ܽଷݔవమ + ᇱݕ2− ,⋯ = −3ܽݔభమ − 5ܽଵݔయమ − 7ܽଶݔఱమ − 9ܽଷݔళమ − ᇱᇱݕݔ4 ,⋯ = 3ܽݔభమ + 5 ∙ 3ܽଵݔయమ + 7 ∙ 5ܽଶݔఱమ + 9 ∙ 7ܽଷݔళమ + ⋯, 
radgan 4ݕݔᇱᇱ − ᇱݕ2 + ݕ = 0, amitom: 3ܽ − 3ܽ = 5 ;(భమ -is koeficientiݔ)            0 ∙ 3ܽଵ − 5ܽଵ + ܽ = 7 ;(యమ -is koeficientiݔ)     0 ∙ 5ܽଶ − 7ܽଶ + ܽଵ = 9 ;(ఱమ -is koeficientiݔ)     0 ∙ 7ܽଷ − 9ܽଷ + ܽଶ =  … ;(ళమ -is koeficientiݔ)     0
saidanac: ܽଵ = − 110 ܽ,			ܽଶ = − 128ܽଵ = 1280 ܽ,			ܽଷ = − 154ܽଶ = − 1280 ∙ 54 ܽ	.		 

amiT miviReT gantolebis meore kerZo amonaxsni: ݕ = ܽ ൬ݔయమ − 110 ఱమݔ + 1280 ళమݔ − 1280 ∙ 54 వమݔ + ⋯൰ 
gantolebis zogadi amonaxsnia miRebuli kerZo amonaxsnebis jami: ݕ = ܿଵ ൬1 + 12 ݔ − 18 ଶݔ + 1144 ଷݔ − ⋯൰ + +ܿଶ ൬ݔయమ − 110 ఱమݔ + 1280 ళమݔ − 1280 ∙ 54 వమݔ + ⋯൰	. 
gantolebis amoxsnis zemoT moyvanili frobeniusis meTodi saWiro-

ebs modifikacias, Tu maxasiaTebel gantolebas aqvs jeradi fesvebi, an 

erTi fesvi meorisagan mTeli ricxviT gansxvavdeba. pirvel SemTxvevaSi, 

e.i. rodesac maxasiaTebeli gantolebis fesvebi jeradia ݎଵ = ଶݎ = -ma ,ݎ
Sin diferencialuri gantolebis erTi amonaxsnis povna xdeba zemoT 

moyvanili meTodiT. vTqvaT, es amonaxsnia ݕଵ(ݔ) = ܽݔ + ܽଵݔାଵ +ܽଶݔାଶ + ⋯, xolo meore amonaxsni ki moicema ݕଶ(ݔ) = ݔ݈݊(ݔ)ଵݕ +ܾݔ + ܾଵݔାଵ + ܾଶݔାଶ + ⋯ mwkriviT. meore SemTxvevaSi ki, e.i. Tu ݎଶ = ଵݎ + ܰ, gantolebis meore ܾݔమ + ܾଵݔమାଵ + ܾଶݔమାଶ + ⋯ amonaxsns 
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aqvs igive saxe, rac ܽݔభ + ܽଵݔభାଵ + ܽଶݔభାଶ + ⋯ mwkrivs, mxolod misi 

pirveli ܰ koeficienti 0-is tolia. am ukanaskneli pirobidan miiReba 

damatebiTi rekursiuli Tanadoba. ganvixiloT am tipis erTi magaliTi. 

2. vipovoT ݔଶݕᇱᇱ + ᇱݕݔ + ଶݔ) − ݇ଶ)ݕ = 0 beselis gantolebis amo-

naxsni, rodesac ݇ = ଵଶ. 
iseve, rogorc zemoT, veZeboT gantolebis amonaxsni frobeniusis 

meTodiT da davuSvaT, rom gantolebis amonaxsnia ݕ = ݔ ∑ ܽݔஶୀ  

mwkrivi. maSin: ݕ = ∑ ܽݔାஶୀ ݕଶݔ , = ∑ ܽݔାାଶஶୀ = ∑ ܽିଶݔାஶୀଶ ᇱݕ , = ∑ (݆ + (ݎ ܽݔାିଵ = ∑ (݆ + ݎ + 1) ܽାଵݔାஶୀିଵஶୀ ᇱݕݔ , = ∑ (݆ + (ݎ ܽݔାஶୀ ᇱᇱݕ , = ∑ (݆ + ݎ + 1)(݆ + ݎ + 2) ܽାଶݔାஶୀିଶ ᇱᇱݕଶݔ , = ∑ (݆ + ݎ − 1)(݆ + (ݎ ܽݔାஶୀ . 

CavsvaT ݔଶݕᇱᇱ + ᇱݕݔ + ଶݔ) − ݇ଶ)ݕ = 0 gantolebaSi miRebuli xa-

risxovani mwkrivebi da ݔ-is koeficienti gavutoloT 0-s. miviRebT 

maxasiaTebel gantolebas: (ݎ − ܽݎ(1 + ܽݎ − ଵସ ܽ = ଶݎ ⇒ 0 − ଵସ = 0, 
romlis fesvebs ݎଵ = − ଵଶ da ݎଶ = ଵଶ Soris sxvaoba 1-is tolia. e.i ܰ = 1 da, amrigad, ݔାଵ-is koeficienti 0-s unda gavutoloT. 

miviRebT: ݎ)ݎ + 1)ܽଵ + ݎ) + 1)ܽଵ − ଵସ ܽଵ = 0 ⇒ ቀ(ݎ + 1)ଶ − ଵସቁ ܽଵ = 0. 
rekursiul formulas ݔା, ݆ ≥ 2 koeficientisaTvis aqvs saxe: ݎ)ݎ + ݆) ܽ + ݎ) + ݆) ܽ − ଵସ ܽ + ܽିଶ = 0 ⇒ ቀ(ݎ + ݆)ଶ − ଵସቁ ܽ + ܽିଶ = 0. 
vTqvaT, ݎଵ = − ଵଶ. radagan ݎଵ da ݎଶ ricxvebi erTi da imave maxasi-

aTebeli gantolebis fesvebia, amitom ܽ da ܽଵ ricxvebi nebismieria. 
rekursiuli Tanadobidan miviRebT: 

ܽ = − ೕషమ(ିଵ/ଶା)మିଵ/ସ = − ೕషమమି = − ೕషమ(ିଵ), ݆ ≥ 2. 
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saidanac: ܽଶ = − బଶ∙ଵ, ܽସ = − మସ∙ଷ = బସ∙ଷ∙ଶ∙ଵ, ܽ = − ర∙ହ = −బ! ,...,	ܽଶ = బ(ିଵ)ೖ(ଶ)! . 

analogiurad: ܽଷ = − భଷ∙ଶ, ܽହ = − యହ∙ସ = భହ! , ܽହ = − యହ∙ସ = −భହ! ,...,	ܽଶାଵ = భ(ିଵ)ೖ(ଶାଵ)! . 
amrigad, mocemuli gantolebis zogadi amonaxsni iqneba: ିݔଵ/ଶ[ܽ ቀ1 − ௫మଶ! + ௫రସ! − ௫ల! + ⋯ቁ + ܽଵ ቀݔ − ௫యଷ! + ௫ఱହ! − ௫ళ! + ⋯ቁ], 

gaviTvaliswinoT, rom 1 − ௫మଶ! + ௫రସ! − ௫ల! + ⋯ = ݔ da ݔݏܿ − ௫యଷ! + ௫ఱହ! −௫ళ! + ⋯ = -sabolood miviRebT, rom gantolebis zogadi amonaxs .ݔ݊݅ݏ

nia: ݕ = ܽ ௦௫√௫ + ܽଵ ௦௫√௫ . 

SevniSnoT, rom gantolebis zogadi amonaxsni miviReT maxasiaTebeli 

gantolebis mxolod erTi fesvis gaTvaliswinebiT. 

6.4. eileris integrali 

zogierTi diferencialuri gantolebis mwkrivis saxiT warmodge-

nil amonaxsns, maTi mniSvnelobidan da Tvisebebidan gamomdinare, Ta-

visi aRniSvna da saxeli aqvs. maTi zogadi saxelwodebaa specialuri 

(an transcendenturi) funqciebi. gavixsenoT, rom diferencialuri gan-

tolebis kvadraturebSi amoxsna Seicavs ara mxolod algebruli ope-

raciebis saSualebiT amonaxsnis gamosaxvas, aramed dasaSveb operaciad 

iTvleba agreTve integreba. magaliTad, pirveli rigis  
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vis SemoRebulia specialuri saxeli, albaTuri integrali, an cdomi-

lebis funqcia da erf  simboloTi aRiniSneba. ufro zustad, samec-

niero literaturaSi (1) integrali gvxvdeba misi ekvivalenturi erf(ݔ) = ଶ√గ  ݁ି௧మ݀ݐ௫  formiTac. (1) integrali aris monotonuri fun-

qcia, romelic -1-sa da 1 Soris aris moTavsebuli. igi iSleba mwkri-

vad da Rebulobs aseT saxes:  
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aRniSnuli mwkrivi miiReba eqsponentis xarisxovan mwkrivad war-

modgenis formulidan da Semdeg misi wevrobrivi integrebiT. )(xerf  

diferencirebadi funqciaa da ( ) 22
)( xexerf −=′

π
. garda albaTuri in-

tegralisa, specialuri funqciebis TeoriaSi erT-erTi mniSvnelovania  

 −− −=
1

0

11 )1(),( dtttyxB yx , 0>x , 0>y  

funqcia, romelsac (leJandris mier SemoRebuli termini) beta-funqcia 

ewodeba. es funqcia, rogorc axla vnaxavT, gamoisaxeba sxva transcen-

dentuli, gama-funqciis saSualebiT, romelic gamoyenebis Tvalsazri- 

 
)(xΓ  funqciis grafiki 
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)(xΦ  funqciis grafiki 

siT ufro mniSvnelovania, ris gamoc mis Tvisebebs mogvianebiT dawv-

rilebiT SeviswavliT. beta-funqciis dasaxasiaTeblad ki mis ramdeni-

me Tvisebas moviyvanT. 

uSualo CasmiT ( τ−=1t ) mowmdeba beta-funqciis simetriulobis 

Tviseba: ),(),( xyByxB = . aqve SevniSnoT, rom 0=t  wertili 

),( yxB -saTvis gansakuTrebuli wertilia, rodesac 1<x . garda ukve 

aRniSnulisa, beta-funqciis gansakuTrebul TvisebaTa ricxvs ekuTv-

nis toloba: 

1

)1,()1(
),(

−+
−−=

yx

yxBy
yxB , 1>y . 

aqedan da simetriulobidanac gamomdinareobs, rom: 

1

),1()1(
),(

−+
−−=

yx

yxBx
yxB , 1>x . 

rodesac ny = , sadac n  naturaluri ricxvia, maSin: 

)1,(
1

1

3

3

2

2

1

1
),( xB

xnx

n

nx

n

nx

n
nxB

+
⋅⋅⋅

−+
−⋅

−+
−⋅

−+
−= , 
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magram 

x
dttxB x 1

)1,(
1

0

1 ==  −
, 

amitom: 

)1()1(

)!1(
),(

−+⋅⋅⋅+
−=

nxxx

n
nxB . 

garda -sa, Tu  cvladic naturaluri ricxvia da , ma-

Sin gveqneba toloba: 

. 

Tu , maSin miviRebT erT-erT SesaniSnav integrals: 

.     (2) 

ukve ganxiluli beta-funqciisa da albaTuri integralis saerTo 

saxelwodebaa eileris integralebi, amasTan, beta-funqcia ekuTvnis 

pirveli gvaris eileris integralebis klass, xolo albaTuri integ-

rali ki _ meore gvarisas. pirveli gvaris eileris integralebs mie-

kuTvneba, agreTve, zemoT naxsenebi eileris gama-funqcia: 

, , 

romlisTvisac, iseve rogorc beta-funqciisaTvis,  wertili gan-

sakuTrebulia, Tu . gama- da beta-funqciebi erTmaneTs ukavSir-

debian tolobiT: 

.      (3) 

garda amisa, gama-funqcia akmayofilebs tolobas: 

.       (4) 

y x mx =

)!1(

)!1()!1(

)1()1(

)!1(
),(

−+
−−=

−+⋅⋅⋅+
−=

nm

mn

nmmm

n
nmB

xy −=1

)sin(
)1,(

x
xxB

π
π=−


∞

−−=Γ
0

1)( dttex xt 0>x

0=t

0<x

)(

)()(
),(

yx

yx
yxB

+Γ
ΓΓ=

)1()( +Γ=Γ xxx
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marTlac:  

1
0

0 0 0 0 0

( ) ( ) | ( 1),
x

t x t t x t x t x t xt
x x x e t dt x e d e d t e t e t dt e t dt x

x

∞ ∞ ∞ ∞ ∞
− − − − − ∞ − − 

Γ = = = = + = = Γ + 
 

    

sadac Cven gamoviyeneT  igiveoba. 

(4) formulis ramdenjerme gamoyeneba gvaZlevs tolobas: 

( ) (( 1) 1) ( 1) ( 1) ( 1)( 2) ( 1) ( ),x n x n x n x n x n x n x x xΓ + =Γ + − + = + − Γ + − = + − + − ⋅⋅⋅ + Γ  

saidanac, rodesac , miviRebT: 

. 

 tolobis gaTvaliswinebiT gveqneba: 

     (5) 

moviyvanoT gama-funqciasTan dakavSirebuli erTi SesaniSnavi to-

loba, romelic (2) da (3) igiveobebidan gamomdinareobs: 

 

SevniSnoT, rom eileris pirveli da meore gvaris integralebi gani-

martebian kompleqsuri argumentebisTvisac. magaliTad, gama-funqciis 

saSualebiT Semodis kompleqsuri cvladis funqciaTa TeoriaSi faq-

torialis cneba. eileris integralebisaTvis da, saerTod, specialuri 

funqciebisaTvis ufro adekvaturi Teoriaa kompleqsuri cvladis funq-

ciaTa Teoria da diferencialuri gantolebebi kompleqsur sibrtyeze. 

Cven am kursSi diferencialur gantolebebs mxolod namdvili cvla-

dis funqciaTa Teoriis TvalsazrisiT vixilavT.  

magaliTi. ݔᇱ(ݐ) = (ݐ)ݔݐ + 1 araerTgvarovani gantolebis amonaxsni 

specialuri erf	(t) funqciis saSualebiT Caiwereba Semdegnairad:  

(ݐ)ݔ = ቆ12√݂ݎ2݁√ߨ ቆ√22ݔ ቇ + ቇܥ ݁ೣమమ . 
radgan erf(ݐ) = ଵ√గ  ݁ି௧మ݀ݐ௫ , misi mwkrivad gaSliT miviRebT: 2√ߨ ݐ − ߨ√23 ଷݐ + ߨ√15 ହݐ − ߨ√121 ݐ + ߨ√1108 ଽݐ +  .(ଵݐ)ܱ

0|0 =
∞− xtte

1=x

)1(12)2)(1()1( Γ⋅⋅⋅⋅⋅−−=+Γ nnnn

1|)1( 0

0

=−==Γ ∞−
∞

− tt edte

!)1( nn =+Γ

.
)sin(

)1()(
x

xx
π
π=−ΓΓ
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erf(ݐ) funqciis grafiki moyvanilia naxazze: 

 

 erf(ݐ) aris diferencirebadi funqcia da erf	(݂(ݐ))ᇱ = ଶୣష౪మ√π .  
rodesac ܥ = 0, (1) funqciis Sesabamisi xarisxovani mwkrivia ݔ + 13 ଷݔ + 115 ହݔ + 1105 ݔ + 1945 ଽݔ +  ,(ଵݔ)ܱ

xolo ܥ = 1 ki _ 1 + ݔ + 12 ଶݔ + 13 ଷݔ + 18 ସݔ + 115 ହݔ + 148 ݔ + 1105 ݔ + + 1384 ଼ݔ + 1945 ଽݔ +  (ଵݔ)ܱ
(ݐ)ݔ = ቀଵଶ√݂ݎ2݁√ߨ ቀ√ଶ௫ଶ ቁ + ቁܥ ݁ೣమమ  funqciis grafiki 

            

rodesac ܥ = 1               rodesac ܥ = 0 
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6.5. beselis funqcia 

meore rigis wrfivi diferencialuri gantolebebi warmoqmnian spe-

cialuri funqciebis mniSvnelovan klass. aseTi funqciebis Tvisebebi 

Seiswavleba misi warmomqmneli diferencialuri gantolebebidan.  

ganvixiloT meore rigis wrfivi diferencialuri gantoleba 

.   (1) 

rogorc ukve vnaxeT, aseTi zogadi saxis gantoleba kvadraturebSi 

ar ixsneba, ixsneba mxolod  da  koeficientebis specialu-

rad SerCevis SemTxvevaSi. ramdenime maTgani (eileris, CebiSevis, stoq-

sis) wina paragrafebSi ukve ganvixileT, qvemoT kidev ramdenime maT-

gans moviyvanT. es gantolebebi arian swored iseTebi, romlebic fun-

qciaTa axal klass gvaZleven da maTi saSualebiT gamoisaxeba maTema-

tikuri fizikis mravali gantolebis amonaxsni. 

davuSvaT, (1) gantolebaSi  da , sadac  

raime parametria, maSin (1) gantoleba miiRebs saxes: 

.    (2) 

am gantolebas beselis gantoleba ewodeba (am gantolebis kerZo 

SemTxvevas ukve SevxvdiT da gantolebis amonaxsni miviReT kvadratu-

rebSi), xolo mis amonaxsnebs ki _ beselis an cilindruli funqciebi.  

(2) gantoleba gadavweroT ekvivalenturi 

   (3) 

formiT da misi amonaxsni veZeboT 

   (4) 

mwkrivis saxiT, sadac , maSin: 

, 

. 

0)()()()()( 21 =+′+′′ xyxaxyxaxy

)(1 xa )(2 xa

x
xa

1
)(1 =

2

2

2 1)(
x

xa
ν−= ν

0)(1)(
1

)(
2

2
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( ) 0)()()( 222 =−+′+′′ xyxxyxxyx ν
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00 ≠a
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CavsvaT (3)-Si ,  da -is magivrad zemoT moyvanili mwkri-

vebi da davajgufoT miRebul gamosaxulebaSi wevrebi -is erTnairi 

(toli) xarisxebis mixedviT. Sedegi iqneba: 

 

. 

imisaTvis, rom (4) mwkrivi (3) gantolebis amonaxsni iyos, saWi-

roa Sesruldes Semdegi tolobebi: 

; 

; 

; 

   

. 

   

pirveli tolobidan, radgan , vpoulobT . davuSvaT, 

, maSin meore tolobidan vRebulobT: , xolo, rodesac 

 gveqneba: 

, 

saidanac naTelia, rom yvela mTeli arauaryofiTi -saTvis  da  

. 

davuSvaT: 

 

da gamoviyenoT wina punqtis (4) da (5) tolobebi, miviRebT: 

. 
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amrigad, avageT (2) gantolebis erTi formaluri amonaxsni: 

.     (5) 

saWiroa damtkicdes, rom (4) mwkrivi krebadia. amisaTvis zogadi 

 wevrisaTvis SemovitanoT aRniSvna: 

. 

maSin: 

 

da aqedan: 

, rodesac . 

amitom mwkrivebis krebadobis dalamberis niSnis Tanaxmad, (5) mwkrivi 

krebadia yoveli sasruli -saTvis. ufro metic, rodesac  da 

, sadac  da  fiqsirebuli sakmaod didi ricxvebia, kreba-

doba Tanabaria TiToeuli cvladisaTvis cal-calke. aqedan ki gamom-

dinareobs, rom ganxiluli mwkrivi Tanabradaa krebadi zemoT miTiTe-

bul areze. miRebul funqcias ewodeba pirveli gvaris beselis funqcia 

indeqsiT  da aRiniSneba  simboloTi.  

amrigad:  

, .   (6) 
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axla vaCvenoT, rom  marTlac aris (2) gantolebis amonaxs-

ni. radgan (5) mwkrivi Tanabradaa krebadi, amitom misi wevrobrivi ga-

warmoeba SesaZlebelia: 

, , 

. 

gavamravloT  funqcia -ze, _ -ze, xolo  funqcia 

ki _ 1-ze da miRebuli Sedegebi SevkriboT: 

 

. 

Tu gaviTvaliswinebT 

 

tolobas, gveqneba: 

 

 

, 

rac miuTiTebs imaze, rom (6) mwkriviT mocemuli beselis  funq-

cia aris (2) diferencialuri gantolebis amonaxsni. 
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6.6. veberis funqcia 

ganmartebis Tanaxmad, beselis (cilindruli) funqcia aris wina punq-

tis (2) diferencialuri gantolebis amonaxsni. Tu  da  (2) ganto-

lebis wrfivad damoukidebeli amonaxsnebia, maSin zogadi amonaxsni mo-

icema  

 

saxiT, sadac ,  nebismieri mudmivebia. ukve avageT (2)-is specialu-

ri amonaxsni, beselis funqciis saxiT. Tu  parametri mTeli ricxvi 

ar aris, maSin  

     (7) 

agreTve aris (2) gantolebis amonaxsni, amasTan,  da  wrfi-

vad damoukideblebi arian. amis dasamtkiceblad saWiroa (6) da (7) funq-

ciebis yofaqceva SeviswavloT  wertilSi. Tu , 

maSin: 

, rodesac , 

xolo im SemTxvevaSi, rodesac , gvaqvs:  

, rodesac . 

e.i., rodesac samarTliania zemoT moyvanili orive 

formula. am dros: 

,  

rac niSnavs, rom (6) da (7) wrfivad damoukidebeli funqciebia. maSasa-

dame, cilindruli funqciis zogadi saxe iqneba: 

1y 2y
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, ,    (8) 

sadac ܣఔ,  .ఔ nebismieri mudmivebiaܤ
axla ganvixiloT SemTxveva, rodesac  mTeli ricxvia. maSin: 

 

da 

, 

radgan , rodesac . ukanasknel ja-

mSi CavsvaT -s magivrad , miviRebT: 

, 

amrigad, mTeli indeqsebis mqone beselis funqciebi wrfivad damokide-

bulebi arian, amitom (8) gamosaxuleba ar iqneba (2) diferencialuri 

gantolebis zogadi amonaxsni, rodesac parametri mTeli ricxvia. amis 

gamo saWiroa moiZebnos (2)-is kidev erTi amonaxsni. am miznis gansaxor-

cieleblad SemovitanoT  

ఔܻ(ݔ) = (ݔ)ఔܬ cos(ߨߥ) − ܬି ఔ(ݔ)sin	(ߨߥ) 																													(9) 
saxis funqcia, romelsac meore gvaris cilindruli funqcia an veberis 

funqcia ewodeba. samecniero literaturaSi (9) funqciis aRsaniSnavad 

zogjer  simboloc gamoiyeneba, xolo TviT funqcias ki neimanis 

funqciasac uwodeben. 

rodesac  mTeli ricxvia, (9) gamosaxulebis marjvena mxares 

 saxis ganusazRvreloba miiReba. am dros SevTanxmdeT, rom  
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funqcia iyos zRvari . es zRvari arsebobs da gamo-

iTvleba lopitalis wesis gamoyenebiT: 

. 

axla vaCvenoT, rom (9) funqcia akmayofilebs beselis (2) ganto-

lebas. marTlac:  

, 

. 

vipovoT TiToeuli igiveobis warmoebuli  mimarT. miviRebT: 

, . 

amis Semdeg pirveli Tanadoba gavamravloT 1-ze, xolo meore ki 

-1-ze da pirvels meore gamovakloT, gveqneba: 

. 

ukanaskneli toloba gavyoT -ze da gadavideT zRvarze, rodesac 

. miviRebT  igiveobas, rac niSnavs, rom  aris (2) 

gantolebis amonaxsni.  da  funqciebi, nebismieri 

-saTvis, wrfivad damoukideblebi arian, amitom  

yovelTvis aris (2) gantolebis zogadi amonaxsni.  

dabolos, SemovitanoT kidev erTi klasi specialuri funqciebisa, 

romlebic kvlav (2) gantolebis specifikuri amonaxsnebia: 

, . 

am funqciebs ewodebaT mesame gvaris cilindruli an hankelis fun-

qciebi. 
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6.7. ramdenime sasargeblo formula 

specialuri funqciebis gamoyenebis gasaadvileblad beselis (6) 

funqcia warmovadginoT sxva saxiT. amisaTvis gavamravloT (6) gamosa-

xuleba -ze da miRebuli gamosaxuleba gavawarmooT -iT. gveqneba: 

 

= ఔݔ  (−1)ݔଶାఔିଵ(݇ + ݇)ଶାఔିଵ݇!Γݔ(ߥ + ߥ + 1)ஶ
ୀ = ఔݔ  (−1) ቀ௫ଶቁଶାఔିଵ݇!Γ(݇ + ஶ(ߥ

ୀ =  .(ݔ)ఔିଵܬఔݔ
amrigad: 

.  (10) 

analogiuri gziT miiReba Tanadoba: 

.  (11) 

(10) da (11) gamosaxulebebis marcxena mxareebis gawarmoebiT mivi-

RebT: 

,  (12) 

,  (13) 

saidanac:  

,  (14) 

.  (15) 

(14) da (15) gamosaxulebebis SekrebiTa da gamoklebiT miviRebT: 

,    (16) 

.   (17) 

νx x

=
++Γ

+−=
++Γ

−= 
∞

=
+

−+∞

=
+

+

0
2

122

0
2

22

)1(!2

)(2)1(

)1(!2

)1(
)(

k
k

kk

k
k

kk

kk

xk

kk

x

dx

d
xJx

dx

d

ν
ν

ν ν

ν

ν

ν

ν
ν

)()( 1 xJxxJx
dx

d
−= ν

ν
ν

ν

)()( 1 xJxxJx
dx

d
+

−− −= ν
ν

ν
ν

)()()( 1
1 xJxxJxxJ

dx

d
x −

− =+ ν
ν

ν
ν

ν
ν ν

)()()( 1
1 xJxxJxxJ

dx

d
x +

−−−− −=− ν
ν

ν
ν

ν
ν ν

)()()( 1 xJxJ
x

xJ
dx

d
−=+ ννν

ν

)()()( 1 xJxJ
x

xJ
dx

d
+−=− ννν

ν

)()()(2 11 xJxJxJ
dx

d
+− −= ννν

)()()(
2

11 xJxJxJ
x +− += ννν
ν



 150

Tu ukanasknel tolobebSi CavsvamT , miviRebT: 

, . 

zemoT miRebuli (10)-(17) tolobebi samarTliania beselis meore 

da mesame gvaris funqciebisTvisac. am tolobebs xSirad rekursiul 

formulebs uwodeben. 

zogjer,  parametris garkveuli mniSvnelobisaTvis, SesaZlebe-

lia beselis funqciebis gamosaxva elementaruli funqciebis saSuale-

biT. qvemoT moviyvanT ramdenime formulas damtkicebis gareSe. 

davuSvaT , maSin: 

, , 

saidanac gamomdinareobs, rom: 

. 

amrigad, . 

vTqvaT, ,  (aseT ricxvebs naxevrad mTels uw-

odeben), maSin: 

. 

aqedan gamomdinareobs, rom naxevrad mTeli dadebiTi indeqsis mqo-

ne beselis funqciebi gamoisaxebian elementaruli funqciebis saSuale-

biT. rekursiuli formulis gamoyenebiT vRebulobT uaryofiTi naxev-

rad mTeli indeqsis mqone beselis funqciebis gamosaxvas elementarul 

funqciebSi. magaliTad: 

, 
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maSasadame,  

. 

liuvilma aCvena, rom mxolod naxevrad mTeli indeqsebis mqone be-

selis funqciebi gamoisaxebian elementaruli funqciebis saSualebiT. 

            
beselis  da  funqciis grafikebi  zedapiri 

6.8. cilindruli funqciebis asimptoturi yofaqceva  

argumentis didi mniSvnelobisaTvis 

 cilindrul funqciebs aqvT martivi asimptoturi yofaqceva, 

rodesac  parametri fiqsirebulia, xolo  ki usasrulobisaken miis-

wrafvis. asimptoturi formulebis mTavari wevri SesaZlebelia miRe-

bul iqnes im diferencialuri gantolebidan, romelsac es funqcia 

akmayofilebs. am formulebis mkacri dafuZnebisagan Tavs SevikavebT da 

SemovifarglebiT garkveuli intuiciuri msjelobiT. 

paragraf 3.5-is (2) gantolebaSi movaxdinoT cvladis gardaqmna: 

. 

beselis gantoleba miiRebs saxes: 
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rodesac  sasrulia, xolo , (1) gantolebidan gveqneba: 

, 

saidanac 

 

, . 

 koeficientebi damokidebulia rogorc indeqsze, aseve 

gansaxilvel cilindrul funqciaze.  

asimptotur formulebs aseTi saxe aqvT: 

, 

, 

rodesac  SemosazRvrulia, xolo . 

hankelis funqciebis ganmartebidan gamodis, rom: 

, , 

aqedan:  

,         (1) 

.          (2) 

amrigad, Tu hankelis funqcia usasrulobaSi eqsponencialurad iz-

rdeba, maSin  da  funqciebi usasrulobaSi aRiwerebian (1) 

da (2) formulebidan. kerZod, Tu , maSin:  

. 
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amasTan, , maSasadame,  emTxveva  funq-

ciis eqtremalebs. 

SeniSvna: arsebobs ramdenime kargi cnobari, romelSic gadmocemu-

lia specialuri (transcendenturi) funqciebis Teoria. magram, TiTq-

mis yvela wigns faravs Maple-s sacnobaro sistema (Help). specialuri 

funqciebis Sesaxeb amomwurav pasuxs miiRebT <? special function brZa-

nebis Sesrulebis Semdeg. brZanebis Sesruleba ki, rogorc aRvniSneT, 

xdeba Enter klaviSze xelis daWeriT. 

savarjiSoebi damoukidebeli muSaobisaTvis 

1. gamosaxeT xarisxovani mwkriviT  ݕᇱᇱ − ݕݔ − ݕ = 0 
gantolebis amonaxsni. dawereT rekorsiuli formula mwkrivis zogadi 

wevrisaTvis.  

pasuxi: ܽଶ = బଶ∙ସ∙…ଶ = బଶ(!), ܽଶାଵ = భଷ∙ହ∙…(ଶାଵ) = భଶ(!)(ଶାଵ)! ݕ  ,  = ܽ ቀ∑ ௫ଶ(!)) + ܽଵ(∑ ଶ(!)௫మశభ(ଶାଵ)!ஶୀஶୀ ቁ.  
2. ipoveT ݕᇱᇱ + ݕଶݔ2 = (0)ݕ ,0 = ᇱ(0)ݕ ,0 = 1 

koSis amocanis amonaxsni mwkrivis saxiT.  

pasuxi: ݕ = ݔ − ௫యଷ + ௫ఱଵ − ⋯. 

3. gamosaxeT xarisxovani mwkriviT  ݕᇱᇱᇱ − ݕଶݔ + ݕ = 0 
gantolebis amonaxsni.  

pasuxi:  ݕ = ܽ ቀ1 − ௫య − ହ௫లଶ − ⋯ቁ + ܽଵ ቀݔ − ௫రଶସ − ଵଵ௫ళହସ − ⋯ቁ + +ܽଶ ቀݔଶ + ௫ఱ + + ଵଽ௫ఴଶଵ + ⋯ቁ. 

)()( /
01 xJxJ −= )(1 xJ )(0 xJ
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4. frobeniusis meTodis gamoyenebiT ipoveT  3ݔଶݕᇱᇱ + ᇱݕݔ2 + ݕ = 0 
gantolebis amonaxsni mwkrivis saxiT.  

miTiTeba:  ݎ = (1 ± ݕ  ,6/(11݅√ = భల(ܿଵݔ cos ቀ√11݈݊ ௫ቁ + ܿଶ sin ቀ√11݈݊ ௫ቁ). 
5. gamosaxeT	 (1 − ᇱᇱݕ(ଶݔ − ᇱݕݔ + ݕଶߙ = 0, |ݔ| < 1 

CebiSevis gantolebis amonaxsni xarisxovani mwkrivis saxiT. 

6. aCveneT, rom: 
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7. diferencialur gantolebaTa sistemebi 

7.1. wrfiv diferencialur gantolebaTa sistema 

qvemoT ganxilvis obieqti iqneba  

   (1) 

wrfiv diferencialur gantolebaTa sistema, sadac  

aris ucnobi veqtoruli funqcia,  am veqtoruli funqciis war-

moebulia da ,  – matriculi funq-

ciaa uwyveti elementebiT: 

 

, 

xolo  ki mocemuli veqtoruli funqciaa.  

wrfiv diferencialur gantolebaTa (1) sistema warmoadgens veqto-

rebis tolobas, amitom gaSlili saxiT igi SesaZlebelia gadaiweros 

Semdegi saxiT: 

   (2) 

(2) (an (1)) gantolebaTa sistemas ewodeba wrfiv araerTgvarovan 

cvladkoeficientebian diferencialur gantolebaTa sistema, xolo 

,  funqciebs ewodebaT (2) gantolebaTa sistemis 

koeficientebi. (2) gantolebaTa sistemas ewodeba erTgvarovani, Tu 

 (an  igivurad 0-is toli veqtoria). 

radgan (1) da (2) erTi da imave obieqtis ori sxvadasxva Canaweria, 

amitom am oridan imas avirCevT, romelic konkretul SemTxvevaSi 

ufro mosaxerxebeli iqneba.  
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bunebrivia, (1) sistemis amonaxsni vuwodoT iseT veqtorul funq-

cias –
 

, romlis CasmiTac (1)-Si es gamo-

saxuleba igiveobad gadaiqceva. 

wrfiv diferencialur gantolebaTa sistemebze vrceldeba -uri 

rigis diferencialur gantolebaTa, romlebsac skalarul gantole-

bebs uwodeben, Tvisebebis umravlesoba.  

Teorema 1. vTqvaT: 

 

da  

 

veqtoruli funqciebi diferencialur gantolebaTa (1) sistemis Sesa-

bamisi  

    (3) 

erTgvarovan gantolebaTa sistemis amonaxsnebia, maSin: 

1.   

wrfivi kom-

binacia, sadac  da  nebismieri konstantebia, agreTve amonaxsnia.  

2. (3) diferencialur gantolebaTa sistemas aqvs  wrfivad damo-

ukidebeli amonaxsni. 

3. Tu , ,...,  aRvniSnavT (3) diferencialuri ganto-

lebis wrfivad damoukidebel amonaxsnebs, maSin (3) sistemis zo-

gadi amonaxsni moicema formuliT: 

. 

(3) diferencialur gantolebaTa sistemis , ,...,  

wrfivad damoukidebel amonaxsnebs ewodeba amonaxsnTa fundamenturi 

sistema, xolo am amonaxsnebis komponentebisagan Sedgenili matricis 
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determinants ewodeba (3) sistemis vronskis determinanti da iseve, 

rogorc skalaruli gantolebisaTvis, misTvisac miRebulia aRniSvna 

. rogorc vxedavT, (4) matricis svetebi arian , ,...,

 wrfivad damoukidebeli veqtor-funqciebis koordinatebi (ro-

mlebic skalaruli funqciebia). Tu  raime wertilia (3) diferen-

cialuri gantolebis gansazRvris aridan, maSin samarTliania Semdegi  

    (5) 

toloba vronskis determinantisaTvis, romelsac liuvil-ostrograd-

skis formula (zogierTi avtori (5) tolobas iakobis formulasac 

uwodebs) ewodeba. (5)-Si integralis niSnis qveS moTavsebuli  

simbolo aRniSnavs  matriculi funqciis kvals, romelic ganmar-

tebiT -s mTavar diagonalze mdgomi elementebis jamia. 

miuxedavad formaluri msgavsebisa, skalarul da veqtorul di-

ferencialur gantolebebs Soris mniSvnelovani gansxvavebaa. es, upir-

veles yovlisa, gamowveulia  utolobiT, sadac 

 da  ori nebismieri ricxvia  matric-funqciis gansazRvris 

aridan. im SemTxvevaSi, rodesac es utoloba tolobad iqceva, rac sa-

marTliania, magaliTad, skalaruli funqciebisaTvis, maSin gantoleba-

Ta sistemis amonaxsnis povnis amocana martivdeba. qvemoT davuSvebT, 

rom  mudmivi matric-funqciaa. am daSvebis Semdeg (3) diferenci-

alur gantolebaTa sistema gadaiqceva mudmivkoeficientebian wrfiv 

erTgvarovan diferencialur gantolebaTa sistemad, romelsac dawv-

rilebiT ganvixilavT.  

7.2. amonaxsnis arsebobisa da erTaderTobis Teorema n-uri  
rigis gantolebaTa normaluri sistemisaTvis da                 

sawyis pirobebze uwyvetad damokidebuleba 

iseve rogorc wina paragrafSi, aqac SemovitanoT veqtoruli aR-

niSvnebi:  
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da  

. 

diferencialur gantolebaTa normaluri sistema vuwodoT 

         (1) 

gamosaxulebas.  

 veqtor-funqcias ewodeba (1) sistemis amonaxsni ܫ ⊂ -na ܀
mdvil ricxvTa intervalze, Tu  uwyvetad diferencirebadi funq-

ciaa -ze,  nebismieri -saTvis -dan da . 

ganvixiloT sawyisi piroba: 

, .    (2) 

 wertils ewodeba sawyisi wertili, xolo mis  

koordinatebs ki _ sawyisi monacemebi.  

(1) normaluri sistemis amonaxsnis povnis amocanas, romelic (2) 

sawyis pirobas akmayofilebs, ewodeba koSis amocana.  

geometriulad (1),(2) koSis amocana niSnavs, rom saZiebelia  

areSi iseTi integraluri wiri, romelic  wertilze ga-

ivlis.  

axla CamovayaliboT Teorema, romelic koSis (1) da (2) amocanis 

amonaxsnis arsebobisa da erTaderTobisaTvis sakmarisi pirobaa. 

Teorema 1 (amonaxsnis arseboba da erTaderToba). vTqvaT,  

veqtor-funqcia U-s SemosazRvrul da Caketil qveareze, Tanabrad Ta-

visi argumentebis mimarT, akmayofilebs lifSicis pirobas da  

mocemuli wertilia, maSin: 

a) arsebobs iseTi , rom, rodesac , koSis amoca-

nas aqvs amonaxsni.  

b) (1),(2) amocanis amonaxsni erTaderTia im azriT, rom, Tu 

 da  amocanis ori amonaxsnia, Sesabamisad,  da 

 gansazRvris areebiT, maSin , nebismieri t-saTvis 

-ze. 
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Teorema 1-is analogi skalaruli normaluri gantolebisaTvis da-

vamtkiceT kumSvadi asaxvis principis gamoyenebiT. analogiuri msjelo-

bis gamoyeneba SesaZlebelia am Teoremis dasamtkicebladac. 

sazogadod, diferencialur gantolebaTa sistema da sawyisi pi-

robebi SesaZlebelia Seicavdes garkveuli saxis parametrebs. am SemT-

xvevaSi amboben, rom gantoleba (amocana) damokidebulia parametrze. 

mniSvnelovania imis codna, ramdenad mgrZnobiarea amonaxsni am paramet-

rebisa da sawyisi pirobebis cvlilebis mimarT. Tu koSis amocana aR-

wers realur fizikur process, sawyisi pirobebi da parametrebi, 

Cveulebriv, cnobilia mxolod miaxloebiT. isini empiriulad an eqs-

perimentiT miRebuli ricxvebia, amitom qvemoT moyvanili Teorema ga-

moyofs mTel klass amocanebisa, romlebic uwyvetad arian damokide-

buli parametrebze da sawyis pirobebze. am klasSi xvdeba e.w. koreq-

tuli amocanebi.  

ganvixiloT  (1), (2) koSis amocanis amonaxsni, rogorc 

 sawyisi pirobebis funqcia. aRvniSnoT igi  da ganvixi-

loT am funqciis uwyvetobis sakiTxi Tavisi yvela argumentis mimarT. 

samarTliania Semdegi Teorema, romelic cnobilia koSis amocanis 

sawyis pirobebze uwyvetad damokidebulebis Sesaxeb. 

Teorema 2. vTqvaT, U-ze gansazRvruli veqtor-funqciaa, 

romelic, Tanabrad Tavisi argumentebis mimarT, akmayofilebs lifSi-

cis pirobas. maSin arsebobs iseTi , rom koSis (1), (2) amocanis 

amonaxsni aris Tavisi argumentebis uwyveti funqcia, ro-

desac  da , sadac  

 

areSi Semavali r-radiusiani birTvia. 

axla SemovitanoT maTematikuri fizikis erT-erTi umniSvnelova-

nesi cneba, es aris koSis amocanis koreqtulobis cneba diferenci-

aluri gantolebisaTvis. 

(1), (2) koSis amocanas ewodeba koreqtuli, Tu arsebobs -is 

Semcveli namdvil ricxvTa monakveTi, sadac arsebobs (1),(2) koSis 
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amocanis erTaderTi amonaxsni, romelic uwyvetadaa damokidebuli 

sawyis  monacemebze im azriT, rom, rodesac:  

, , , 

maSin , nebismieri -saTvis. 

amrigad, Tu  akmayofilebs Teorema 2-Si moyvanil pirobas, 

maSin normalur gantolebaTa (1) sistemisaTvis koSis amocana koreqtu-

lia, rac imas niSnavs, rom sawyisi monacemebis mcire cvlilebis Sem-

TxvevaSi gatolebaTa sistemis Sesabamisi amonaxsnebi erTmaneTTan sak-

maod axlos arian. 

maTematikuri fizikisaTvis, ZiriTadad, sainteresoa koreqtuli 

amocanebi, radgan, rogorc zemoT gakeTebuli SeniSvnidan gamomdinare-

obs, realuri fizikuri procesebi, rogorc wesi, koreqtul amoca-

nebze daiyvanebian. 

sawyis pirobebze amonaxsnis uwyvetad damokidebulebis yvela de-

buleba am saxis gantolebaTa klasisaTvis, aris zemoT Camoyalibebu-

li Teoremebis kerZo SemTxveva. 

7.3. mudmivkoeficientebiani wrfiv diferencialur   

gantolebaTa sistema 

axla gadavideT SedarebiT martiv diferencialur gantolebaTa 

sistemis Seswavlaze. 

    (1) 

saxis gantolebaTa sistemas, sadac ܣ mudmivi matric-funqciaa, 

wrfivi, erTgvarovani, mudmivkoeficientebiani, diferencialur ganto-

lebaTa sistema ewodeba. 

(1) gantolebaTa sistemis amonaxsnis saxe damokidebulia matri-

cis speqtralur maxasiaTeblebze. am maxasiaTeblebidan mniSvnelovania 

sakuTrivi mniSvnelobebi, romlebic emTxvevian  det(ܣ − (۷ߣ = 0    (2) 

maxasiaTebeli gantolebis fesvebs, sadac ۷ erTeulovani matricaa.  

00, Xt

δ<− |),(),(
~
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(2) gantolebis marcxena mxare aris  xarisxis (igi  matricis 

rigis tolia) mravalwevri. marTlac, 

det(ܣ − (۷ߣ = ݐ݁݀ ቌܽଵଵ − ߣ ܽଵଶ … ܽଵܽଶଵ ܽଶଶ − ߣ … ܽଶ… … … . …ܽଵ ܽଶ … ܽ − ቍߣ = 
= ߣ + ܽଵߣିଵ + ⋯+ ܽିଵߣ + ܽ, 

sadac  ricxvebi gamoisaxebian  matricis elementebis saSu-

alebiT. aRvniSnoT -Ti es mravalwevri. igi ganmartebiT  mat-

ricis maxasiaTebeli mravalwevria.  

davuSvaT,  iseTi aranulovani ricxvia, rom  

     (3) 

gantolebaTa sistemas  veqtoris mimarT aqvs aranulovani amonaxsni. 

aseT -s ewodeba  matricis sakuTrivi mniSvneloba, xolo im ara-

nulovan veqtorebs, romelTaTvisac sruldeba (3), ewodeba  sakuT-

rivi mniSvnelobis Sesabamisi sakuTrivi veqtori. rogorc aRvniSneT, 

 matricis sakuTrivi mniSvnelobebi emTxveva mis maxasiaTebel fesvebs.  

Teorema 1. davuSvaT,  arian  matricis erTmaneTi-

sagan gansxvavebuli sakuTrivi mniSvnelobebi, xolo  ki 

-is Sesabamisi sakuTrivi veqtorebi, maSin  

, ,...,    (4) 

veqtor-funqciebi qmnian (1) diferencialur gantolebaTa sistemis 

amonaxsnTa fundamentur sistemas. amasTan, (1) sistemis zogadi amo-

naxsni aris (4) veqtor-funqciebis wrfivi kombinacia.  

amrigad, gansxvavebuli sakuTrivi mniSvnelobebis SemTxvevaSi, ava-

geT amonaxsnTa fundamenturi (4) sistema. am amocanis gadaWraSi gvex-

mareba Teorema, romlis Tanaxmad, gansxvavebul sakuTriv mniSvnelobe-

bis Sesabamisi sakuTrivi veqtorebi qmnian bazis -ganzomilebian veq-

torul sivrceSi, anu isini wrfivad damoukideblebi arian. Tu sakuT-

rivi mniSvnelobebidan romelime ori maTgani erTmaneTis tolia, anu 

maxasiaTebel gantolebas aqvs jeradi fesvebi, maSin iseve, rogorc 

n A

naa ,...,1 A
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h
λ A

λ
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nhhh ,...,, 21

nλλλ ,...,, 21
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skalaruli gantolebis SemTxvevaSi, (1) diferencialuri gantolebis 

amonaxsnTa fundamenturi sistemis asagebad sxva meTodia gamosayenebe-

li. am miznis misaRwevad saWiroa SemovitanoT matricis mikavSirebu-

li veqtoris cneba. 

davuSvaT,  aris  matricis sakuTrivi mniSvneloba, xolo 

 veqtorebi iseTebia, rom sruldeba tolobebi: 

, , 

,     (5)  

... ... ... 

, 

maSin  veqtori  matricis sakuTrivi veqtoria, xolo  

veqtorebs ewodebaT -Tan mikavSirebuli veqtorebi. veqtorTa 

 sistemas ewodeba  sakuTrivi mniSvnelobis Jordanis 

jaWvi, -s ki _ Jordanis jaWvis sigrZe. Tu  martivi sakuTrivi 

mniSvnelobaa, xolo  misi Sesabamisi sakuTrivi veqtoria, maSin -Tan 

mikavSirebuli veqtorebi ar arseboben. im SemTxvevaSi ki, rodesac 

 jeradi sakuTrivi mniSvnelobaa, maSin misTvis SesaZlebelia arse-

bobdes Jordanis ramdenime jaWvi, romlebic wrfivad damoukidebel 

veqtorTa sistemas Seicaven. axla ukve SegviZlia CamovayaliboT Teo-

rema, romelic jeradi sakuTrivi fesvebis SemTxvevaSic ki -ganzo-

milebian veqtorul sivrceSi miuTiTebs wrfivad damoukidebeli veq-

torebis arsebobaze. es Teorema cnobilia Jordanis Teoremis saxel-

wodebiT. 

Teorema 2. nebismieri  rigis matrica aCens  wrfivad damoukide-

bel veqtors -ganzomilebian veqtorul sivrceSi, romelic miiReba 

am matricis yvela sakuTrivi mniSvnelobebis Jordanis jaWvebisagan. 

axla ukve SegviZlia davweroT (1) diferencialur gantolebaTa 

sistemis zogadi amonaxsnis formula. qvemoT moyvanili Teorema amo-

wuravs (1) saxis sistemis yvela SesaZlo variantebs da iZleva sis-

temis wrfivad damoukidebeli amonaxsnebis srul daxasiaTebas.  

0λ A
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101 hAh λ= 01≠h

1202 hhAh += λ

10 −+= kkk hhAh λ

1h A khhh ,...,, 32
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Teorema 3. davuSvaT,   matricis wyvil-wyvilad gans-

xvavebuli sakuTrivi mniSvnelobebia, romelTa jeradobebia , 

, xolo  

, 

, 

... ... ... 

  

mikavSirebul veqtorTa sistemaa. maSin:  

, 

, 

... ... ... 

 

veqtoruli funqciebi qmnian (1) diferencialur gantolebaTa sistemis 

fundamentur amonaxsnTa sistemas, xolo (1) sistemis zogadi amonax-

sni am veqtorebis wrfivi kombinaciaa. 

aRvniSnoT -Ti matriculi funqcia, romlis svetebia (1) gan-

tolebaTa sistemis  amonaxsnTa fundamenturi sis-

temis veqtor-funqciebi: 

. 

aseTnairad Sedgenil matricul funqcias ewodeba (1) sistemis 

fundamenturi matrica (mis determinants, rogorc zemoT aRvniSneT, 
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ewodeba vronskis determinanti). magaliTad, matricis  elementi 

aris  veqtor-funqciis -uri sakoordinato funqcia. advili Se-

samowmebelia (gTxovT, gaiazroT damoukideblad), rom  akmayofi-

lebs Semdeg matricul diferencialur gantolebas: 

, 

sadac  matric-funqcia miiReba -s Sesabamisi elementebis ga-

warmoebiT.Aaseve martivad mowmdeba, rom erTgvarovani (1) gantolebis 

zogadi amonaxsni  fundamenturi matricis nebismier  veqtor-

ze gamravlebiT miiReba: 

. 

aqve, damtkicebis gareSe mivuTiTebT, rom (1) gantolebaTa siste-

mis zogadi amonaxsni moicema  

 

matriculi eqsponentis saSualebiT, sadac  ganimarteba, rogorc  

 

krebadi mwkrivis jami. (ݐ)ܧ = ݁௧-s ewodeba evoluciis operatori 

(es saxelwodeba eTanadeba mis fizikur Sinaarss. kerZod, evoluciis 

operatoriT miiReba sistemis nebismieri sxva mdgomareoba, Tu erTi 

mdgomareoba cnobilia).  

Tu ܺ(ݐ) aris  ܺᇱ(ݐ) = (ݐ)ܺ ,(ݐ)ܺܣ = ܺ 
koSis amocanis amonaxsni, maSin ܺ(ݐ) = ݁௧ܺ.  
magaliTi 1. vipovoT  ൬ݔଵᇱ ଶᇱݔ(ݐ) ൰(ݐ) = ቀ−1 00 −2ቁ ൬ݔଵ(ݐ)ݔଶ(ݐ)൰ 
sistemis evoluciis operatori da zogadi amonaxsni.  

amoxsna. evoluciis operatoria (ݐ)ܧ = ݁௧ = ቀ݁ି௧ 00 ݁ିଶ௧ቁ matri-
culi funqcia, sadac ܣ = ቀ−1 00 −2ቁ. sistemis zogadi amonaxsni iqne-
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ba ൬ݔଵ(ݐ)ݔଶ(ݐ)൰ = ቀ݁ି௧ 00 ݁ିଶ௧ቁ ቀܿଵܿଵቁ veqtoruli funqcia, sadac ܥ = ቀܿଵܿଵቁ  
nebismieri mudmivi veqtoria. 

matriculi eqsponentis saSualebiT  

 

diferencialur gantolebaTa araerTgvarovani sistemis amonaxsni 

moicema Semdegi formuliT: 

, 

sadac  mocemuli veqtor-funqciaa. 

magaliTi 2. amovxsnaT diferencialur gantolebaTa Semdegi sistema: 

 

amoxsna: moyvanil amocanaSi ucnobi veqtor-funqciaa . 

gadavweroT igi matriculi saxiT: 

, 

vipovoT 

 

matricis sakuTrivi mniSvnelobebi. amisaTvis saWiroa davweroT maxa-

siaTebeli mravalwevri: 

, 

xolo Semdeg ki  
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maxasiaTebeli gantolebidan vipovoT maxasiaTebeli fesvebi (romle-

bic  matricis sakuTrivi mniSvnelobebi iqnebian): 

, . 

axla saWiroa am sakuTrivi ricxvebis Sesabamisi romelime sakuT-

rivi veqtorebi vipovoT.  martivi fesvia, amitom mikavSirebuli 

veqtori misTvis ar arsebobs, xolo sakuTrivi veqtoria, magaliTad, 

. 

es veqtori (5) gantolebaTa sistemis amoxsniT miiReba, Tu masSi 

Cveni amocanis manacemebs CavsvamT.  

 orjeradi fesvia, amitom misi Sesabamisi sakuTrivi veqtoris 

mikavSirebuli veqtorebis povnac mogviwevs. sakuTrivi veqtoria, maga-

liTad,  

, 

romlis mikavSirebuli veqtoria 

. 

igi miiReba  gantolebaTa sistemis amoxsniT.  

veqtorebi qmnian samganzomilebiani evkliduri sivrcis baziss, amitom, 

Teorema 3-is ZaliT, mocemuli gantolebaTa sistemis zogadi amonax-

sni iqneba: 

,    (6) 

sadac  nebismieri mudmivebia. 
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magaliTi 3. magaliT 2-Si ganxiluli sistemisaTvis amovxsnaT 

koSis Semdegi amocana:  

amoxsna: saWiroa  ucnobebis mimarT amoixsnas wrfiv al-

gebrul gantolebaTa Semdegi sistema: 

,   (7) 

romelic miiReba (6) zogad amonaxsnSi  sa-

wyisi pirobebis CasmiT. (7)-dan vpoulobT: , . Cavs-

vaT -is es mniSvnelobebi (6)-Si da sabolood miviRebT: 

, 

anu , , . 

7.4. amonaxsnTa fundamenturi sistemis gamoyenebebi  

diferencialuri gantolebis aRdgena amonaxsnTa fundamenturi 

sistemiT. ganvixiloT erTgvarovani wrfivi -uri rigis diferencialu-

ri gantoleba cvladi koeficientebiT: 

  (1) 

da davuSvaT, ,...,  (1) gantolebis wrfivad damoukidebeli 

amonaxsnebia.  

  

determinants, rogorc ukve aRvniSneT, ewodeba vronskis determinanti. 

mtkicdeba, rom igi akmayofilebs Semdeg diferencialur gantolebas: 
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, 

saidanac gamomdinareobs, rom: 

 

(liuvil-ostrogradskis formula).  

vronskis determinantTan dakavSirebulia normaluri  

   (2) 

diferencialuri gantolebis aRdgena misi amonaxsnTa fundamenturi sis-

temis saSualebiT. kerZod, Tu ,...,  aris (2) gantolebis amo-

naxsnTa fundamenturi sistema, maSin saZebni diferencialuri ganto-

leba iqneba: 

. 

-uri rigis skalaruli gantolebis kavSiri gantolebaTa siste-

masTan. (2) gantolebidan diferencialur gantolebaTa  

 

saxis sistemaze gadasvla xdeba Semdegnairad. SemovitanoT aRniSvnebi:  

, , , . 

maSin , ,...,  funqciebi akmayofileben diferencialur 

gantolebaTa Semdeg sistemas:  

, 

, 

. . .  

, 
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SemovitanoT matrica: 

, 

maSin  veqtor-funqcia akmayofilebs  

matriculad Caweril diferencialur gantolebaTa sistemas. aqedan na-

Telia, rom diferencialur gantolebaTa sistema ufro zogadi obieq-

tia, vidre skalaruli gantoleba, radgan gadasvla gantolebidan sis-

temaze mxolod specialuri saxis  matricisaTvis aris SesaZle-

beli. amis gamo §6.2-Si moyvanili Teorema 1 da Teorema 2 vrceldeba 

wina paragrafebSi ganxilul gantolebebzec.  

koSis funqcia. rogorc ukve aRvniSneT, Tu ݔଵ(ݐ), … , ()ݔ(ݐ)arian ܽ (ݐ)ݔ + ⋯+ ܽ(ݐ)ݔ = 0 erTgvarovani cvladkoeficientebiani dife-

rencialuri gantolebis amonaxsnebi da ܥᇱ(ݐ), ݆ = 1,… , ݊ funqciebi ak-
mayofileben 

 

wrfiv araerTgvarovan gantolebaTa sistemas, maSin: 

  (3) 

aris  ܽ(ݐ)ݔ() + ⋯+ ܽ(ݐ)ݔ =  (4)    (ݐ)݂

araerTgvarovani gantolebis amonaxsni.  
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zemoT moyvanil wrfiv gantolebaTa sistemis amosaxsnelad krame-

ris formuliT visargebloT, maSin: 

. 

vaintegroT es ukanaskneli -Tvis -dan -mde da CavsvaT (3)-Si 

-s mniSvnelobebi (radgan erTi amonaxsni gvainteresebs, amitom 

davuSvaT ): 

 

 

 

. 
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SemovitanoT aRniSvna:  

 

 

. 

es gamosaxuleba aris 

 

determinantis daSla ukanaskneli striqonis mimarT, amitom gvaqvs 

toloba: 

, 

romelsac ewodeba (4) araerTgvarovani gantolebis koSis funqcia. 
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Teorema 1.  

 

funqcia aris (4) gantolebis amonaxsni. 

 

sawyisi pirobebis SemTxvevaSi. 

7.5. meore rigis wrfiv diferencialur gantolebaTa sistema 

ganvixiloT  

        (1) 

meore rigis wrfiv diferencialur gantolebaTa sistema. iseve rogorc 

wina paragrafebSi, aq ucnobia  veqtoruli fun-

qcia. gadavweroT (1) matriculi formiT: 

,    (2) 

sadac  (1) sistemis koeficientebisagan Sedgenili mudmivi matricaa. 

Tu davuSvebT, rom (2) skalaruli gantolebaa da , maSin (2)-is 

amonaxsni ,  pirobebiT aris 

  (3) 

funqcia. uSualo CasmiT mowmdeba, rom (3) aris (2) sistemis amonaxsni, 

Tu (3)-Si vigulisxmebT, rom  matricaa da , xolo 

 da  gaigeba Semdegnairad: 
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 ,  

.        (4) 

radgan (4) gamosaxulebebis marjvena mxareebs azri aqvT maSinac ki, 

rodesac , amitom (3) gamosaxulebiT miRebuli veqtoruli 

funqcia aris (2) da, amrigad, (1) sistemis zogadi amonaxsni. aq gaTva-

liswinebulia isic, rom  da  nebismieri mudmivi veqtorebia. 

aqve SevniSnoT, rom  araerTgvarovan ganto-

lebaTa sistemis amonaxsni ,  pirobebiT aris  

 

veqtor-funqcia. 

savarjiSoebi damoukidebeli muSaobisaTvis 

1. amoxseniT gantolebaTa erTgvarovani sistemebi: 

1) ቐ ௗ௫ௗ௧ = ݔ− − ௗ௬ௗ௧ݕ5 = ݔ7− − (ݐ)ݔ :pasuxi    ݕ3 = 5ܿଵ݁ି଼௧ + ܿଶ݁ସ௧, (ݐ)ݕ = 7ܿଵ݁ି଼௧ − ܿଶ݁ସ௧. 
2) ቐୢ୶ୢ୲ = −2x + 4yୢ୷ୢ୲ = −x + 3y ,   sawyisi pirobiT: x(0) = 3, y(0) = 0. 

pasuxi: (ݐ)ݔ = 4݁ି௧ − ݁ଶ௧, (ݐ)ݕ = ݁ି௧ − ݁ଶ௧ . 
۔ۖەۖ (3

ۓ ௗ௫ௗ௧ = ݔ3 − ݕ + ௗ௬ௗ௧ݖ = ݔ− + ݕ5 − ௗ௭ௗ௧ݖ = ݔ − ݕ + ݖ3  pasuxi: (ݐ)ݔ = ܿଵ݁ଶ௧ + ܿଶ݁ଷ௧ + ܿଷ݁௧, 
(ݐ)ݕ			 = ܿଶ݁ଷ௧ − 2ܿଷ݁௧, (ݐ)ݖ = −ܿଵ݁ଶ௧ + ܿଶ݁ଷ௧ + ܿଷ݁௧. 
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۔ۖەۖ (4
ۓ ௗ௫ௗ௧ = ௗ௬ௗ௧ݕ8 = ௗ௭ௗ௧ݖ2− = ݔ2 + ݕ8 − (0)ݔ :sawyisi pirobiT ,ݖ2 = 3, (0)ݕ = 0,	 

(0)ݖ = 0.  
pasuxi:  sistemis maxasiaTebeli fesvebia: ߣଵ = −2, ଶ,ଷߣ = (ݐ)ݔ  .±4݅ = −4݁ିଶ௧ − (ݐ)ݕ ,ݐ2݊݅ݏ2 = ݁ିଶ௧ − (ݐ)ݖ ,ݐ4ݏܿ = ݁ିଶ௧ −  .ݐ4݊݅ݏ2

5)	ቐௗ௫ௗ௧ = ݔ2 + ௗ௬ௗ௧ݕ = ݕ4 − (ݐ)ݔ :pasuxi    ݔ = (ܿଵ + ܿଶݐ)݁ଷ௧ + ܿଶ݁ସ௧, 
(ݐ)ݕ  = (ܿଵ + ܿଶ + ܿଶݐ)݁ଷ௧ . 

2. amoxseniT )()(/ tAXtX =  gantolebaTa sistema, Tu ))(),(()( 21 txtxtX =  

ucnobi veqtoruli funqciaa, xolo 







−

−
=

12

11
A . dawereT moyvanili 

sistemis fundamenturi matrica.  

3. gamovTvaloT ݁௧, sadac ܣ aris Semdegi 2 × 2-matrica 
1) ቀ2 00 3ቁ, pasuxi: ቀ݁ଶ௧ 00 ݁ଷ௧ቁ. 
2)	ቀ1 20 2ቁ, pasuxi: ൬݁௧ 2݁௧(݁௧ − 1)0 ݁ଶ௧ ൰. 
3) ቀ2 43 3ቁ, pasuxi: ల ቀ3 43 4ቁ + ష ቀ 4 −4−3 3 ቁ. 
4) ቀ−2 2−4 −2ቁ, pasuxi: షమ√ଶ ቆ√2ܿݐߚݏ ݐߚ݊݅ݏ2−ݐߚ݊݅ݏ ቇݐߚݏ2ܿ√ , ߚ = 2√2. 
5) ቀ1 20 2ቁ, pasuxi: ݁ିଷ௧ ቀ1 − ݐ ݐ−ݐ 1 +  .ቁݐ

4. amonaxsnTa fundamenturi sistemis Tvisebebis gamoyenebiT amoxse-

niT Semdegi amocanebi: 

1) SeadgineT diferencialuri gantoleba, romlisTvisac (ݔ)ݕ = ݁௫ 
da (ݔ)ݕ = ݁ି௫ funqciebi amonaxsnTa fundamentur sistemas qmnian.  
pasuxi: ݕᇱᇱ(ݔ) − (ݔ)ݕ = 0. 

2) SeadgineT diferencialuri gantoleba, romlisTvisac (ݔ)ݕ = ݁௫మ 
da (ݔ)ݕ = ݁ି௫మ funqciebi amonaxsnTa fundamentur sistemas qmnian.  
pasuxi: ݕݔᇱᇱ(ݔ) − (ݔ)ᇱݕ − (ݔ)ݕଷݔ4 = 0. 
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8. diferencialur gantolebaTa  

avtonomiuri sistema  

8.1. avtonomiuri sistema 

-uri rigis diferencialur gantolebaTa normaluri avtonomi-

uri sistema ewodeba  

ሶݔ  =  (1)      (ݔ)݂

saxis sistemas, sadac  mocemuli namdvili veqtor-funqciaa 

 koordinatebiT, romlebic mniSvnelobas Rebulo-

ben -ganzomilebiani veqtoruli sivrcis raime qvesivrceSi. – damo-

ukidebeli cvladia, romelsac, miRebulia, ewodos dro da , xo-

lo  ucnobi namdvili veqtoruli funqciaa Ω ⊂ -Ti. (1) gantol-ݐ s warmoebuls-ݔ ሶ aq da Semdgom aRniSnavsݔ .܀

ebis marjvena mxares, e.i. veqtor-funqcias, ewodeba (1) sistemis veq-

toruli veli. Semdgom yovelTvis CavTvliT, rom akmayofilebs 

lipSicis pirobas. es piroba sakmarisia imisaTvis, rom (1) sistemas:  

,     (2) 

sawyisi pirobis SemTxvevaSi hqondes erTaderTi gaugrZelebadi amona-

xsni, rac, Tavis mxriv, niSnavs, rom misTvis samarTliania amonaxsnis 

arsebobis da erTaderTobis Teorema. 

(1) avtonomiur sistemas dinamikur an konservatiul sistemasac 

uwodeben. avtonomiuri sistemebiT aRiwereba mravali realuri fizi-

kuri sistemis modeli klasikur meqanikaSi, rxevebis TeoriaSi, eko-

nomikaSi Tu cocxali sistemebis dinamikaSi. diferencialur ganto-

lebaTa nebismieri normaluri sistema:  

  (3) 

yovelTvis SesaZlebelia gadavweroT rogorc avtonomiuri sistema 

ucnobi funqciebis raodenobis erTi erTeuliT gazrdis saSualebiT. 

marTlac, Tu CavTvliT, rom , miviRebT avtonomiur sistemas 

 damoukidebeli funqciisaTvis: 

n

)(xf

)(),...,(),( 21 xfxfxf n

n t
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))(),...,(),(()( 21 txtxtxtx n=
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)(xf
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amrigad, avtonomiuri sistemebi gansxvavdebian (3) saxis nebismieri 

sistemisagan imiT, rom (1)-is marjvena mxare ar Seicavs  cvlads. 

(1) sistemaSi Semaval  cvladebs ewodebaT fazuri cvla-

debi, xolo  ares ewodeba (1) avtonomiuri sistemis fazuri sivr-

ce. Tu  aris (1) sistemis amonaxsni  ricxviT monak-

veTze, maSin igi mogvcems parametrulad gansazRvrul wirs -Si, ro-

melsac (1) avtonomiuri sistemis fazuri traeqtoria ewodeba. maSa-

sadame, fazuri traeqtoria, yoveli -saTvis, aris  si-

mravle. 

(1) avtonomiuri sistemis integraluri wiri ewodeba  fu-

nqciis grafiks, igi mdebareobs:  

 

usasrulo cilindrSi. aqedan, fazuri traeqtoria iqneba integra-

luri wiris proeqcia -RerZis paralelurad -Si. traeqtoriaze 

isriT, Cveulebriv, moniSnaven xolme mis mimarTulebas, orientacias, 

e.i. moZraobis mimarTulebas -s zrdis Sesabamisad. magaliTad, rode-

sac ,  gantolebis,  sawyisi pirobiT, integ-

raluri wiri iqneba , , funqciis grafiki  

sibrtyeze, xolo fazuri traeqtoria ki iqneba  naxevarRerZi, 

anu amonaxsni gagrZelebadia mTel namdvil ricxvTa RerZze. koSis 

(1), (2) amocanis amonaxsnis arsebobisa da erTaderTobis Teoremidan 

gamomdinareobs, rom yovel  wertilze gadis  wertilis mi-

damoSi gansazRvruli erTaderTi traeqtoria, garkveul pirobebSi es 

traeqtoria gansazRvrulia nebismieri -saTvis. 

Teorema 1. imisaTvis, rom (1) avtonomiuri sistemis ,  

amonaxsni gagrZelebadi iyos mTel -ze, sakmarisia, am sistemis tra-

eqtoria mdebareobdes raime  kompaqtSi. 

 es Teorema avtonomiuri sistemis saxis saSualebiT amonaxsnis 

gagrZelebis SesaZleblobaze informacias ver iZleva. Tumca, aqve 





=
=

+

+

.1

),,(

1

1

n

n

x

xxfx





t

nxxx ,...,, 21

Ω
)(tx ϕ= 1R⊂I

Ω

It∈ Ω∈)}({ tϕ

)(tx ϕ=

11},|),{( +⊂∈Ω∈= ntxtxG RR

t nR

t

1=n xx = 0)0( 0 >= xx
textx 0)( = 1R∈t ),( xt

0>x

Ω∈0x 0t

1Rt∈

)(tx ϕ= It∈
1R

Ω⊂K



 

177 

SevniSnavT, rom, Tu  akmayofilebs lipSicis pirobas -ze, ma-

Sin (1) avtonomiuri sistemis nebismieri amonaxsni gagrZelebadia mTel 

-ze.  

moviyvanoT (1) avtonomiuri sistemis traeqtoriis elementaruli 

Tvisebebi. 

Tviseba 1. Tu  (1) sistemis amonaxsnia, rodesac  

da  raime namdvili ricxvia, maSin  agreTve iqneba (1) 

sistemis amonaxsni, rodesac . 

amonaxsnis es Tviseba mianiSnebs imaze, rom (1)-is traeqtoriis 

Zvra, agreTve, aris (1) avtonomiuri sistemis traeqtoria.  

Tviseba 2. Tu ori fazuri traeqtoria ,  da , 

 romelime wertilSi gadaikveTa, e.i. , maSin 

 yoveli -saTvis, romelTaTvisac gansazRvrulia 

igiveobis orive mxare.  

es Tviseba ki miuTiTebs, rom avtonomiuri sistemis traeqtori-

ebi an ar ikveTebian, an, Tu ikveTebian, erTmaneTs emTxvevian. SevniS-

noT, rom araavtonomiuri sistemebisaTvis es Tviseba zogjer irRveva.  

(1) avtonomiuri sistemis mudmiv , amonaxsns 

ewodeba avtonomiuri sistemis wonasworobis an uZravi wertili. 

yovel  wertils, romelic sistemis wonasworobis werti-

li ar aris, ewodeba Cveulebrivi wertili. 

 funqciis uwyvetobidan gamomdinareobs, rom yovel Cveule-

briv wertils aqvs midamo, romelic kvlav Cveulebrivi wertilebisa-

gan Sedgeba, maSin, rodesac wonasworobis wertili SeiZleba iyos ro-

gorc izolirebuli, ise araizolirebuli. Tu , , ganvixi-

lavT rogorc fazuri wertilis moZraobas fazur traeqtoriaze, ma-

Sin wertilis moZraobis siCqare drois  momentSi, Tu , 

emTxveva  veqtors. am  veqtors ewodeba (1) avtonomiuri 

sistemis fazuri siCqare, xolo  veqtorul vels ewodeba (1) 

avtonomiuri sistemis fazur siCqareTa veli.  
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1R

)(tx ϕ= ),( βα∈t
c )( ctx +=ϕ

),( cct −−∈ βα

)(tx ϕ= 1It∈ )(tx ψ=
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Teorema 2.  wertili aris (1) avtonomiuri sistemis wo-

nasworobis wertili maSin da mxolod maSin, rodesac fazuri siCqa-

re 0-is tolia, e.i. rodesac . 

Tu (1) sistemis  amonaxsni gansazRvrulia mTel namdvil 

 RerZze da perioduli veqtor-funqciaa periodiT ܶ > 0, maSin 
mis Sesabamis traeqtorias ewodeba Caketili anu cikli.  

moviyvanoT avtonomiuri sistemis traeqtoriebis klasifikaciis 

Teorema. 

Teorema 3. (1) avtonomiuri sistemis yoveli fazuri traeqtoria 

aris erT-erTi Semdegi samidan: 

1) wonasworobis wertili; 

2) Caketili traeqtoria; 

3) wiri TviTgadakveTis gareSe.  

rodesac , SesaZlebelia ciklis ararsebobis sakmarisi pi-

robis moyvana. kerZod, samarTliania Semdegi Teorema. 

Teorema 4. Tu (1) sistema mocemulia  brtyel areze da 

-ze fazuri siCqareebis  veli aris potencialuri, maSin -Si 

(1) sistemas ar aqvs Caketili traeqtoria.  

magaliTad, -ze mocemuli  wrfivi sistemisaTvis 

veqtoruli veli aris potencialuri, Tu  matrici sime-

triulia. amrigad, wrfiv sistemas simetriuli  matriciT ar aqvs 

Caketili traeqtoria. 

Tu avtonomiuri sistemis yofaqcevas SeviswavliT mxolod loka-

lurad, maSin vnaxavT, rom Tvisobrivad Cveulebrivi wertilis mida-

moSi fazuri traeqtoriebi erTnairia. amis gamo, sainteresoa mxo-

lod wonasworobis wertilis midamo.  

(1) avtonomiuri sistemis fazuri traeqtoriis grafikul (ge-

ometriul) gamosaxulebas  areSi ewodeba fazuri portreti.  

davuSvaT,  aris (1),(2) koSis amocanis amonaxsni, 

romelic ar grZeldeba mTel namdvil  RerZze. davuSvaT, sawyisi 

 mdgomareobebi, rodesac , avseben zomad  simravles, 

Ω∈0x

0)( 0 =xf

)(tx ϕ=
1R
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Ω )(xf Ω
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A

Ω
),,( 00 xttx ϕ=

1R
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romlis zomaa . aRvniSnoT -Ti zomadi  are zomiT 

, romelic miiReba drois  momentisaTvis -is ZvriT (1) 

sistemis  amonaxsnis fazuri traeqtoriis gaswvriv, e.i. 

௧ܸ = ,ݐ)߮} ,ݐ ݔ|(ݔ ∈ ܸ}.  da  simravleebs fazur moculobebs 

uwodeben.  

ganmarteba: koSis amocanas ewodeba dasaSvebi, Tu  

aris difeomorfizmi (urTierTcalsaxa diferencirebadi asaxva Tavis 

SeqceulTan erTad)  da  areebs Soris. 

Teorema 5 (j.liuvili). Tu koSis (1), (2) amocana dasaSvebia da 

 areSi  

 

toloba sruldeba, maSin (1)-is traeqtoriebis gaswvriv fazuri `mo-

culobebi~ ar icvleba. e.i. , nebismieri -saTvis.  

 toloba liuvilis zemoT moyvanil TeoremaSi miuTi-

Tebs imaze, rom  veqtoruli veli  areze aris solenoida-

luri. Tu , sadac  mudmivi matricaa, maSin  

matricis kvalis tolia. Hhamiltonuri: ݔሶ = ,ݔ)ܪ߲− ߲( ሶ				, = ,ݔ)ܪ߲ ݔ߲( ,			݅ = 1,… , ݊ 
gantolebaTa sistemisaTvis  fazur sivrceSi koSis amocana dasa-

Svebia da  

(ݔ)݂ݒ݅ = 	 	൬߲ݔ߲ܪ ∙ ߲ܪ߲ − ߲ܪ߲ ∙ ൰ݔ߲ܪ߲
ୀଵ = 0. 

maSasadame, hamiltonur gantolebaTa sistemis traeqtoriebis 

gaswvriv fazuri moculoba ar icvleba.  

SevniSnoT, rom (1) sistemis fazuri sivrce, sazogadod, ar 

emTxveva im  ares, sadac (1) sistemaa gansazRvruli.  
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8.2. pirveli integrali 

davuSvaT, -is raime qvesivrceze _  areze mocemulia avto-

nomiuri sistema:  ݔሶ =  (1)     ,(ݔ)݂

sadac  da  aris -ze gansazRvruli namdvili, uwyvetad 

diferencirebadi veqtoruli funqcia koordinatebiT . 

vTqvaT,  aris (1) sistemis amonaxsni, rodesac .  

ganmarteba: -ze gansazRvrul  uwyvetad diferencirebad 

funqcias ewodeba (1) avtonomiuri sistemis pirveli integrali, Tu 

 yoveli ,  (1) sistemis amonaxsnisaTvis.  

am ganmartebaSi moyvanili mudmivis povna Zneli ar aris. Tu 

 amonaxsni ganisazRvreba 
 
wertilSi sawyisi pirobiT: 

, maSin naTelia, rom . amrigad, 

 damokidebulia mxolod sistemis traeqtoriis arCevaze da 

ara  cvladze.  

pirveli integralis trivialuri magaliTia  mudmivi 

funqcia. imisaTvis, rom pirveli integralebis aratrivialuri maga-

liTebi moviyvanoT, saWiroa pirveli integralis agebis kriteriumi. 

qvemoT, Teoremis saxiT, swored aseT kriteriums CamovayalibebT. ma-

namde moviyvanoT erTi ganmarteba. 

ganmarteba: davuSvaT,  aris  areze gansazRvruli uwyvetad 

diferencirebadi funqcia.  funqciis warmoebuli  veqtoru-

li velis gaswvriv ewodeba  skalarul namravls da 

aRiniSneba  simboloTi: 

. 

SevniSnoT, rom  funqciis warmoebuli  veqtoruli ve-

lis gaswvriv aris  ( ) mudmivi veqtoris gaswvriv  
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funqciis warmoebulis ganzogadeba da axasiaTebs -is cvlilebas 

(monotonurobas) (1) sistemis fazuri traeqtoriis gaswvriv.  

Teorema 1.  areze gansazRvruli uwyvetad diferencirebadi 

funqcia aris (1) sistemis pirveli integrali maSin da mxolod 

maSin, rodesac  yoveli -saTvis -dan. 

magaliTi. vipovoT: 

 

sistemis pirveli integrali. 

amoxsna: sistemaSi Semavali gantolebebi jvaredinad gadavamrav-

loT da miviRebT: 

. 

aqedan 

 

da 

. 

zemoT moyvanili Teoremis Tanaxmad,  aris 

mocemuli avtonomiuri sistemis pirveli integrali, radgan . 

pirveli integrali dakavSirebulia  funqciis donis zeda-

pirTan. pirveli integralis ganmartebidan gamomdinareobs, rom (1) 

sistemis yoveli  traeqtoria -Si mdebareobs  pirve-

li integralis erT-erTi donis zedapirze. rodesac , maSin 

donis zedapiris magivrad laparakoben donis wirze (radgan miRebuli 

topologiuri samravle 1-ganzomilebiania). aseTi kavSiris Rirebule-

baa Sebrunebuli amocanis amoxsnis gamartiveba. Sebrunebuli amocana 

ki mdgomareobs imis garkvevaSi, donis wirebidan romelia avtonomi-
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uri sistemis traeqtoria. cnobilia, rom, Tu pirveli integralis 

donis wiri aris gluvi da ar Seicavs sistemis wonasworobis wer-

tils, maSin es wiri aris avtonomiuri sistemis traeqtoria an tra-

eqtoriis nawili. amrigad, pirveli integralis donis wiris saSu-

alebiT, zogierT SemTxvevaSi, SesaZlebelia avtonomiuri sistemis 

globaluri fazuri portretis miReba.  

Tu  aris (1) sistemis aratrivialuri pirveli integrali, 

xolo ki nebismieri uwyvetad diferencirebadi funqciaa, rom-

lisTvisac azri aqvs  kompozicias, maSin  

agreTve iqneba (1) avtonomiuri sistemis pirveli integrali, radgan 

(1) sistemis nebismieri  traeqtoriisaTvis gvaqvs: 

, . 

amrigad, sazogadod, (1) sistemas aqvs usasrulo raodenobis pir-

veli integralebi. magram, SesaZlebelia iseTi pirveli integralebis 

arCeva, romelTa saSualebiTac nebismieri sxva gamoisaxeba. es arCe-

uli integralebi arian garkveuli azriT damoukideblebi. damoukide-

beli pirveli integralebis cneba dazustebas moiTxovs, ris gamoc 

moviyvanT mis ganmartebas.  

ganmarteba: (1) avtonomiuri sistemis ,..., , pir-

vel integralebs,  wertilis midamoSi ewodeba damoukidebeli, 

Tu iakobis , ,  matricis rangi 

-s tolia.  

amis Semdeg SesaZlebelia CamovayaliboT  raodenobis damo-

ukidebeli pirveli integralis arsebobis sakmarisi piroba da aRv-

weroT nebismieri sxva pirveli integralis struqtura.  

Teorema 2. davuSvaT,  wertili ar aris (1) sistemis wo-

nasworobis wertili. maSin am wertilis nebismier  midamoSi 

arsebobs  raodenobis damoukidebeli ,...,  pirveli 

integrali. garda amisa, Tu  am sistemis romelime pirveli in-
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tegralia  areSi, maSin arsebobs iseTi uwyvetad warmoebadi 

 funqcia, rom , nebismieri   

-saTvis -dan.  

naTelia, rom am TeoremaSi miTiTebuli integralTa damoukidebe-

li sistema erTaderTi ar aris. aRniSnuli sistemis arseboba loka-

luri xasiaTisaa im azriT, rom isini  funqciasTan erTad arsebo-

ben mxolod miTiTebuli wertilis midamoSi. im SemTxvevaSic ki, ro-

desac  wertili ar aris wonasworobis wertili, mis midamoSi 

 wertilze damokidebuli  funqcia SesaZlebelia mainc arsebob-

des. amasTan, wonasworobis wertilis midamoSi damoukidebeli integ-

ralebi SeiZleba arsebobdnen an arc arsebobdnen. 

8.3. konservatiuli sistema erTi Tavisuflebis xarisxiT 

pirveli integralebis fizikuri Sinaarsis gasaazreblad ganvixi-

loT erTi Tavisuflebis xarisxis mqone meqanikuri sistema xaxunis 

gareSe. 

erTi Tavisuflebis xarisxis mqone konservatiuli sistema ewode-

ba iseT sistemas, romelic aRiwereba Semdegi avtonomiuri sistemiT: 

,    (1) 

sadac namdvil ricxvTa raime intervalze gansazRvruli cvladis 

diferencirebadi funqciaa.  

(1) gantoleba ekvivalenturia gantolebaTa:  

      (2) 

sistemis, sadac . 

zemoT moyvanilis Sesabamisad, meqanikaSi miRebulia Semdegi termi-

nologia: -s ewodeba konfiguraciuli sivrce, _koordinatia, 

-s _ siCqarea,  _ aCqarebaa,  dekartul namravls ki 

ewodeba fazuri sivrce, (1) gantolebas ewodeba niutonis gantoleba, 

-s _ Zaluri veli, xolo -s ki _ Zala.  

aΩ
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ganvixiloT fazur sivrceze gansazRvruli Semdegi funqciebi: 

 _ kinetikuri energia; 

 _ potencialuri energia; 

 _ sruli energia.  

Teorema (energiis Senaxvis kanoni): meqanikuri sistemis sruli 

energia aris (2) sistemis pirveli integrali. 

radganE , amitom, pirveli integralis ganmar-

tebis Tanaxmad, saWiroa vaCvenoT, rom:  

. 

radgan , amitom miviRebT: 

, 

rac amtkicebs Teoremas. 

magaliTi. ganvixiloT hamiltonis sistema, romelic aRwers  

Tavisuflebis xarisxis mqone meqanikuri sistemis moZraobas fa-

zur sivrceSi: ݍሶ = ,ݍ)ܪ߲ ߲( ሶ			, = ,ݍ)ܪ߲− ݍ߲( ,			݅ = 1,… ,ܰ. 
am sistemaSi  uwyvetad diferencirebadi e.w. hamiltonis 

funqciaa. hamiltonis funqciis warmoebuli  da veqtoruli ve-

lebis gaswvriv nulia:  
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rac niSnavs imas, rom  aris hamiltonis gantolebis pirveli in-

tegrali imisgan damoukideblad, aqvs Tu ara mas wonasworobis wertili.  

klasikur meqanikaSi meqanikuri sistemis moZraobis pirvel integ-

ralebs, Cveulebriv, am sistemis moZraobis integralebs (an moZrao-

bis konstantebs) uwodeben. pirveli integralis ganmartebidan gamo-

dis, rom moZraobis integralebi yovelTvis gamoxataven Senaxvis ro-

melime (energiis, impulsis da a.S.) kanons. magaliTad, zemoT moyvanil 

magaliTSi vaCveneT, rom  aris pirveli integrali. meore mxriv, 

meqanikidan cnobilia, rom  meqanikuri sistemis sruli ener-

giaa. e.i. , sadac  kinetikuri energiaa, xolo ki _ po-

tencialuri. amrigad, is faqti, rom  pirveli integralia, 

niSnavs, rom  hamiltonianiT mocemuli meqanikuri sistemisaT-

vis samarTliania energiis Senaxvis kanoni. amis gamo, -s ener-

giis integralsac uwodeben.  

8.4. organzomilebiani avtonomiuri sistema 

am paragrafSi ganvixilavT organzomilebian avtonomiur gantole-

baTa sistemebs. avtonomiuri sistemis nacvlad xSirad ixmareba termini 

avtonomiuri gantoleba. aseTi terminologia aRrevas ar iwvevs imis 

gamo, rom sistema SesaZlebelia Caiweros veqtoruli saxiT da forma-

lurad mas skalaruli gantolebis saxe eqneba. amitom, Cven orive ter-

mins gamoviyenebT konteqstis Sesabamisad. gavimeoroT zogierTi cneba da 

debuleba, rom paragrafi iyos damoukidebeli wina paragrafebisagan. 

ganvixiloT Semdegi organzomilebiani avtonomiuri sistema:  ሶܺ (ݐ) =  ൯,        (1)(ݐ)൫ܺܨ

sadac ܺ(ݐ) = ,(ݐ)ଵݔ) ܨ da ((ݐ)ଶݔ = ,ଵܨ) -ଶ). amrigad, (1) sistema gaSliܨ

li saxiT iwereba Semdegi formiT: ቊݔሶଵ(ݐ) = ,(ݐ)ଵݔଵ൫ܨ (ݐ)ሶଶݔ,൯(ݐ)ଶݔ = ,(ݐ)ଵݔଶ൫ܨ ܥ .൯(ݐ)ଶݔ = (ܿଵ, ܿଶ)-s ewodeba (1)-is stacionaruli (gansakuTrebuli) we-

rtili, Tu (ܥ)ܨ = 0. yvela sxva wertils, romlebisTvisac es to-

loba ar sruldeba, ewodeba Cveulebrivi wertili. amrigad, ܺ(ݐ) =  ܥ

),( pqH

),( pqH

),( pqH

UTH += T U
),( pqH
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aris mocemuli gantolebis amonaxsni, xolo misi integraluri wiri 

gadagvardeba wertilSi. Tu (ܥ)ܨ ≠ 0, maSin gantolebis amonaxsni an 

iklebs, an izrdeba. amonaxsnis aseT grafikul suraTs fazuri port-

reti ewodeba. fazuri portreti gamosaxavs fazuri wertilis siCqa-

ris (veqtoris) mimarTulebas. es ki niSnavs, rom fazuri portreti 

asaxavs sistemis dinamikis Tvisobriv suraTs. 

davuSvaT, ܥ = (ܿଵ, ܿଶ) (1) sistemis stacionaruli wertilia. gan-

vixiloT:  

൬ݔሶଵ(ݐ)ݔሶଶ(ݐ)൰ = ۈۉ
ଵݔଵ߲ܨ߲ۇ (ܿଵ, ܿଶ) ଶݔଵ߲ܨ߲ (ܿଵ, ܿଶ)߲ܨଶ߲ݔଵ (ܿଵ, ܿଶ) ଶݔଶ߲ܨ߲ (ܿଵ, ܿଶ)ۋی

 ൰(ݐ)ଶݔ(ݐ)ଵݔ൬ۊ
wrfivi sistema, romelsac (1)-is gawrfiveba ewodeba ܥ stacionarul 

wertilSi. xSirad wrfivi sistema sawyis arawrfiv sistemaze srul 

informacias iZleva. 

ganmarteba: meore rigis or wrfiv avtonomiur sistemas ewodeba 

Tvisobrivad ekvivalenturi, Tu arsebobs sibrtyis (sibrtyis nawilis) 

iseTi orientaciis Semnaxveli homeomorfizmi Tavis Tavze, rom pir-

veli sistemis fazuri portreti gadadis meoris fazur portretSi.  

Cveulebrivi wertilis midamoSi yvela wrfivi sistema erTmaneTis 

ekvivalenturia. amitom, dinamikuri sistemis Tvisobrivi analizis dros 

sainteresoa mxolod gansakuTrebuli wertilebi. amis gamo, mniSvnelo-

vania vicodeT gansakuTrebuli wertilebis klasifikacia. es ukanask-

neli amocana 2 × 2 matricebis klasifikaciis ekvivalenturia. 

zogadobis SeuzRudavad SegviZlia CavTvaloT, rom wrfivi avto-

nomiuri sistema mocemulia:  ܣ = ቀܽଵଵ ܽଵଶܽଶଵ ܽଶଶቁ 
namdvili (e.i. ܽ ∈ ܴଵ) matriciT. gavixsenoT Semdegi Teorema wrfivi 
algebridan.  

Teorema 1. nebismieri namdvili ܣ matricisaTvis arsebobs iseTi 
gadaugvarebeli ܯ matrica, rom ܬ = -matricas aqvs qvemoT mo ܯܣଵିܯ

yvanilidan erT-erTi saxe: 
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a) ൬ߣଵ 00 ଵߣ ,ଶ൰ߣ > ߣଶ;  b) ൬ߣ 00 ߣ൰; g) ൬ߣ 10 ߙ൰; d) ൬ߣ ߚߚ− ߙ ൰,	ߚ >  ,ߙ
sadac ߣଵ, ,ଶߣ  .namdvili ricxvebia ߚ da ߙ

TeoremaSi moyvanil ܬ matricas ܣ-s Jordanis (kanonikuri) forma 
ewodeba. ߣଵ, ,ଶߣ ଶߣ  matricis ܣ ricxvebi ganisazRvrebian ߚ da ߙ − ߣܣݎݐ + ܣݐ݁݀ = 0 
maxasiaTebeli gantolebidan. amasTan, Tu gantolebis diskriminanti Δ = ଶ(ܣݎݐ) − ܣݐ4݀݁ > s aqvs a) saxe; Tu Δ-ܬ ,0 = 0 da ܣ diagonalu-

ri matricaa, maSin misi kanonikuri saxea b); xolo, Tu ܣ diago-
naluri ar aris, maSin ܣ-s Jordanis formaa g); bolos, rodesac Δ < 0, maxasiaTebel gantolebas aqvs erTmaneTis SeuRlebuli ori 

kompleqsuri fesvi ߙ ±  .daiyvaneba d) kanonikur saxeze ܣ da ߚ݅
SeniSvna: TeoremaSi miTiTebuli ܯ matrica cxadad igeba. magali-

Tad, gansxvavebuli namdvili maxasiaTebeli fesvebis SeTxvevaSi misi 

svetebia Sesabamisi maxasiaTebeli veqtorebi. 

ganmarteba: avtonomiur sistemas ewodeba martivi, Tu misi Sesa-

bamisi matricis determinanti nulisagan gansxvavebulia. 

martiv sistemas aqvs erTaderTi gansakuTrebuli wertili da igi 

koordinatTa saTavea. martivi avtonomiuri sistemis klasifikacia 

gansakuTrebuli wertilis midamoSi mocemulia Semdeg TeoremaSi. 

Teorema 2. martivi (1) avtonomiuri sistemis fazur portrets aqvs 

Semdegi aTidan erT-erTi saxe: 

1) rodesac sistemis kanonikuri saxea a) Teorema 1-dan, avtono-

miuri sistemis fazuri portreti moyvanilia nax. 1-ze.  

     
a) ࣅ > ࣅ >             b) ࣅ < ࣅ <             g) ࣅ <  <  ࣅ

nax. 1. 
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2) rodesac sistemis kanonikuri saxea b) Teorema 1-dan, avtono-

miuri sistemis fazuri portreti moyvanilia nax.2-ze.  

        
a) ࣅ >          b) ࣅ <   

nax. 2 

3) rodesac sistemis kanonikuri saxea g) Teorema 1-dan, avtono-

miuri sistemis fazuri portreti moyvanilia nax.3-ze.  

        
a) ૃ >                        b) ૃ <   

nax. 3 

4) rodesac sistemis kanonikuri saxea d) Teorema 1-dan, avtono-

miuri sistemis fazuri portreti moyvanilia nax.4-ze.  

       
a) ࢻ >       b) ࢻ =          g) ࢻ <  

nax. 4 
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rodesac avtonomiuri sistema ar aris martivi, maSin sistemas 

koordinatTa saTavis garda sxva stacionaruli wertilebic aqvs. ker-

Zod, Tu ݇݊ܽݎ	ܣ = 1, maSin koordinatTa saTaveze gamaval wreebze 

mdebare nebismieri wertili aris sistemis uZravi wertili, xolo, 

rodesac ݇݊ܽݎ	ܣ = 0, maSin sibrtyis nebismieri wertili avtonomi-

uri sistemis stacionaruli wertilia. 

zemoT ZiriTadad ganvixileT wrfivi avtonomiuri sistemebi da 

arawrfivi sistemebis gawrfivebis procedura. sainteresoa vicodeT, 

ramdenad srul informacias iZleva gawrfivebuli sistema sawyis ara-

wrfiv sistemaze. amaze pasuxs iZleva Semdegi mniSvnelovani Teorema. 

Teorema 3. davuSvaT, arawrfivi sistemisaTvis koordinatTa saTave 

martivi gansakuTrebuli wertilia (es niSnavs, rom Sesabamisi matrica 

martivia). maSin am sistemis da misi gawrfivebis fazuri portretebi 

koordinatTa saTavis midamoSi Tvisobrivad ekvivalenturebia, garda 

SemTxvevisa, rodesac sistemis maxasiaTebeli fesvebi kompleqsuria da 

maTi namdvili nawilebi (romlebic erTmaneTis tolia) nulovani. 

magaliTad:  

ቊݔሶଵ = ଶݔ− + ଵଶݔ)ଵݔ + ሶଶݔ,(ଶଶݔ = ଵݔ + ଵଶݔ)ଶݔ + ,(ଶଶݔ     (1) 

ቊݔሶଵ = ଶݔ− − ଵଶݔ)ଵݔ + ሶଶݔ,(ଶଶݔ = ଵݔ − ଵଶݔ)ଶݔ + (ଶଶݔ    (2) 

sistemebis gawrfivebas (0,0) stacionaruli wertilis midamoSi miv-

yavarT erTsa da imave wrfiv sistemamde, magram maTi fazuri port-

retebi koordinatTa saTaveSi Tvisobrivad ekvivalenturebi ar arian. 

marTlac, (1) da (2)-is Sesabamisi wrfivi sistemaa: ൜ݔሶଵ = ሶଶݔ,ଶݔ− = ଵݔ  

sistema, romlis maxasiaTebeli fesvebia ±݅, misi fazuri portretia 
nax.4 b) Teorema 2-dan. maSin, rodesac (1) da (2) sistemebis fazuri 

portretebi moyvanilia, Sesabamisad, nax.5-sa da nax.6-ze: 
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nax. 5                               nax. 6 

(1), (2) sistemebis sruli analizisaTvis, gantolebaTa es siste-

mebi saWiroa gadavweroT (ݎ, -polarul koordinatTa sistemaSi, mi (ߠ

viRebT sistemebs: ൜ݎሶ = ሶߠ,ଷݎ = 1,     ൜ݎሶ = ሶߠ,ଷݎ− = 1,  
romelTa fazuri portretebic zemoTaa moyvanili da isini Tvisobri-

vad ekvivalenturebi ar arian, radgan sibrtyis homeomorfizmi, rome-

lic erT fazur portrets meoreSi gadaiyvans, ar SeinarCunebs orie-

ntacias. 

savarjiSoebi damoukidebeli muSaobisaTvis 

1. ipoveT Semdegi matricebis Jordanis forma da amowereT is matri-

cebi, romelsac isini Jordanis formaze miyavs. 

1) ቀ1 21 1ቁ. P   pasuxi: ܬ = ൬1 + √2 00 1 − √2൰, ܯ = ൬√2 −√21 1 ൰. 
2) ቀ 2 1−2 4ቁ.   pasuxi: ܬ = ቀ3 −11 3 ቁ, ܯ = ቀ−1 −1−2 0 ቁ. 
3) ቀ3 −11 1 ቁ.   pasuxi: ܬ = ቀ2 10 2ቁ, ܯ = ቀ1 −11 0 ቁ. 

2.AaCveneT, rom mocemuli sistemebis:  

a) ൜ ሶଵݔ = ଵݔ4 + ሶଶݔଶݔ = ଵݔ− + ଶ,  b) ൜ݔ2 ሶଵݔ = ଵݔ12 + ሶଶݔଶݔ4 = ଵݔ26− − ଶ,  g) ൜ݔ8 ሶଵݔ = ଵݔ10 + ሶଶݔଶݔ2 = ଵݔ28− −  ଶݔ5
kanonikuri saxea, Sesabamisad, Semdegi sistemebi: 

a) ൜ݔሶଵ = ଵݔ2 + ሶଶݔଶݔ = ଵݔ + ሶଵݔଶ,   b) ൜ݔ2 = ଵݔ2 + ሶଶݔଶݔ = ଵݔ3 + ሶଵݔଶ,   g) ൜ݔ = ଵݔ7 + ሶଶݔଶݔ2 = ଵݔ4 + ଶݔ . 
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3. gaawrfiveT: ൜ݔሶଵ = ଵݔ− + ଶݔ4 + ݁௫భ − ሶଶݔ,1 = ଶݔ− − ଶ݁௫భݔ  

sistema (0,0) stacionaruli wertilis midamoSi da daxazeT misi 

fazuri portreti. 

pasuxi: wrfiv sistemas aqvs saxe: 	൜ݔሶଵ = ଵݔ2 + ሶଶݔ,ଶݔ4 = .ଶݔ2−  

4. ipoveT:  ൜ݔሶଵ = ଵݔ2− − ሶଶݔ,ଵଶݔ = ଶݔ− −  ଶݔଵݔ
sistemis stacionaruli wertilebi da gaawrfiveT sistema am werti-

lebis midamoSi. 

pasuxi: stacionaruli wertilebia: (0,0); (2,0). Sesabamisi wrfivi 

sistemebia: ൜ݔሶଵ = ሶଶݔଵݔ2 = ሶଵݔଶ   da   ൜ݔ− = ሶଶݔଵݔ2− = ଶݔ . 

5. paragraf 7.3-is gamoyenebiT ipoveT: 	൜ ሶݔ = ሶ, = ݔ− +  ଷݔ
sistemis hamiltoniani. 

miTiTeba: sistemis hamiltoniani aris sistemis pirveli integrali. 

mocemuli sistema gadavweroT: ݀ݔ݀ = ݔ− + ଷݔ  

saxiT. misi amonaxsnia ݔଶ − ଵଶ ସݔ + ଶ = ܿ. aqedan ݔ)ܪ, ( = ଶݔ − ଵଶ ସݔ +  ଶ
hamiltoniani funqciaa. 
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9. mdgradoba 

9.1. mdgradobis cneba da ZiriTadi Teoremebi 

ganmarteba:  gantolebis  amonaxsns, gansazRvruls 

 naxevarRerZze, romelic akmayofilebs ̅ݔ(ݐ) = - sawyis piݔ̅
robas, ewodeba mdgradi (liapunovis azriT), Tu nebismieri  

dadebiTi ricxvisaTvis arsebobs iseTi  dadebiTi ricxvi (damo-

kidebuli mxolod -is arCevaze), rom nebismieri ̅ݔ-sagan gansxvave-
buli sawyisi ݔ mniSvnelobisaTvis, romlisTvisac sruldeba 

utoloba |ݔ − |ݔ̅ <  ,amonaxsnebisaTvis (ݐ)ݔ̅ Sesabamisi  da ,ߜ

romlebic gansazRvrulebi arian  naxevarRerZze, agreTve 

sruldeba utoloba . 

zemoT moyvanili ganmartebiT, ̅(ݐ)ݔ amonaxsnis mdgradoba niSnavs, 
rom nebismieri ߝ > 0-saTvis arsebobs mxolod ߝ-ze damokidebuli ߜ 
dadebiTi ricxvi, iseTi, rom nebismieri ݔ ricxvisaTvis, romlisT-

visac sruldeba utoloba |ݔ − |ݔ̅ < (ݐ)ݔ amonaxsni sawyisi pirobiT (ݐ)ݔ arsebobs gantolebis sxva ,ߜ =  , romelic gansazRvruliaݔ

 naxevarRerZze da am nexevarRerZis nebismier ݐ ≥   wertilSiݐ

sruldeba utoloba |(ݐ)ݔ − |(ݐ)ݔ̅ <  .ߝ
aqedan martivad CamovayalibebT aramdgradi amonaxsnis cnebas. 

ganmarteba:  amonaxsns ewodeba aramdgradi, Tu arsebobs dade-

biTi ߝ > 0, rom nebismieri ߜ dadebiTi ricxvisaTvis, romelic akmayo-

filebs pirobas |ݔ − |ݔ̅ <  amonaxsni (ݐ)ݔ  wertilze gamavaliݔ ,ߜ
an gagrZelebadi ar aris mTel naxevarRerZze, an arsebobs , rom 

. 

naTelia, rom zemoT moyvanili ganmartebebi samarTliania im SeT-

xvevaSic, rodesac (ݐ)ݔ veqtoruli funqciaa. am dros Sesabamisi uto-

lobebi gaigeba, rogorc normis Sefaseba evklidur sivrceSi.  

ganvixiloT gantolebaTa sistema: ሶܺ (ݐ) = ൫ܨଵ(ܺ, ,(ݐ … , ,ܺ)ܨ  ,൯(ݐ

),( xtfx = )(tx

),[ 0 ∞t

0>ε
0>δ

ε

)(tx

),[ 0 ∞t

ε<− |)()(| txtx

),[ 0 ∞t

)(tx

0tt ≥∃

0|)()(| ε≥− txtx



 

193 

sadac ܺ(ݐ) = ,(ݐ)ଵݔ) … ,  CavTvaloT, rom gantolebaTa sistema ,((ݐ)ݔ

gansazRvrulia ܺ,  s nebismieri mniSvnelbisaTvis da-ݐ

,ܺ)ܨ  డி(,௧)డ௫ೖ ,(ݐ , ݅, ݇ = 1,… , ݊ 
uwyveti funqciebia. es uzrunvelyofs gantolebis lokalurad amox-

snadobas warmoebulis mimarT da koSis amocanis amonaxsnis erTader-

Tobas. vTqvaT, ܻ(ݐ) gantolebaTa sistemis amonaxsnia, romelic ganmar-

tebulia ݐ > ܽ naxevarRerZze. es amonaxsni ܺ(ݐ) = -sawyisi piro (ݐ)ܻ
biT calsaxad ganisazRvreba, sadac ݐ nebismieri wertilia [ܽ,∞) naxe-
varRerZidan. gantolebaTa sistemis nebismieri amonaxsni warmoidgineba: ܺ(ݐ) = (ݐ)ܻ +  (ݐ)ܷ
saxiT. ܷ(ݐ)-s ewodeba ZiriTadi amonaxsnis SeSfoTeba da akmayofilebs 

SeSfoTebis ሶܷ = ܲ(ܷ,  (ݐ
gantolebaTa sistemas, sadac ܲ(ܷ, (ݐ = (ݐ)ܻ)ܨ + ,(ݐ)ܷ (ݐ − ,(ݐ)ܻ)ܨ  .(ݐ

SeSfoTebis gantolebas yovelTvis aqvs ܷ(ݐ) ≡ 0	(ܽ < ݐ < ∞) 
nulovani amonaxsni, romelsac trivialuri amonaxsni ewodeba. 

debuleba 1. gantolebaTa sistemis amonaxsni mdgradia liapunovis 

azriT maSin da mxolod maSin, rodesac mdgradia SeSfoTebis ganto-

lebaTa sistemis trivialuri amonaxsni. 

amrigad, gantolebis amonaxsnis mdgradoba ekvivalenturia SeSfo-

Tebis gantolebis trivialuri amonaxsnis mdgradobis. garda amisa, mdgra-

doba aris amonaxsnis sawyis pirobebze Tanabrad uwyvetad damokide-

bulebis Tviseba mTel [ܽ,∞) naxevarRerZze. 
ganmarteba: gantolebaTa sistemis ܻ(ݐ) amonaxsns ewodeba asimp-

toturad mdgradi, Tu igi mdgradia liapunovis azriT da nebismieri ݐ-saTvis	(ܽ < ݐ < ∞) arsebobs ߜ > 0 iseTi, rom yvela ܺ(ݐ) amonax-
snisaTvis, romlebisTvisac sruldeba utoloba |ܺ(ݐ) − |(ݐ)ܻ <  ,ߜ
samarTliania Tanadoba ݈݅݉௧→ஶ|ܺ(ݐ) − |(ݐ)ܻ = 0. 
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kerZod, trivialuri ܷ(ݐ) amonaxsni asimptoturad mdgradia, Tu 
igi mdgradia da ݈݅݉௧→ஶ|ܷ(ݐ)| = 0, rodesac |ܷ(ݐ)| <  .ߜ

ganvixiloT: ሶܺ = ,(ܺ)ଵܨ) … ,  (ܺ))     (1)ܨ

avtonomiuri sistema uwyveti veqtoruli veliT da, vTqvaT, ܺ(ݐ) ≡ܺ veqtori misi wonasworobis (stacionaruli) wertilia. e.i. ܨ(ܺ) = 0. (1) sistemis paralelurad ganvixiloT wrfivi sistema: ሶܷ = ᇱܨ (ܺ)ܷ,    (2) 

sadac ܨᇱ (ܺ) = ൬డி(బ)డ௫ೕ ൰,ୀଵ
 kerZo warmoebulebisagan Sedgenili mat-

ricaa gamoTvlili ܺ-Si da, amrigad, igi mudmivia. (1) sistemidan 
(2)-ze gadasvlis proceduras ewodeba (1) sistemis gawrfiveba ܺ 
stacionarul wertilSi. samarTliania Semdegi Teorema. 

Teorema 1. imisaTvis, rom ܺ amonaxsni iyos asimptoturad mdgradi, 
sakmarisia, rom am Tvisebis matarebeli iyos (2) wrfivi sistemis nu-

lovani amonaxsni. 

SevniSnoT, rom, wrfivi sistemis SemTxvevaSi, misi yvela amonaxsni 

an mdgradia, an aramdgradi. igive samarTliania asimptoturad mdgradi 

amonaxsnisaTvis. amis gamo, SegviZlia vilaparakoT ara calkeuli amo-

naxsnis mdgradobaze, aramed TviT sistemis mdgradobaze. 

   (3) 

mudmivkoeficientebiani gantolebaTa sistema avtonomiuri sistemaa, 

amitom masze vrceldeba zemoT moyvanili Teoremebi. misi mdgradobis 

kriteriumi moyvanilia Semdeg TeoremaSi.  

Teorema 2. mudmivkoeficientebiani sistemis mdgradobisaTvis auci-

lebelia da sakmarisi, rom koeficientTa matricis maxasiaTebeli ric-

xvebis namdvili nawilebi iyvnen uaryofiTi ricxvebi.  

Teorema 2-is Tanaxmad, (3) mudmivkoeficientebiani sistemis mdgra-

dobis dasadgenad saWiroa vipovoT: det(ܣ − (ܫߣ = ܽߣ + ܽଵߣିଵ + ⋯+ ܽିଵߣ + ܽ         (4) 

)()( tAyty =
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-uri xarisxis, sadac  aris  matricis rigi, mravalwevris fes-

vebi, rac, sazogadod, rodesac , SeuZlebelia. Semdegi Teorema, 

romelic cnobilia sistemis mdgradobis raus-hurvicis (edvard rausi 

_ 1831-1907, ingliseli meqanikosi da maTematikosi; adolf hurvici 

_ 1859-1919, germaneli maTematikosi) kriteriumis saxelwodebiT, sa-

Sualebas iZleva gverdi avuaroT (4) maxasiaTebeli mravalwevris fes-

vebis povnas.  

Teorema 3 (raus-hurvici). imisaTvis, rom (4) maxasiaTebeli mra-

valwevris fesvebs hqondeT uaryofiTi namdvili nawilebi, aucilebe-

lia da sakmarisi rom:  

1) (4) mravalwevris yvela koeficienti iyos dadebiTi. e.i. ܽ > 0, ݆ = 1,… , ݊ da  
2) hurvicis matricis determinanti: 

1 3 5

0 2 4

1 3

... 0

... 0

det 0 ... 0

... ... ... ... ...

0 0 0 ... n

a a a

a a a

a a

a

 
 
 
 Δ =
 
 
 
 

 

da yvela mTavari ,  minori iyos dadebiTi, sadac 

Δଵ = ܽଵ, Δଶ = ݐ݁݀ ቀܽଵ ܽଷܽ ܽଶቁ, Δଷ = ݐ݁݀ ൭ܽଵ ܽଷ ܽହܽ ܽଶ ܽସ0 ܽଵ ܽଷ൱,..., Δ = Δ. 
hurvicis matricis agebis wesi. hurvicis matrica aris -uri 

rigis matrica, romlis mTavar diagonalze dgas (4) mravalwevris ko-

eficientebi, dawyebuli -is koeficientidan. pirvel striqonSi ki 

kenti indeqsis mqone koeficientebi zrdadi mimdevrobiT arian moTav-

sebuli. Tu indeqsi mravalwevris xarisxs aRemateba, maSin iwereba 0. 

yoveli momdevno striqoni miiReba wina striqonisagan Sesabamisi ele-

mentebis indeqsis erTi erTeuliT SemcirebiT, manam, sanam indeqsi uar-

yofiTi ar gaxdeba, am dros ki iwereba 0. ,  matricebi 

miiReba hurvicis matricidan mimdevrobiT  zomis kvadratuli 

matricebis amoWriT, dawyebuli zeda marcxena kuTxidan.  

n n A

5≥n

jΔ nj ,...1=

n

1−nλ

jΔ nj ,...,1=

n,...,1
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zemoT moyvanili mdgradobis kriteriumebi gamoviyenoT organzomi-

lebiani avtonomiuri sistemebis mdgradobis gamosakvlevad. visargeb-

loT paragraf 8.4-is aRniSvnebiT da Teorema 1-iT da Teorema 2-iT 

amave paragrafidan.  

davuSvaT, martivi avtonomiuri sistemis maxasiaTebeli ricxvebi 

namdvili da erTmaneTisgan gansxvavebulia. TuUorive dadebiTia, maSin 

avtonomiuri sistema aramdgradia da, Sesabamisad, stacionarul wer-

tils ewodeba aramdgradi kvanZi, misi fazuri portretia Teorema 2-is 

nax. 1 a). rodesac erTi fesvi dadebiTia da meore ki uaryofiTi, sta-

cionarul wertils ewodeba unagiri. naTelia, rom unagiri aramdg-

radi stacionaruli wertilia. fazuri portreti mocemulia Teorema 

3-is nax. 1 b)-Ti. im SemTxvevaSi, rodesac orive namdvili fesvi uar-

yofiTia, sistema mdradia da, Sesabamisad, stacionarul wertils ewo-

deba mdgradi kvanZi. fazuri portreti mocemulia Teorema 3-is nax. 

1 g)-iT. amiT amovwureT gansxvavebuli namdvili fesvebis SemTxveva. 

rodesac sistemis maxasiaTebeli fesvebi namdvili da erTmaneTis 

tolia, Sesabamisi fazuri portretebi mocemulia Teorema 2-is nax. 

2 da nax. 3-iT, imis Sesabamisad, rogoria matricis kanonikuri saxe. 

amasTan, sistema SeiZleba iyos rogorc mdgradi, aseve aramdgradi 

imis Sesabamisad, dadebiTia (aramdgradi) Tu uaryofiTi (mdgradi) ma-

xasiaTebeli fesvi. nax. 2-ze mocemulia mdgradi (ߣ < 0) da aramdg-
radi (ߣ > 0) stacionaruli wertili, romelsac varskvlaviseburi 

kvanZi ewodeba, fazuri portreti. Sesabamisad, nax. 3 aris mdgradi (ߣ < 0) da aramdgradi (ߣ > 0) gadagvarebuli kvanZis fazuri por-

tretebi. bolos ganvixiloT SemTxveva, rodesac maxasiaTebeli fesve-

bi erTmaneTis SeuRlebuli kompleqsuri ricxvebia. rodesac kompleq-

suri fesvis namdvili nawili dadebiTia (Sesabamisi fazuri portreti 

mocemilia nax. 4 a)-Ti), stacionarul wertils ewodeba aramdgradi 

fokusi, winaaRmdeg SemTxvevaSi ki (mas Seesabameba nax. 4 g)-s fazuri 

portreti) _ mdgradi fokusi. rodesac fesvis nadvili nawili 0-ia, 

gansakuTrebul wertils centri ewodeba. naTelia, rom centri ara-

mdgradi gansakuTrebuli wertilia Teorema 2-is Tanaxmad.  
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9.2. gantolebaTa perioduli sistema da misi mdgradoba 

davubrundeT wrfiv erTgvarovan gantolebaTa sistemas  

,     (1) 

sadac , xolo  

 

perioduli matriculi funqciaa periodiT : 

. 

Cveni mizania (1) sistemis mdgradobis sakiTxis Seswavla. 

pirvel rigSi, vTqvaT,  skalaruli funqciaa da . 

maSin (1) sistema gadaiqceva pirveli rigis erTgvarovan skalarul 

diferencialur gantolebad: 

,      (2) 

perioduli  funqciiT.  

(2) gantolebis zogadi amonaxsni CvenTvis cnobilia:  

. 

gamovTvaloT : 

. 

radgan  periodulia, amitom  

damokidebuli ar aris -ze da tolia  ricxvis, 

romelic aRvniSnoT -Ti.  

amrigad, miviReT: 

.     (3)  
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-s ewodeba (2) gantolebis multiplikatori da gamoiTvleba 

formuliT: ߤ = ݁ (௦)ௗ௦ഘబ . 

multiplikatoris saSualebiT SesaZlebelia (2) gantolebis  

amonaxsni gavagrZeloT mTel  naxevarRerZze, Tu igi cnobilia 

mxolod  segmentze. amisaTvis sakmarisia visargebloT (3) fo-

rmuliT da maTematikuri induqciiT: 

.    (4) 

axla (4) tolobis gamoyenebiT gamovikvlioT (2) diferencialu-

ri gantolebis mdgradoba.  

davuSvaT, , maSin nebismieri fiqsirebuli -saTvis gvaqvs 

. amrigad, (2) gantolebis amonaxsni SemousazRvrelia. 

Teorema 1-is Tanaxmad es ki niSnavs, rom (2) gantoleba aramdgradia. 

axla, vTqvaT, . (4)-dan gvaqvs: 

, 

rac niSnavs, rom (2)-is yvela amonaxsni SemosazRvrulia naxevar-

RerZze. aqedan ki, Tavis mxriv, gamomdinareobs, rom, rodesac , 

(2) gantoleba mdgradia.  

amrigad, (2) gantolebis mdgradobis amocana dayvanil iqna ganto-

lebis multiplikatoris analizze, anu gantoleba mdgradi an aramd-

gradia imis Sesabamisad, multiplikatori metia Tu naklebi an toli 

1-ze.  

axla davubrundeT (1) diferencialur gantolebaTa sistemas. rad-

gan Cven calkeuli amonaxsnis qceva ki ar gvainteresebs, aramed amo-

naxsnTa erTobliobis, amis gamo ganvixiloT fundamenturi matric-

funqciis yofaqceva. kerZod, is fundamenturi matrica ganvixiloT, 

romelic normireulia, e.i. nulSi igi erTeulovani matricis tolia. 

aRvniSnoT -Ti fundamenturi matrica, maSin igi daakmayofilebs 

Semdeg matricul diferencialur gantolebas: 

μ

)(tx

),0[ ∞
],0[ ω

)()( txntx nμω =+

1|| >μ t

∞→+ |)(| ωntx

1|| ≤μ
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,     (5) 

xolo amonaxsni, romelic akmayofilebs sawyis pirobas , 

miiReba  matric-funqciisagan Semdegi TanadobiT: 

. 

amis gamo sakmarisia SeviswavloT fundamenturi matric-funqcia.  

lema 1. . 

damtkiceba: am tolobis orive mxares mdgomi matric-funqciebi 

arian (5) matriculi gantolebis amonaxsnebi. marTlac, Φᇱ(t + ω) =A(t + ω)Φ(t + ω) = A(t)Φ(t + ω), rac niSnavs imas, rom  

aris (5)-is amonaxsni, radgan is warmoadgens fundamenturi da 

namdvili matricis namravls. orive matric-funqcia _  da 

 akmayofileben erTsa da imave sawyis pirobebs: 

, , 

sadac I erTeulovani matricaa. amonaxsnis arsebobisa da erTaderTo-

bis Teoremis Tanaxmad, isini valdebulni arian erTmaneTis tolebi 

iyvnen. 

lema 1-dan gamomdinareobs Semdegi debuleba. 

debuleba 1. . 

amrigad,  mudmivi matrica asrulebs imave rols, rasac 

asrulebda multiplikatori skalaruli gantolebis SemTxvevaSi. 

-s ewodeba (1) diferencialur gantolebaTa sistemis multip-

likatori. simartivisaTvis igi -iT aRvniSnoT. monodromiis mat-

ricis sakuTrivi veqtorebisa da sakuTrivi ricxvebis saSualebiT, (1) 

sistemis mdgradobis kriteriumi yalibdeba Semdegnairad. 

Teorema 1. imisaTvis, rom perioduli sistema iyos mdgradi, auci-

lebelia da sakmarisi sistemis monodromiis matricis sakuTrivi ric-

xvebis modulebi ar aRematebodes 1-s. Tu moduli 1-is tolia, maSin 

aseT maxasiaTebel ricxvebs unda Seesabamebodes mxolod erTi sakuT-

rivi veqtori da ara mikavSirebul veqtorTa jaWvi. 
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am Teoremidan gamomdinareobs perioduli sistemis aramdgradobis 

piroba. 

Sedegi 1. imisaTvis, rom perioduli sistema iyos aramdgradi, 

aucilebelia da sakmarisi, rom arsebobdes erTi mainc maxasiaTebeli 

ricxvi moduliT meti an toli 1-ze, romelsac Seesabameba ara mar-

to sakuTrivi veqtori, aramed mikavSirebuli veqtorebic.  

rogorc vnaxeT, perioduli sistemis mdgradobis sakiTxi wydeba 

mudmivkoeficientebiani sistemis mdgradobis analogiurad. es faqti 

gasakviri ar aris Semdegi Teoremis gamo. 

Teorema 2. periodulkoeficientebiani diferencialur gantolebaTa 

sistema ekvivalenturia garkveuli mudmivkoeficientebiani gantolebaTa 

sistemis. ufro metic, nebismieri -perioduli matric-funqciisa-

Tvis arsebobs -perioduli  matriculi funqcia da B mudmivi 

matrica, iseTi, rom . amasTan, . 

Teorema 2-Si moyvanili sistemebis ekvivalenturoba gaigeba Sem-

degnairad. davuSvaT, mocemulia ori diferencialur gantolebaTa sis-

tema: 

   (6) 

da  

.    (7) 

vityviT, rom (6) da (7) sistemebi erTmaneTis ekvivalenturebi 

arian, Tu arsebobs iseTi  gadaugvarebeli matric-funqcia, rom 

. naTelia, rom, Tu  aris (6) 

sistemis romelime amonaxsni, xolo  ki (7) sistemis amonaxsni, 

maSin isini erTmaneTs ukavSirdebian tolobiT: . (6) 

sistema ekvivalenturia mudmivkoeficientebiani sistemis, bunebrivia, 

niSnavs, rom (7) sistemaSi Semavali  matric-funqcia mudmivia.  
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savarjiSoebi damoukidebeli muSaobisaTvis 

1. gamoikvlieT Semdegi gantolebis trivialuri amonaxsnis 

mdgradoba. 

(ݐ)(ସ)ݔ (1 + (ݐ)ᇱᇱᇱݔ5 + (ݐ)ᇱᇱݔ13 + (ݐ)ᇱݔ9 + (ݐ)ݔ10 = 0. pasuxi: 
asimptoturad mdgradia. 

(ݐ)ᇱᇱᇱݔ (2 − (ݐ)ᇱݔ3 + (ݐ)ݔ2 = 0. pasuxi: aramdgradia. 
(ݐ)ᇱᇱᇱݔ (3 + (ݐ)ᇱᇱݔ5 + (ݐ)ᇱݔ9 + (ݐ)ݔ5 = 0. pasuxi: mdgradia. 

2. gamoikvlieT: ቊݔሶଵ = ଵݔ− + ଶݔ − ሶଶݔ,ଵଷݔ = ଶݔ−ଵݔ− + ଷݔ  

arawrfivi sistemis mdgradoba koordinatTa saTaveSi. 

pasuxi: koordinatTa saTave aris mdgradi fokusi. 
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10. sasazRvro amocana Cveulebrivi 

diferencialuri gantolebisaTvis  

da grinis funqcia 

meore rigis gantoleba uwyveti koeficientebiT:  (ݔ)ݕᇱᇱ(ݔ) + (ݔ)ᇱݕ(ݔ)ଵ + (ݔ)ݕ(ݔ)ଶ = 0     (1) 

SesaZlebelia Caweril iqnes Semdegi saxiT:  ݀݀ݔ ൬(ݔ) ൰ݔ݀ݕ݀ + (ݔ)ݕ(ݔ)ݍ = 0,																																(2) 
romelsac meore rigis gantolebis TviTSeuRlebuli forma ewodeba. 

(1)-dan (2)-ze gadasvla xdeba (1)-is yvela wevris:  (ݔ)ݎ = (ݔ)1  భ(ೣ)బ(ೣ)ௗ௫݁
funqciaze gamravlebiT da (ݔ) = (ݔ)ݍ ,భ(ೣ)బ(ೣ)ௗ௫݁ = మ(௫)బ(௫) -భ(ೣ)బ(ೣ)ௗ௫ aRni݁
Svnebis SemotaniT. marTlac: ݀݀ݔ ቆ݁భ(ೣ)బ(ೣ)ௗ௫ ቇݔ݀ݕ݀ + (ݔ)(ݔ)ଶ (ݔ)ݕభ(ೣ)బ(ೣ)ௗ௫݁ = 

= భ(ೣ)బ(ೣ)ௗ௫݁ (ݔ)(ݔ)ଵ ݔ݀ݕ݀ + భ(ೣ)బ(ೣ)ௗ௫݁ ݀ଶݔ݀ݕଶ + (ݔ)(ݔ)ଶ  .(ݔ)ݕభ(ೣ)బ(ೣ)ௗ௫݁
Tu am gamosaxulebas 0-s gavutolebT, miviRebT (1)-s. 

ganvixiloT Semdegi amocana. vipovoT [ݔ,  ଵ] Caketil monakveTzeݔ

gansazRvruli (ݔ)ݕ funqcia, romelic aris:  ݀݀ݔ ൬(ݔ) ൰ݔ݀ݕ݀ + ݕ(ݔ)ݍ =  (3)																																(ݔ)݂
wrfivi araerTgvarovani gantolebis iseTi amonaxsni, romelic Tavisi 

gansazRvris aris sazRvarze akmayofilebs Semdeg sasazRvro pirobebs: ݕߙᇱ(ݔ) + (ݔ)ݕߚ = ߱, ݕߛᇱ(ݔଵ) + (ଵݔ)ݕߜ = ߱ଵ.        (4) 
(3), (4)-s ewodeba sasazRvro amocana (ݔ)ݕ funqciisaTvis. Tu ߱ = ߱ଵ = 0, maSin amboben, rom mocemulia erTgvarovani sasazRvro 
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amocana. (3), (4) amocanaSi ݂ da ݍ cnobili, (ݔ,  ଵ) Ria monakveTzeݔ
gansazRvruli uwyveti funqciebia, (ݔ) ≠ 0 uwyvetad diferencireba-
dia (ݔ, ,ߙ ଵ)-ze, xoloݔ ,ߚ ,ߛ ,ߜ ߱,, ߱ଵ mocemuli ricxvebia. 

koSis amocanisagan gansxvavebiT, sasazRvro amocanas yovelTvis ar 

aqvs amonaxsni. 

magaliTad: a) ݕᇱᇱ + ݕ = 0, (0)ݕ = 0, ݕ ቀగଶቁ = ܽ amocanas aqvs erTa-
derTi amonaxsni: ݕ =   .ݐ݊݅ݏܽ

b) ݕᇱᇱ + ݕ = 0, (0)ݕ = 0, (ߨ)ݕ = ܾ, ܾ ≠ 0 ar aqvs amonaxsni;  
g) rodesac ܾ = 0, amocanas aqvs mravali amonaxsni: ݕ =  ,ݐ݊݅ݏܿ

sadac ܿ nebismieri ricxvia.  
ganvixiloT ݔ cvladis ܩ = ,ݔ)ܩ ݔ funqcia, sadac (ݏ ∈ ,ݔ] ݏ ,[ଵݔ ∈ ,ݔ)  :ଵ), romelic akmayofilebs Semdeg pirobebsݔ

1. igi uwyvetia; 

2. rodesac ݔ ≠ ݔ݀݀ :akmayofilebs diferencialur gantolebas ݏ ௫ᇱܩ(ݔ)) ) + ܩ(ݔ)ݍ = 0 
da (4) erTgvarovan sasazRvro pirobebs; 

3. diferencirebadia ݔ-is mimarT da mis warmoebuls, rodesac ݔ = ௫ᇱܩ .aqvs ଵ(௦)-is toli naxtomi (e..i ,ݏ |௫ୀ௦ା − ௫ᇱܩ |௫ୀ௦ି = ଵ(௦)). 
Tu aseTi ܩ funqcia arsebobs, mas ewodeba (1), (2) amocanis gri-

nis (jorj grini _ 1793-1841, ingliseli maTematikosi) funqcia. 

am terminTan dakavSirebiT ramdenime zogadi saxis SeniSvna gavake-

ToT: grinis funqcia im tipis funqciebis zogadi saxelia, romelic 

gantolebis amonaxsnis integralur warmodgenas gvaZlevs.  

1) wrfivi diferencialuri gantolebis koSis amocanis grinis 

funqcia aris gantolebis fundamenturi amonaxsni, romelic erTgva-

rovan sasazRvro pirobebs akmayofilebs.  

2) grinis funqcia aris im integraluri operatoris birTvi, ro-

melic warmoadgens nulovani sasazRvro pirobebis mqone wrfivi di-

ferencialuri gantolebis Sesabamisi diferencialuri operatoris Seb-

runebuls.  

3) grinis funqciis saSualebiT igeba erTgvarovani sasazRvro pi-

robebis mqone araerTgvarovani diferencialuri gantolebis amonaxsni.  
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zemoT moyvanili ganmarteba aris is zogadi Tviseba, romelsac unda 

akmayofilebdes funqcia, rom is iyos romelime diferencialuri ope-

ratoris grinis funqcia. 

Tu (3) ܩ amocanis grinis funqciaa da ߱ = ߱ଵ = 0, maSin (3), 
(4) amocanis amonaxsni moicema formuliT: (ݔ)ݕ =  ,ݔ)ܩ ௫భ௫బݏ݀(ݏ)݂(ݏ . 

amocana 1. amovxsnaT Semdegi sasazRvro amocana ݕᇱᇱ(ݔ) − (ݔ)ᇱݕ = (0)ݕ,0 = −1, ᇱ(1)ݕ − (1)ݕ = 2. 
pirvel rigSi davweroT gantolebis zogadi amonaxsni: (ݔ)ݕ ଵܥ= + ଶ݁௫ܥ . sasazRvro pirobebis gaTvaliswinebiT miviRebT wrfiv gan-

tolebaTa sistemas ܥଵ, ଵܥ :ଶ ucnobi mudmivebisaTvisܥ + ଶܥ = ଶ݁ܥ	 	,1− − ଵܥ − ଶ݁ܥ = 2, saidanac viRebT: ܥଵ = −2, ଶܥ = 1. aqedan sasazRv-
ro amocanis amonaxsni iqneba: (ݔ)ݕ = −2 + ݁௫, 0 ≤ ݔ ≤ 1.  

amocana 2. vipovoT ݕᇱᇱ(ݔ) − (ݔ)ᇱݕ − (ݔ)ݕ2 = 0 diferencialuri ga-

ntolebis amonaxsni, romelic akmayofilebs ݕᇱ(0) = 2, (∞+)ݕ = 0 pi-
robebs.  

diferencialuri gantolebis zogadi amonaxsnia (ݔ)ݕ = ଵ݁ି௫ܥ + ଶ݁௫ܥ . 
radgan sasazRvro pirobis Tanaxmad ݕ(+∞) = ݈݅݉௫→ஶ(ݔ)ݕ = 0, amitom ܥଶ = ᇱ(0)ݕ .0 = 2 sasazRvro pirobidan agreTve gamomdinareobs, rom ܥଵ = −2. sabolood, amocanis amonaxsni iqneba (ݔ)ݕ = −2݁ି௫, 0 ≤ ݔ < +∞ funqcia. 

amocana 3. amovxsnaT Semdegi sasazRvro amocana: ݕᇱᇱ(ݔ) − (ݔ)ݕ2݅ = 0, (0)ݕ = −1, (∞+)ݕ = 0. 
diferencialuri gantolebis maxasiaTebeli gantoleba aseTia: ߣଶ = ߣ ⟹ 2݅ = ±(1 + ݅). aqedan zogadi amonaxsni iqneba: (ݔ)ݕ = ଵ݁(ଵା)௫ܥ + ⟹ ⟹ ଶ݁ି(ଵା)௫ܥ (ݔ)ݕ = ݔݏܿ)ଵ݁௫ܥ + (ݔ݊݅ݏ݅ + ݔݏܿ)ଶ݁ି௫ܥ −  .(ݔ݊݅ݏ݅
radgan lim௫→ାஶ (ݔ)ݕ = 0 ⟹ ଵܥ = 0, xolo (0)ݕ = ଶܥ ⟹ 1− = −1, 

vRebulobT amocanis Semdeg amonaxsns: (ݔ)ݕ = ݁ି௫(݅ݔ݊݅ݏ − ,(ݔݏܿ 0 ≤ ݔ < +∞. 
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amocana 4. vipovoT Semdegi sasazRvro amocanis amonaxsni: ݔଶݕᇱᇱ(ݔ) − (ݔ)ᇱݕݔ2 + (ݔ)ݕ2 = 0, (ݔ)ݕ = ݔ rodesac ,(ݔ) → (1)ݕ ,0 = 3. 
mocemuli gantoleba eileris gantolebaa. mis kerZo amonaxsnebs 

aqvT aseTi saxe: (ݔ)ݕ = ଶߣ  aris Semdegi ߣ ఒ, sadacݔ − ߣ3 + 2 = 0 
maxasiaTebeli gantolebis amonaxsnebi: ߣଵ = 1, ଶߣ = 2.Aamitom diferen-
cialuri gantolebis zogadi amonaxsni iqneba: (ݔ)ݕ = ݔଵܥ + -ଶ. pirݔଶܥ
veli sasazRvro piroba niSnavs, rom ݈݅݉௫→ ௬(௫)௫ = 0, saidanac gamom-
dinareobs, rom ܥଵ = 0, meore sasazRvro pirobidan ki gvaqvs: ܥଶ = 3. 
amrigad, mocemuli sasazRvro amocanis amonaxsnia: (ݔ)ݕ = ଶ, 0ݔ3 ≤ ݔ ≤ 1 funqcia. 

amocana 5. ܽ parametris ra mniSvnelobebisaTvis ar aqvs  ݕᇱᇱ(ݔ) + (ݔ)ݕܽ = 1, (0)ݕ = 0, (1)ݕ = 0 
sasazRvro amocanas amonaxsni? 

pirvel rigSi vpoulobT erTgvarovani diferencialuri gantolebis 

maxasiaTebel fesvebs ߣଶ + ܽ = 0 maxasiaTebeli gantolebidan: ߣଵ,ଶ = ±√−ܽ, 
rodesac ܽ ≠ 0 da ߣଵ,ଶ = 0, rodesac ܽ = 0. amis Sesabamisad ganto-
lebis zogadi amonaxsni aseTia:  

(ݔ)ݕ = ൞1ܽ + ଵ݁√ି௫ܥ + ,ଶ݁ି√ି௫ܥ ܽ ≠ ଶ2ݔ;0 + ݀ଵݔ + ݀ଶ, ܽ = 0.  

sasazRvro pirobebis gamoyenebiT miviRebT:  ܥଵ + ଶܥ + ଵ = 0, ଵ + ଵ݁√ିܥ + ଶ݁ି√ିܥ = 0 (rodesac ܽ ≠ 0),  (5) ݀ଵ = −ଵଶ, ݀ଶ = 0 (rodesac ܽ = 0). 
sistema (5) araerTgvarovania. mas amonaxsni ar aqvs maSin da mxo-

lod maSin, rodesac am sistemis determinanti 

Δ = ฬ 1 1݁√ି ݁ି√ିฬ = 0   (6) 

da erT-erTi  
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Δଵ = ቤ−1/ܽ 1−1/ܽ ݁ି√ିቤ an Δଶ = ቤ 1 −1/ܽ݁√ି −1/ܽቤ    (7) 

determinanti gansxvavebulia 0-sagan. (6)-dan gamomdinareobs, rom: 

 ܽ = ݇ଶߨଶ, ݇ ∈ ܼ.       (8) 

(8)-is gaTvaliswinebiT (7)-dan miviRebT, rom ܿߨ݇ݏ ≠ 1. amrigad, ݇ 
ar unda iyos luwi da ݇ ≠ 1. amrigad, Tu ܽ = (2݉ + 1)ଶߨଶ,݉ ∈ ܼ (5) 
sistemas amonaxsni ar aqvs. es ki niSnavs, rom am SemTxvevaSi amonaxsni 

ar aqvs sasazRvro amocanas. 

amocana 6. avagoT grinis funqcia Semdegi sasazRvro amocanisaT-

vis: ݕᇱᇱ(ݔ) = ,(ݔ)݂ (0)ݕ = 0, (1)ݕ = 0. 
am amocanaSi (ݔ) = 1, (ݔ)ݍ = 0. grinis funqciis ganmartebis Ta-

naxmad, 
ௗௗ௫ ቀௗீ(௫,௦)ௗ௫ ቁ = 0, anu ܩ௫௫(ݔ, (ݏ = 0 da ݔ)ܩ, -funqcia akma (ݏ

yofilebs sasazRvro pirobebs: 0)ܩ, (ݏ = ,1)ܩ (ݏ = 0, 0 ≤ ݔ ≤ 1, ݔ ≠  ݏ
da mis warmoebuls aqvs (ݔ) = 1-is toli naxtomi, e.i. ܩ௫ᇱ |௫ୀ௦ା ௫ᇱܩ− |௫ୀ௦ି = ,ݔ)௫௫ܩ .1 (ݏ = 0 gantolebis erTxel integrebiT miviRebT:  ܩ௫ᇱ(ݔ, (ݏ = ൜ܥଵ, 0 ≤ ݔ < ݏ		,ଶܥ,ݏ < ݔ ≤ 1, 
sadac ܥଵ ≠ ,ݔ)௫ᇱܩ ଶ, radgan ganmartebiTܥ ݔ wyvetilia (ݏ = -wertil ݏ

Si. ܩ௫ᇱ(ݔ, ,ݔ)ܩ :is integrebiT miviRebT-(ݏ (ݏ = ൜ ݔଵܥ + ,ଷܥ 0 ≤ ݔ < ݔଶܥ,ݏ + ,ସܥ ݏ < ݔ ≤ 1.  (9) 

radgan ݔ)ܩ, -wertilSi, amitom unda Ses ݏ ganmartebiT uwyvetia (ݏ

ruldes toloba: 

ݏଵܥ  + ଷܥ = ݏଶܥ +  ସ.     (10)ܥ

garda amisa, 

,0)ܩ  (ݏ = .ଵܥ 0 + ଷܥ = 0G  (11) 

da 

,1)ܩ  (ݏ = .ଶܥ 1 + ସܥ = 0.   (12) 

grinis funqciis ganmartebiT, ܩ௫ᇱ(ݔ, -Si 1-is to-ݏ is naxtomi-(ݏ
lia. e.i. ܥଶ − ଵܥ = 1.    (13) 
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(10)-(13) gantolebaTa sistemis amoxsniT miviRebT: ܥଵ = ݏ − ଶܥ 	,1 = ,ݏ ଷܥ = 0, ସܥ = ,ܥ		.ݏ− ݅ = 1,2,3,4 CasmiT (9)-Si sabolood miviRebT 

grinis funqcias: ݔ)ܩ, (ݏ = ൜ ݏ) − ,ݔ(1 0 ≤ ݔ ≤ ݔ)ݏ,ݏ − 1), ݏ ≤ ݔ ≤ 1. 
amocana 7. vipovoT ݕᇱᇱ(ݔ) + (ݔ)ݕ = ,(ݔ)݂ (0)ݕ = ,(ߨ)ݕ ᇱ(0)ݕ =  (ߨ)ᇱݕ

sasazRvro amocanis grinis funqcia.  ܩ௫௫ᇱᇱ + ܩ = ݔ ,0 ≠ ,ݔ)ܩ :gantolebis amonaxsnia ݏ (ݏ = ൜ ݔ݊݅ݏଵܥ + ,ݔݏଶܿܥ 0 ≤ ݔ < ݔ݊݅ݏଷܥ,ݏ + ,ݔݏସܿܥ ݏ < ݔ ≤  :s sasazRvro pirobidan miviRebT-ܩ .ߨ
ଶܥ  = ,ସܥ− ଵܥ = ,ݔ)ܩ ଷ.      (14)ܥ− -iT warmoebulis naxtomis pirobi-ݔ is uwyvetobidan, misi-(ݏ

dan ݔ = ݏ݊݅ݏଵܥ :wertilSi viRebT sistemas ݏ + ݏݏଶܿܥ = ݏ݊݅ݏଷܥ + ݏ݊݅ݏଷܥ ,ݏݏସܿܥ − ݏݏସܿܥ − ݏ݊݅ݏଵܥ ݏݏଶܿܥ+ = 1 (15) 
(14),(15) sistemis amoxsna gvaZlevs tolobebs:  ܥଵ = ଷܥ− = 12 ,ݏݏܿ ଶܥ = ସܥ− = 12  .ݏ݊݅ݏ
amrigad, viRebT: 

,ݔ)ܩ (ݏ = ൞ 12 sin(ݏ − ,(ݔ 0 ≤ ݔ ≤ 12,ݏ 	sin(ݔ − ,(ݏ ݏ ≤ ݔ ≤  .ߨ
rac niSnavs, rom amocanis grinis funqciaa ݔ)ܩ, (ݏ = ଵଶ sin|ݔ − 0 		,|ݏ ≤ ݔ ≤  .ߨ

Teorema 1. ݕᇱᇱ(ݔ) + (ݔ)ݕ(ݔ)ݍ = 0 gantolebis aratrivialur (ݔ)ݕ ≢ 0 
amonaxsns namdvil ricxvTa RerZis im monakveTze, sadac gantolebis (ݔ)ݍ koeficienti akmayofilebs pirobas (ݔ)ݍ ≤ 0, ar SeiZleba hqon-

des erTze meti nuli. 

am Teoremis damtkiceba emyareba Semdeg or lemas. 
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lema 1. Tu (ݔ)ݕ ≢ 0 aris (ݔ)ݕᇱᇱ(ݔ) + (ݔ)ᇱݕ(ݔ)ଵ + (ݔ)ݕ(ݔ)ଶ = 0 
gantolebis aratrivialuri amonaxsni da ݕ(ݐ) = 0, maSin ݕᇱ(ݐ) ≠ 0. 

marTlac, Tu ݕ(ݐ) = (ݐ)ᇱݕ = 0, maSin koSis amocanas eqneba meo-
re, (ݔ)ݕ-isagan gansxvavebuli amonaxsni (ݔ)ݕ ≡ 0, rac koSis amocanis 
amonaxsnis erTaderTobas ewinaaRmdegeba. 

lema 2. (ݔ)ݕᇱᇱ(ݔ) + (ݔ)ᇱݕ(ݔ)ଵ + (ݔ)ݕ(ݔ)ଶ = 0 gantolebis (ݔ)ݕ ≢ 0 aratrivialur amonaxsns ar SeiZleba hqondes sasrul monak-

veTze usasrulo raodenobis nulebi. 

davuSvaT, [ܽ, ܾ] monakveTze gantolebis (ݔ)ݕ ≢ 0 amonaxsns usasru-
lo raodenobis nulebi aqvs. avarCioT nulebis am simravleSi ݐ-saken 
krebadi (ݐ)ஹଵ qvemimdevroba: ݐଵ, ,ଶݐ … → -(rac yovelTvisaa SesaZle	ݐ

beli, mimdevrobis SemosazRvrulobis gamo), maSin ݐ ∈ [ܽ, ܾ]. radgan ݕ uwyvetia da ݕ(ݐ) = 0, ݇ = 1,2, …, amitom ݕ(ݐ) = -funqcia di ݕ .0
ferencirebadia ݐ wertilSi, rac imas niSnavs, rom arsebobs zRvari:  lim→ஶ ௬(௧ೖ)ି௬(௧బ)௧ೖି௧బ =  .(ݐ)ᇱݕ

am gamosaxulebis marcxena mxaris mricxveli 0-is tolia, amitom ݕᇱ(ݐ) = 0, rac ݕ(ݐ) = 0 tolobasTan araTavsebadia lema 1-is ZaliT. 

amiT lema 2 damtkicebulia. 

gadavideT Teorema 1-is damtkicebaze.  

davuSvaT, ݕ(ݐ) = 0, (ଵݐ)ݕ = 0, ଵݐ < -ଶ. lema 2-is Tanaxmad, gantoݐ

lebis aratrivialur amonaxsns SesaZlebelia hqondes [ݐଵ, -ଶ] monakݐ
veTze mxolod sasruli raodenobis nulebi. aviRoT ori mezobeli 

nuli ݐ = ܽ da ݐ = ܾ > ܽ. maSin (ݐ)ݕ niSans ar icvlis, rodesac ܽ < ݐ < ܾ. davuSvaT, (ݐ)ݕ > 0 (Tu (ݐ)ݕ < 0, maSin ݕ-s magivrad 

ganvixiloT ݕଵ(ݐ) = (ݐ)ݕ− > 0). radgan ݕ(ܽ) = (ܾ)ݕ = 0, amitom lema 

1-is ZaliT, ݕᇱ(ܽ) ≠ 0. radgan (ܽ, ܾ)-ze (ݐ)ݕ > 0,	e.i. ݕᇱ(ܽ) > 0 da ݕᇱᇱ = ݕ(ݐ)ݍ− ≥ 0 (ܽ, ܾ)-ze, rac niSnavs, rom ݕᇱᇱ klebadi ar aris. aqe-

dan ki imis gamo, rom ݕᇱ(ܽ) > 0, gamodis (ݐ)ݕ > 0	utoloba nebismieri ݐ-saTvis (ܽ, ܾ)-dan. Ees niSnavs, rom (ݐ)ݕ zrdadia [ܽ, ܾ]-ze. ݕ(ܽ) = 0 
tolobidan, Tavis mxriv, gamomdinareobs, rom ݕ(ܾ) > 0, rac ewinaaRm-
degeba ܾ wertilis arCevas. amiT Teorema damtkicebulia. 
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savarjiSoebi damoukidebeli muSaobisaTvis 

1. amoxseniT sasazRvro amocana: ݕᇱᇱ(ݔ) − (ݔ)ݕ = 0, ᇱ(0)ݕ = 0, (1)ݕ = 1. P 
pasuxi: (ݔ)ݕ = ೣାషೣଶଵ . 

2. amoxseniT sasazRvro amocana:  ݔଶݕᇱᇱ(ݔ) + (ݔ)ᇱݕݔ2 − (ݔ)ݕ6 = 0, (1)ݕ = 1 
da rodesac ݔ → 0,  .SemosazRvrulia (ݔ)ݕ

miTiTeba: gantolebis zogadi amonaxsnia (ݔ)ݕ = ܿଵݔଶ + మ௫య. 
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11. Sturm-liuvilis Teoria 

11.1. funqciis warmodgena furies mwkrivad 

[ܽ, ܾ] segmentze mocemuli uwyveti ori −	߮ଵ(ݔ) da ߮ଶ(ݔ) – fun-
qciis skalaruli namravli aRiniSneba < ߮ଵ(ݔ), ߮ଶ(ݔ) > simboloTi, 

aris kvadratuli fesvi  ߮ଵ(ݔ)߮ଶ(ݔ)݀ݔ  integralidan, xolo funq-

ciis norma aRiniSneba ห|߮(ݔ)|ห simboloTi, aris kvadratuli fesvi  ߮ଶ(ݔ)݀ݔ  integralidan. amrigad: 

< ߮ଵ(ݔ), ߮ଶ(ݔ) >	= ቀ ߮ଵ(ݔ)߮ଶ(ݔ)݀ݔ ቁభమ, 
ห|߮(ݔ)|ห =< ,(ݔ)߮ (ݔ)߮ >	= ቆන ߮ଶ(ݔ)݀ݔ

 ቇభమ. 
ห|(ݔ)߮|s ewodeba normirebuli, Tu misi norma tolia 1-is: ห-(ݔ)߮  = ට ߮ଶ(ݔ)݀ݔ = 1. or −	߮ଵ(ݔ) da ߮ଶ(ݔ) funqcias ewodeba 

orTogonaluri, Tu  ߮ଵ(ݔ)߮ଶ(ݔ)݀ݔ = 0 . [ܽ, ܾ] segmentze mocemul 

uwyvet funqciaTa usasrulo (sasrul) ߮ଵ(ݔ), ߮ଶ(ݔ), … , ߮(ݔ), …	 er-
Tobliobas ewodeba orTonormirebuli, Tu TiToeuli maTgani normi-

rebulia da  ߮(ݔ)߮(ݔ)݀ݔ = 0 , rodesac ݅ ≠ ݆.  
trigonometriul  1, ,ݔݏܿ ,ݔ݊݅ݏ ,ݔ2ݏܿ  …,ݔ2݊݅ݏ

funqciaTa Tvladi erToblioba orTogonaluria [−ߨ, segmentze, radgan: න [ߨ ݔ݀ݔ݉ݏܿݔ݊ݏܿ = 12గ
ିగ න cos(݊ − ݉) ݔ + cos(݊ + ݉) ݔ݀ݔ =గ

ିగ  = ( 1݊ − ݉ sin(݊ − ݔ(݉ + 1݊ +݉ sin(݊ +݉) గగି|ݔ = 0. 
analogiuri msjelobiT viRebT, rom  ݔ݀ݔ݉݊݅ݏݔ݊݊݅ݏ = 0గିగ  da  ݔ݀ݔ݉݊݅ݏݔ݊ݏܿ = 0గିగ , magram es sistema ar aris normirebuli, radgan: 

න ݔ݀ݔଶ݊ݏܿ = න ݔ݀ݔଶ݊݊݅ݏ = 12గ
ିగ න గݔ݀ݔଶ݊݊݅ݏ+ݔଶ݊ݏܿ

ିగ = 12න గݔ݀
ିగ =π

గ
ିగ . 
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misi normireba xdeba TiToeuli trigonometriuli funqciis 
ଵ√గ -ze 

gamravlebiT. 1-is norma, zemoT moyvanili skalaruli gamravlebis mi-

marT, aris √2ߨ. amrigad, [−ߨ, -segmentze orTonormirebuli tri [ߨ

gonometriul funqciaTa sistema aris:  1√2ߨ , ߨ√1 ,ݔݏܿ ߨ√1 ,ݔ݊݅ݏ ߨ√1 ,ݔ2ݏܿ ߨ√1  (1)																…,ݔ2݊݅ݏ
vTqvaT, ߮ଵ(ݔ), ߮ଶ(ݔ), … , ߮(ݔ), …	[ܽ, ܾ] segmentze mocemuli orTo-

normirebuli sistemaa da ݂(ݔ) [ܽ, ܾ]-ze gansazRvruli uwyveti funq-

ciaa. vityviT, rom ݂(ݔ) daSlilia ߮ଵ(ݔ), ߮ଶ(ݔ), … , ߮(ݔ)…	funqciaTa 
sistemis mimarT, Tu ݂(ݔ) aris ܿଵ߮ଵ(ݔ) + ܿଶ߮ଶ(ݔ) + ⋯+ ܿ߮(ݔ) + ⋯ 

krebadi mwkrivis jami: ݂(ݔ) = ܿଵ߮ଵ(ݔ) + ܿଶ߮ଶ(ݔ) + ⋯+ ܿ߮(ݔ) + ⋯, 

sadac ܿ =  ݔ݀(ݔ)߮(ݔ)݂ . am mwkrivs ewodeba ݂(ݔ) funqciis furies 
mwkrivi ߮ଵ(ݔ), ߮ଶ(ݔ), … , ߮(ݔ)…	funqciaTa sistemis mimarT. 

Tu ݂(ݔ) funqcia [−ߨ,  ze gansazRvruli uwyveti funqciaa da-[ߨ

igi warmodgenilia (1) funqciaTa mwkrivis saxiT: 

(ݔ)݂ = (ܽஶ
ୀ ݔ݇ݏܿ + ܾ,(ݔ݇݊݅ݏ																																(2) 

sadac ܽ = ଵగ  గିగݔ݀ݔ݇ݏܿ(ݔ)݂  ܾ = ଵగ  గିగݔ݀ݔ݇݊݅ݏ(ݔ)݂ , maSin amboben, 

rom ݂(ݔ) daSlilia furies trigonometriul mwkrivad. ݂(ݔ) funqcias ewodeba uban-uban monotonuri [ܽ, ܾ] segmentze, Tu [ܽ, ܾ] iyofa sasruli raodenobis  [ܽ, ,[ଵݔ ,ଵݔ] ,[ଶݔ ,ଶݔ] ,[ଷݔ … , ,ݔ] ܾ] 
segmentebad, romlebzedac ݂(ݔ) monotonuria. 

Tu ݂(ݔ) funqcia uban-uban monotonuria [ܽ, ܾ] segmentze, maSin ne-
bismieri Siga ܿ wertilisaTvis arsebobs marcxena da marjvena zRvrebi: ݈݅݉௫→ష݂(ݔ) = ݂(ܿ − 0), ݈݅݉௫→శ݂(ݔ) = ݂(ܿ + 0). 

furies mwkrivis krebadoba damokidebulia dasaSleli funqciis 

analizur Tvisebebze. rac ufro gluvia funqcia, miT ufro `kargia~ 

mwkrivis krebadoba. kerZod, samarTliania Semdegi Teorema, romelic 
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dirixles (iohan peter gustav leJion dirixle − 1805-1859, germa-
neli maTematikosi) saxels atarebs. 

Teorema 1 (g.l. dirixle). Tu [−ߨ, -funq (ݔ)݂ ze gansazRvruli-[ߨ
cia uban-uban monotonuri, uban-uban uwyveti da SemosazRvrulia Tavis 

uwyvetobis monakveTze, maSin misi furies trigonometriuli mwkrivi 

krebadia [−ߨ,  is-(ݔ)݂ funqcia (ݔ)ݏ segmentis yvela wertilSi. Tu [ߨ
furies trigonometriuli mwkrivis jamia, maSin yvela im wertilisaT-

vis, sadac (ݔ)ݏ uwyvetia, samarTliania toloba (ݔ)ݏ =  xolo ,(ݔ)݂

yvela im wertilSi, sadac funqcia wyvetas ganicdis, gvaqvs: (ݔ)ݏ = 12 ൫݂(ݔ − 0) + ݔ)݂ + 0)൯. 
garda amisa: (ߨ)ݏ = (ߨ−)ݏ = 12 ൫݂(ߨ − 0) + ߨ−)݂ + 0)൯. 
TeoremaSi moyvanil pirobebs ewodeba dirixles piroba. is ramde-

nime ekvivalenturi formiT SeiZleba Segvxvdes. magaliTad, amboben ag-

reTve, rom ݂(ݔ) akmayofilebs dirixles pirobas, Tu mas aqvs maqsi-

mumisa da minimumis sasruli raodenoba mocemul segmentze. 

Tu ݂ kenti funqciaa, maSin  ݔ݀(ݔ)݂ = 0గିగ  da Tu ݂ luwia, maSin  ݔ݀(ݔ)݂ =గିగ 2  గ.ݔ݀(ݔ)݂  

kenti funqciis warmoebuli da pirvelyofili luwi funqciaa, 

xolo luwi funqciis warmoebuli da pirvelyofili kenti funqciebia. 

aqedan gamodis, rom, Tu ݂ luwi funqciaa, maSin  ݔ݀ݔ݊݅ݏ(ݔ)݂ = 0,గିగ   ݊ = 1,2, …,	amitom furies mwkrivs eqneba saxe: 
(ݔ)݂ = ܽ2 +ܽஶ

ୀଵ  ,ݔ݇ݏܿ
xolo, Tu ݂ kenti funqciaa, maSin  ݔ݀ݔݏܿ(ݔ)݂ = 0, ݊ = 1,2, …గିగ  da 

amitom misi furies mwkrivi iqneba:  

(ݔ)݂ = ܾஶ
ୀଵ  .ݔ݇݊݅ݏ

magaliTi 1. davSaloT ݂(ݔ) = -funqcia furies trigonometri ݔ
ul mwkrivad [−ߨ,  .segmentze [ߨ
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amocanis amosaxsnelad saWiroa gamovTvaloT ݂(ݔ) =  funqciis ݔ
furies koeficientebi furies trigonometriuli sistemis mimarT: ܽ = නߨ1 ݔ݀ݔ = ߨ1 ଶ2గݔ

ିగ |ିగగ = 0, 
ܽ = නߨ1 ݔ݀ݔ݇ݏܿݔ = ߨ1 ݔ) 1݇ గݔ݇݊݅ݏ

ିగ |ିగగ − 1݇න (ݔ݀ݔ݇݊݅ݏ = 0గ
ିగ , 

ܾ = නߨ1 ݔ݀ݔ݇݊݅ݏݔ = ߨ1 ݔ−) 1݇ గݔ݇ݏܿ
ିగ |ିగగ + 1݇න (ݔ݀ݔ݇ݏܿ = (−1)ାଵ 2݇గ

ିగ . ܽ da ܾ ricxvebis gamoTvla, yoveli ݇-saTvis, xdeba nawilo-

biTi integrebis saSualebiT (ix.magaliTi 2-is Semdeg SeniSvna).  

amrigad, ݂(ݔ) = funqciis furies trigonometriuli mwkrivi iqneba:  2 ݔ ൬ݔ݊݅ݏ − 12 ݔ2݊݅ݏ + 13 ݔ3݊݅ݏ − ⋯+ (−1)ାଵ 1݇ ݔ݇݊݅ݏ + ⋯൰. 

(࢞)ࢌ  =  da misi furies mwkrivis grafikebi ࢞
magaliTi 2. davSaloT ݂(ݔ) =  ଶ funqcia furies trigonometriulݔ

mwkrivad [−ߨ,   .segmentze [ߨ
radgan ݂(ݔ) = ଶ funqcia luwia, amitom ܾݔ = 0, ܽ koeficientebi 

ki gamoiTvleba formuliT: ܽ = ଵగ  ݔଶ݀ݔ = ଶగమଷగିగ ,ܽ = ଶగ  గݔ݀ݔ݊ݏଶܿݔ = = ସమ (−1). amrigad, mocemuli funqciis furies mwkrivi iqneba: 

ଶݔ = ଶ3ߨ − ݔݏ4ܿ + cos ݔ2 −49 cos ݔ3 + ⋯ = ଶ3ߨ + 4݊ଶஶ
ୀଵ (−1)ܿݔ݊ݏ. 
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(࢞)ࢌ  = ࣊  da࢞ + ∑ ஶୀ (−)࢙࢞ࢉ funqciebis grafikebi [−࣊,  intervalze [࣊

SeniSvna: 
ଶగ  గݔ݀ݔ݊ݏଶܿݔ  integralis gamoTvla xdeba nawilobiTi 

integrebis formulis orjer gamoyenebiT: 

 

magaliTi 3. davSaloT ݂(ݔ) = ቄ0,−ߨ ≤ ݔ ≤ 0,1, 0 < ݔ ≤ ߨ  funqcia furies tri-

gonometriul mwkrivad [−ߨ,   .segmentze [ߨ
gamovTvaloT furies koeficientebi: ܽ = 1, ܽ = 0, ܾ = (−1),݊ ≥ 1. aqedan mocemuli funqciis furies mwkrivi iqneba: 

(ݔ)݂ = 12 + ߨ2 ݔ݊݅ݏ + ߨ23 ݔ3݊݅ݏ + ߨ25 ݔ5݊݅ݏ + ⋯ = 12 +1− (−1)݊ߨ ஶ.ݔ݊݊݅ݏ
ୀଵ  
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  + ࣊ ࢙࢞ + ࣊ ࢙࢞ + ࣊  funqciis grafiki ࢙࢞
Teorema 2. Tu [−ߨ,   funqcia iSleba furies (ݔ)݂ ze gansazRvruli-[ߨ

(ݔ)݂ = ܽ2 +(ܽஶ
ୀଵ ݔ݇ݏܿ + ܾ(ݔ݇݊݅ݏ																													(3) 

mwkrivad da akmayofilebs sasazRvro pirobebs ݂(−ߨ) = ,(ߨ)݂ ݂ᇱ(−ߨ) = ݂ᇱ(ߨ) 
da aqvs SemosazRvruli meore rigis warmoebuli |݂ᇱᇱ(ݔ)| ≤  maSin ,ܥ
misi furies mwkrivi Tanabrad da absoluturad krebadia. amasTan, 

funqciis warmodgena furies (3) mwkrivad erTaderTia. 

ZiriTadi segmenti, sadac funqciis daSla ganvixileT furies tri-

gonometriul mwkrivad, iyo [−ߨ,  segmenti. es aris xelsayreli [ߨ

koeficientebis Caweris mizniT da am SemTxvevaSi gamoTvlebi martiv-

deba. zemoT moyvanil magaliTebSi funqciebi gansazRvrulebi iyvnen [−ߨ, -segmentze da Tu saWiroa mTel namdvil RerZze maTi gan [ߨ

xilva (amocanis pirobebidan gamomdinare), saWiroa periodulad (ga-

vagrZeloT rogorc perioduli funqcia) maTi gagrZeleba namdvil 

ricxvTa RerZze. amrigad, Tu [−ߨ, ,ܽ] segmentidan romelime sxva [ߨ ܾ] 
ricxviT monakveTze gadasvla gvinda, saWiroa ݔ RerZze movaxdinoT 
am intervalebis erTmaneTTan SeTavseba maTi ݔ RerZze gadaadgilebisa 

da masStabis Secvlis saSualebiT. 

debuleba 1. vTqvaT, ݃ perioduli funqciaa da ܶ misi periodia, ma-
Sin nebismieri ܽ da ߤ ricxvebisaTvis samarTliania toloba: 

න ା்ݔ݀(ݔ)݃
 = න ାఓା்ݔ݀(ݔ)݃

ାఓ . 
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marTlac, ݔ − ܶ =  :aRniSvnis Semotanis Semdeg miviRebT ݕ
න ାఓା்ݔ݀(ݔ)݃
ା் = න ݕ)݃ + ାఓݕ݀(ܶ

 = න ݕ݀(ݕ)݃ = න ାఓݔ݀(ݔ)݃


ାఓ
 .				(4) 

amasTan, 

න ା்ݔ݀(ݔ)݃
 = න ାఓݔ݀(ݔ)݃

 + න ାఓା்ݔ݀(ݔ)݃
ାఓ + න ݔ݀(ݔ)݃ =ା்

ାఓା்  

= න ାఓݔ݀(ݔ)݃
 − න ାఓା்ݔ݀(ݔ)݃

ା் + න ାఓା்ݔ݀(ݔ)݃
ାఓ . 

aqedan, (4)-is gaTvaliswinebiT viRebT dasamtkicebel tolobas. 

vTqvaT, ݂(ݔ)-is daSlaa saWiro furies trigonometriul mwkri-

vad [ܽ, ܽ + 2݈] segmentze. am SemTxvevaSi vaxdenT cvladis gardaqmnas ݔ = గ da vixilavT ݂(గ ݐ funqciis daSlas [గ (ݐ , గ +  :segmentze [ߨ2
݂ ൬݈ߨ ൰ݐ = ܽ2 + (ܽܿݐ݊ݏ + ܾݐ݊݊݅ݏ)ஶୀଵ , 

sadac: ܽ = නߨ1 ݂ ൬݈ߨ ൰ݐ ഏೌ,ݐ݀ݐ݊ݏܿ ାଶగೌഏ 			݊ = 0,1,2, …,	 
ܾ = නߨ1 ݂ ൬݈ߨ ൰ݐ ഏೌ,ݐ݀ݐ݊݊݅ݏ ାଶగೌഏ 			݊ = 1,2, …	. 

 ,periodulobis gamo, misi gagrZelebaa SesaZlebeli-ߨis 2-(ݔ)݂

amitom sakmarisia: ܽ = නߨ1 ݂ ൬݈ߨ ൰ݐ ݊			,ݐ݀ݐ݊ݏܿ = 0,1,2, …	గ
ିగ  

da  ܾ = නߨ1 ݂ ൬݈ߨ ൰ݐ ݊			,ݐ݀ݐ݊݊݅ݏ = 1,2, … .గ
ିగ  

integralebis gamoTvla. amis Semdeg davubrundeT ݔ cvlads da 

miviRebT: ݂(ݔ) = ܽ2 + (ܽܿݏ ߨ݈݊ ݔ + ܾ݊݅ݏ ߨ݈݊ ஶୀଵ(ݔ , 
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sadac: 

ܽ = 1݈න ݏܿ(ݔ)݂ ߨ݈݊ ,ݔ݀ݔ
ି 						ܾ = 1݈න ݊݅ݏ(ݔ)݂ ߨ݈݊ .ݔ݀ݔ

ି 	
11.2. Sturm-liuvilis amocana 

vTqvaT: (ݕ)ܮ ≡ (ݔ)ᇱᇱݕ(ݔ) + (ݔ)ᇱݕ(ݔ)ଵ +  .(ݔ)ݕ(ݔ)ଶ
ganvixiloT sasazRvro amocana ߙ parametriT: (ݕ)ܮ − ݕߙ = 0, (ଵݐ)ݕܽ + (ଵݐ)ᇱݕܾ = 0, (ଶݐ)ݕܿ + (ଶݐ)ᇱݕ݀ =  parametris im mniSvnelobas, romlisTvisac sasazRvro amocanas ߙ .0

aqvs aranulovani amonaxsni, ewodeba amocanis sakuTrivi mniSvneloba, 

xolo TviT am amonaxsns, sakuTrivi funqcia. 

magaliTi. vipovoT ݕᇱᇱ − ݕߙ = 0, (0)ݕ = 0, (݀)ݕ = 0 
sasazRvro amocanis sakuTrivi mniSvnelobebi da sakuTrivi funqciebi. 

wina paragraf 10-is Teorema 1-is ZaliT, amocanas aqvs aranulo-

vani amonaxsni, rodesac ߙ < 0. amaSi pirdapiri msjelobiTac SegviZ-

lia davrwmundeT, radgan, winaaRmdeg SemTxvevaSi, gantolebis amonax-

sns eqneboda ori nuli sasazRvro pirobebis gamo, rac Teoremas ewi-

naaRmdegeba. vTqvaT, ߙ > 0. gantolebis maxasiaTebeli fesvebi iqneba ±√ߙ, xolo zogad amonaxsns eqneba saxe: (ݐ)ݕ = ܿଵ݁√ఈ௧ + ܿଶ݁ି√ఈ௧ . sa-
sazRvro pirobebidan viRebT ܿଵ, ܿଶ-is mimarT wrfiv gantolebaTa sis-

temas: ܿଵ + ܿଶ = 0, ܿଵ݁√ఈௗ + ܿଶ݁ି√ఈௗ = 0, romelsac mxolod nulovani 

amonaxsni aqvs.Aamrigad, aratrivialuri amonaxsnis arseboba mosalod-

nelia mxolod ߙ < 0 SemTxvevaSi. vTqvaT, ߙ = −ܽଶ, ܽ > 0, maSin gan-
tolebis zogadi amonaxsni iqneba: (ݐ)ݕ = ܿଵ݁௧ + ܿଶ݁ି௧. sasazRvro 
pirobidan viRebT gantolebaTa sistemas:  

 ܿଵ + ܿଶ = 0, ܿଵ݁ௗ + ܿଶ݁ିௗ = 0 ⟹ ܿଵ݁ௗ − ܿଵ݁ିௗ = 0 ⟹	 ⟹ ܿଵ(ܿ݀ܽݏ + (݀ܽ݊݅ݏ݅ − ܿଵ(ܿ݀ܽݏ − (݀ܽ݊݅ݏ݅ = 0 ⟹ ܿଵ݀ܽ݊݅ݏ = 0 ⟹  ⟹ ܽ݀ = ,݇ߨ ݇ = 1,2,3, … 
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amrigad, ܽ = ܽ = గௗ ߙ , = −ܽଶ = −ቀగௗ ቁଶ , ݇ = 1,2,3, … rac niSnavs, 
rom ߙ namdvili ricxvebi mocemuli gantolebis sakuTrivi ricxve-

bia, xolo ݕ = ݊݅ݏܿ గ௧ௗ  −sakuTrivi funqciebi. 
ganvazogadoT zemoT Tqmuli. kerZod, ganvixiloT: 

, ,  (1) 

meore rigis erTgvarovani wrfivi Cveulebrivi diferencialuri gan-

toleba, sadac , ,  namdvili funqciebia, amasTan, , 

, , funqciebi uwyvetebia -ze, xolo ,  da-

debiTi funqciebia. ki parametria, romelic nebismier mniSvnelobas 

Rebulobs.  

meore rigis gantolebis (1) saxiT Caweras, rogorc aRvniSneT, gan-

tolebis TviTSeuRlebuli forma ewodeba. 

(1) gantoleba gadavweroT CvenTvis Cveuli saxiT: 

   (2) 

an 

. 

(2) gantolebis koeficientebi uwyveti funqciebia (1) gantolebis 

koeficientebze dadebuli SezRudvebis gamo.  intervalis yove-

li Siga wertili (2) gantolebisaTvis Cveulebrivi wertilia, xolo 

-s bolo wertilebi SesaZlebelia iyos rogorc Cveulebrivi, 

aseve gansakuTrebuli (singularuli). gavixsenoT, rom, Tu (2) ganto-

lebis romelime koeficienti ganicdis wyvetas raime  wertilSi da 

misi mniSvneloba am wertilSi usasrulobis tolia, an , am 

dros amboben, rom (2) gantolebisaTvis  aris gansakuTrebuli wer-

tili. Cveni interesis sfero aris (2)-is iseTi amonaxsnebi, romle-

bic akmayofileben erTgvarovan sasazRvro pirobebs namdvili koefici-

entebiT. aseTi tipis sasazRvro amocanebs ewodeba Sturm-liuvilis 

(Jak Sarl fransua Sturmi – 1803-1855, frangi maTematikosi; Jozef 

liuvili – 1809-1882, frangi maTematikosi) amocanebi.  

Sturm-liuvilis amocana: vipovoT  klasis (e.i. orjer uwy-

vetad diferencirebadi) (2) gantolebis amonaxsnebi, romlebic akmayo-

( ) ( ) 0)()()()()(
// =−+ xXxqxrxXxp λ bxa <<

)(xp )(xq )(xr )(xp

)(/ xp )(xq )(xr ),( ba )(xp )(xr

λ

( ) 0)()()()()()()( //// =−++ xXxqxrxXxpxXxp λ

0)(
)(
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/
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fileben erTgvarovan sasazRvro pirobebs  intervalis boloebi-

saTvis. radgan (1) (an (2)) gantoleba Seicavs ucnob  parametrs, ami-

tom amonaxsnis povna -s povnasac gulisxmobs. 

aqve SevniSnoT, rom amgvari sasazRvro amocanebi operatorTa speq-

traluri Teoriis nawilia. gansakuTrebiT sainteresoa TviTSeuRle-

buli operatorebis speqtraluri Teoria, radgan aseTi operatorebis 

speqtri namdvili ricxvebia. speqtrs ki fizikaSi ganixilaven rogorc 

dakvirvebad sidideebs. 

sazogadod, ganixileba ori tipis amocana – regularuli da sing-

ularuli. Sturm-liuvilis amocanas ewodeba regularuli, Tu  

intervali sasrulia da intervalis boloebi gantolebisaTvis Cveu-

lebrivi wertilebia, xolo amocanas ewodeba singularuli, Tu re-

gularulobis erTi piroba mainc darRveulia. singularul amocanaSi 

SesaZlebelia intervalis orive bolo gansakuTrebuli wertili iyos 

gantolebisaTvis. erTgvarovani sasazRvro pirobebis xasiaTi regula-

ruli da singularuli Sturm-liuvilis amocanisaTvis gansxvavebulia. 

regularuli amocanisaTvis ismeba: 

pirveli gvaris sasazRvro amocana: , ; 

meore gvaris sasazRvro amocana: , ; 

mesame gvaris sasazRvro amocana: , 

, ; 

meoTxe gvaris sasazRvro amocana: , , 

. am sasazRvro pirobas sxvanairad periodulobis piro-

basac uwodeben.  

yvelgan, zemoT moyvanil tolobebSi, igulisxmeba, rom:  

, ,  

da a.S., amitom zogjer maT zRvrul pirobebsac uwodeben. 

singularuli Sturm-liuvilis amocanebidan gamoyofen ori tipis 

amocanas imis Sesabamisad, gantolebis gansakuTrebuli wertili in-

tervalis erTi boloa Tu orive. davuSvT,  singularuli, xo-

lo  regularuli wertilia. maSin singularuli bolosaTvis 

),( ba

λ
λ

),( ba

0)( =aX 0)( =bX

0)(/ =aX 0)(/ =bX

0)()(/ =− aXhaX a

0)()(/ =+ bXhbX b 0, ≥ba hh

)()( bXaX = )()( // bXaX =
)()( bpap =

)(lim)( 0 xXaX ax +→= )(lim)( 0 xXbX bx −→= )(lim)( /
0

/ xXaX ax +→=

ax =
bx =



 220

Cveulebriv ismeba funqciis (diferencialuri gantolebis amonaxsnis) 

SemosazRvrulobis piroba: 

, 

xolo regularul bolosaTvis SesaZlebelia daisvas zemoT 

moyvanili pirveli, meore da mesame gvaris amocana, magaliTad, aseTi: 

, . Tu orive bolo singularulia, maSin 

funqcias SemosazRvrulobis piroba orive boloSi SeiZleba daedos 

, . zogjer zrdis rigsac miuTiTeben 

xolme. magaliTad, aseTs: න ݔଶ݀|(ݔ)ܺ|(ݔ)ݎ
 = ܱ(1). 

sainteresoa Sturm-liuvilis amocanis mxolod aratrivialuri – 

 amonaxsni, radgan trivialuri −  amonaxsni Sturm-

liuvilis amocanas yovelTvis aqvs, xolo aratrivialuri amonaxsni 

ki mocemuli -saTvis SesaZlebelia ar hqondes. amitom Sturm-liu-

vilis amocana mdgomareobs ara marto mocemuli -saTvis Sesabamisi 

diferencialuri gantolebis amonaxsnis povnaSi, aramed  parametris 

iseTi mniSvnelobebis SerCevaSi, romlisTvisac Sesabamis gantolebas 

aratrivialuri amonaxsni gaaCnia. Sturm-liuvilis yovel aratrivialur 

amonaxsns ewodeba mocemuli amocanis sakuTrivi funqcia. am dros  

parametris mniSvneloba, rogorc vTqviT, ukve cnobilia da mas sakuT-

rivi mniSvneloba an sakuTrivi ricxvi ewodeba. ganmartebiT, sakuTrivi 

funqciebi iZebnebian nebismieri mudmivis sizustiT. zogjer maT adeben 

pirobas , am dros gvaqvs normirebuli sakuTrivi 

funqciebi. mocemul sakuTriv ricxvs, sazogadod, Seesabameba ramdenime 

sakuTrivi funqcia. sakuTrivi ricxvebis simravles ewodeba amocanis 

speqtri.  

SeviswavloT Sturm-liuvilis regularuli amocanis sakuTrivi 

ricxvebis Tvisebebi. kerZod, ganvixiloT regularuli Sturm-liuvi-

lis amocana zemoT moyvanili oTxive sasazRvro pirobiT. CavTvaloT, 

rom (1) gantolebis , , ,  koeficientebi uwyve-

tebia -ze, xolo ,  dadebiTi funqciebia -Si.  

)1(| 0 OX ax =+→

0)()(/ =+ bXhbX b 0≥bh

)1(| 0 OX ax =+→ )1(| 0 OX bx =−→

0)( ≠xX 0)( ≡xX

λ
λ

λ

λ

1|)(|)( 2 = dxxXxr

)(xp )(/ xp )(xq )(xr

],[ ba )(xp )(xr ],[ ba
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Teorema 1. regularuli Sturm-liuvilis amocanis sakuTrivi ri-

cxvebi namdvilia da amocanis speqtri SemosazRvrulia qvemodan.  

davuSvaT,  segmentis yoveli wertili (1) gantolebis Cve-

ulebrivi wertilia. koSis amocanis amonaxsnis arsebobisa da erTade-

rTobis Teoremidan gamomdinareobs, rom arsebobs (1)-is -klasis 

amonaxsni , iseTi, rom  nemismieri ricxvisaTvis 

 da , sadac  da  nebismieri ricxvebia. Tu  

da  damokidebulebi ar arian -ze, maSin yoveli fiqsirebuli -saTvis 

 mTeli funqciaa (e.i. aqvs erTaderTi gansakuTrebuli wertili 

da es aris ∞) -s mimarT. davuSvaT, , maSin arsebobs (1) di-

ferencialuri gantolebis  klasis ori amonaxsni (integra-

li)   da , romlebic akmayofileben pirobebs: 

    (3) 

amasTan,  da  funqciebi, fiqsirebuli -saTvis, arian 

mTeli funqciebi -s mimarT. garda amisa, isini wrfivad damoukideb-

lebi arian da maTi vronskiani -Si 1-is tolia: 

. 

 da  funqciebs (da yvela aseTi Tvisebebis mqone 

amonaxsnTa wyvils) Sturm-liuvilis amocanis amonaxsnTa fundamentu-

ri sistema ewodeba. Sturm-liuvilis amocanis zogadi amonaxsni Caiwe-

reba aseTi saxiT:  

,   (4) 

sadac  da  nebismieri mudmivebia.  

 da  amonaxsnTa fundamenturi sistemis Sesaxeb cno-

bilia, rom maTi asimptoturi yofaqceva, rodesac  parametri usasr-

ulobisaken miiswrafvis, gamoisaxeba Semdegi tolobebis saSualebiT: 

 , ,   (5) 

 , .   (6) 

],[ ba

)2(C
)(xX ),( bac∈

α=)(cX β=)(/ cX α β α
β λ x

)(xX
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,0),(,1),(
/

/

==
==

λψλψ
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),( λϕ x ),( λψ x x
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)),(),,(( // ==

λψλϕ
λψλϕ

λψλϕ
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),( λϕ x ),( λψ x

),(),(),( λψλϕλ xBxAxX +=
A B

),( λϕ x ),( λψ x
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( ) ),()(cos
)(

)(
),( 2
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+−= λλλϕ Oax
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ap
x +∞→λ ],[ bax∈

( )
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)(

)(
),( 1−+−= λ

λ
λλψ O

ax

xp

ap
x +∞→λ ],[ bax∈
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Sturm-liuvilis zemoT moyvanili regularuli amocanis  

da  amonaxsnTa fundamenturi sistema yovelTvis arsebobs. Cav-

TvaloT  da  funqciebi cnobilad da gamoviyvanoT  paramet-

ris sapovni gantolebebi pirveli, meore da mesame gvaris regularu-

li Sturm-liuvilis amocanebisaTvis. amisaTvis visargebloT amocanis 

zogadi amonaxsnis (4) formuliTa da Sesabamisi sasazRvro pirobebiT. 

pirveli gvaris sasazRvro pirobebis SemTxvevaSi gveqneba: ߮ܣ(ܽ, (ߣ + ,ܽ)߰ܤ (ߣ = 0, 
, 

anu  

, ,   .       (7) 

amrigad, gantolebidan ganisazRvreba  parametri. ana-

logiuri msjelobiT miiReba gantolebebi -saTvis meore da mesame 

gvaris SemTxvevaSi da maT, Sesabamisad, eqnebaT aseTi saxe: 

     (8) 

da 

.     (9) 

debuleba 1. (7), (8), (9) gantolebebs usasrulod bevri amonaxsni 

aqvT.   

damtkiceba vawarmooT im SemTxvevisaTvis, rodesac  

am dros (1) iRebs saxes: 

, 

xolo (5), (6) asimptoturi formulebi ki mogvcems: 

 , ; 

 , . 

 pirveli gvaris sasazRvro pirobis SemTxvevaSi:  

 

),( λϕ x

),( λψ x

ϕ ψ λ
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0),( =λψ b λ
λ

0),(/ =λϕ b

0),(),(),(),( // =+++ λψλψλϕλϕ bhhbhbhb baab

.1)()( == xrxp
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( )
)(

)(sin
),( 1−+−= λ

λ
λλψ O

ab
b



 

223 

funqcia rxevadia (oscilirebs) -s sakmaod didi mniSvnelobisaTvis. 

amis gamo, usasrulod bevrjer gadakveTs namdvil ricxvTa  RerZs, 

rac niSnavs, rom (7) gantolebas -s mimarT, amonaxsnTa usasrulo 

simravle aqvs. 

meore gvaris sasazRvro pirobis analizis dros saWiroa 

 

funqcia gamovikvlioT -s sakmaod didi mniSvnelobisaTvis.  

uwyveti funqciaa, romelic usasrulod icvlis niSans, e.i. mravaljer 

gadakveTs  RerZs. amrigad, (8) gantolebasac amonaxsnTa usasru-

lo simravle aqvs.  

mesame gvaris sasazRvro pirobas mivyavarT (9) gantolebis fesve-

bis povnamde:  

=+++ ),(),(),(),( // λψλψλϕλϕ bhhbhbhb baab  

( ) ( )

( ) ( )
1 2

1 2 1

sin ( ) (1) cos( ( )) (

sin ( )
cos( ( )) ( ( )

b

a a b

b a O h b a O

b a
h b a O h h O

λ λ λ

λ
λ λ λ

λ

−

− −

= − − + + − + +

 −
 + − + + + + =
 
 

 

( )sin ( ) (1),b a Oλ λ= − − +  +∞→λ . 

rogorc vxedavT, es SemTxveva meore gvaris amocanis pirobis ek-

vivalenturia. axla gadavideT sakuTrivi ricxvebis ganawilebisa da 

Sturm-liuvilis amocanis speqtris bunebis Seswavlaze. funqciebi, 

romelTa nulebis sakiTxi axlaxan ganvixileT, mTeli aranulovani 

funqciebia -s mimarT da aqvT amonaxsnTa usasrulo raodenoba. Tu 

gaviTvaliswinebT imas, rom aranulovan kompleqsuri cvladis mTel 

funqcias aqvs mxolod izolirebuli nulebi da Teorema 1-s, mivi-

RebT Semdegi debulebis damtkicebas.  

debuleba 2. Sturm-liuvilis regularul amocanas pirveli, me-

ore da mesame gvaris sasazRvro pirobebSi aqvs diskretuli speqtri: 

, romelic Sedgeba qvemodan SemosazRvruli namd-

vili ricxvebisagan.  

λ
Ox

λ

( ) )()(sin),(/ λλλϕ Oabb +−−=

λ ),(/ λϕ b

Ox

λ

......21 <<<< nλλλ
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aqve SevniSnoT, rom Sturm-liuvilis amocanas SesaZlebelia hqon-

des uwyveti da Sereuli speqtric.  

mas Semdeg, rac sakuTrivi ricxvebi vipoveT, sakuTrivi funqciebis 

povna pirveli, meore da mesame gvaris sasazRvro pirobebSi xdeba, 

Sesabamisad, Semdegi gamosaxulebis saSualebiT: 

, ; 

, ; 

, . 

rogorc vxedavT, yovel  sakuTriv ricxvs Se-

esabameba erTaderTi, mudmivi mamravlis sizustiT gansazRvruli sakuT-

rivi funqcia: , , ...… .  

Teorema 2. Tu  regularuli Sturm-liuvilis amocanis 

sakuTrivi funqciebia pirvel, meore da mesame sasazRvro pirobebSi, ma-

Sin isini erTmaneTis orTogonalurebi arian -ze woniT , e.i.: 

 

am Teoremidan gamomdinareobs, rom  segmentze gansazRvruli 

 funqcia, romelic garkveul pirobebs (am pirobebs qvemoT mo-

viyvanT) akmayofilebs, SesaZlebelia warmovadginoT:  

      (10) 

mwkrivad. Tu davuSvebT, rom (10) mwkrivi krebadia da SesaZlebelia 

misi wevrobrivi integreba, maSin (10) warmodgenaSi monawile  ko-

eficientebi gamoisaxebian Semdegnairad: 

. 
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zemoT Tqmuli samarTliania nebismieri  funqciisaTvis, ro-

melic -ze akmayofilebs egreT wodebul dirixles pirobebs 

(ix. § 10.1). am SemTxvevaSi (10) mwkrivi krebadia -saken yvelgan 

-ze,  funqciis wyvetis wertilebs garda. Tu  wertil-

Si  pirveli gvaris wyveta aqvs, maSinac krebadia (10) mwkrivi 

da misi jami  gamosaxulebis tolia (ix.Teorema 1 

paragraf 11.1-Si).  

Sturm-liuvilis amocana meoTxe gvaris sasazRvro pirobebSi odnav 

gansxvavebulia zemoT aRwerili amocanebisagan, amitom mas calke ga-

movyofT. davuSvaT,  da  amonaxsnTa fundamenturi sis-

temaa (1) diferencialuri gantolebisaTvis da funqciaTa es wyvili ak-

mayofilebs sasazRvro pirobebs: 

, , , .   (11) 

meoTxe gvaris sasazRvro pirobebis gaTvaliswinebiT:  

 

zogadi amonaxsnisaTvis miviRebT:  

, 

. 

aqedan, (11)-is gaTvaliswinebiT viRebT erTgvarovan wrfiv ganto-

lebaTa sistemas  da  mudmivebis mimarT: 

( )
( )/ /

1 ( , ) ( , ) 0,

( , ) 1 ( , ) 0.

A b B b

A b B b

φ λ ψ λ
φ λ ψ λ
− − =

− + − =
    (12)  

(12) sistemas aratrivialuri amonaxsni aqvs maSin da mxolod ma-

Sin, rodesac am sistemis determinanti nulovania: 
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gamovTvaloT es determinanti da gaviTvaliswinoT, rom, erTi mxriv, 

 

da, meore mxriv:  

. 

sabolood gveqneba gantoleba sakuTrivi ricxvebisaTvis: 

/( ) 2 ( , ) ( , ) 0b bλ φ λ ψ λΔ = − − = .   (13) 

mtkicdeba, rom, rodesac , (13) gantolebas aqvs amonaxsnTa 

qvemodan SemosazRvruli, usasrulo, diskretuli simravle da amona-

xsnebi mdebareoben namdvil ricxvTa RerZze. miRebuli Sedegi Camova-

yaliboT Semdegi debulebis saxiT. 

debuleba 3. Sturm-liuvilis amocanas meoTxe gvaris sasazRvro 

pirobebSi aqvs namdvili, qvemodan SemosazRvruli, usasrulo, disk-

retuli speqtri. 

davuSvaT,  amocanis sakuTrivi ricxvia. maSin (12)-dan gveqneba: 

.              (14) 

SesaZlebelia adgili hqondes qvemoT moyvanili SemTxvevebidan erT-

erTs: 

1. , maSin: 

 

da aqedan sakuTrivi funqciebi iqneba: 

. 

2. , . maSin (14)-dan vpoulobT  da 

sakuTriv funqciebs eqnebaT saxe: 

. 
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3. , . am dros sakuTrivi funqciebia: 

. 

sakuTrivi funqciebis zemoT moyvanil gamosaxulebebSi Semavali 

 da  funqciebi TviTon arian sakuTrivi funqciebi, 

xolo  ki – jeradi fesvebia.   

Semdgom, gadmocemis moxerxebulobis mizniT, sakuTrivi funqciebi-

saTvis vixmarT aRniSvnas: 

. 

axla ganvixiloT Sturm-liuvilis amocanis sakuTrivi funqcie-

bis orTogonalurobis sakiTxi meoTxe gvaris sasazRvro pirobis Sem-

TxvevaSi. davuSvaT,  sakuTrivi ricxvia, romelsac Seesabameba 

sakuTrivi funqcia , xolo  sakuTrivi ricxvis Sesabami-

si sakuTrivi funqciaa . (1) gantolebidan gveqneba:  

, 

. 

pirveli gantoleba gavamravloT -ze, meore ki _ . 

Semdeg pirvels gamovakloT meore da vaintegroT miRebuli Sedegi 

-ze, miviRebT: 

, 

saidanac gvaqvs 

, , 

rac niSnavs, rom sakuTrivi funqciebi wyvil-wyvilad erTmaneTis or-

Togonalurebi arian -ze, woniT . 

zemoT miRebuli Sedegi CamovayaliboT Teoremis saxiT. 
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Teorema 3. meoTxe gvaris sasazRvro pirobebSi Sturm-liuvilis 

amocanis sakuTrivi funqciebi, romlebic gansxvavebul sakuTriv mniSv-

nelobebs Seesabamebian, orTogonalurebi arian -ze, woniT . 

sazogadod, sakuTrivi funqciebi, romlebic erTsa da imave (jerad) 

sakuTriv ricxvebs Seesabamebian, SesaZlebelia ar iyvnen orTogonalu-

rebi, magram maTi orTogonalizacia SesaZlebelia Semdegi proceduris 

saSualebiT.  

davuSvaT,  jeradi sakuTrivi ricxvia da mas Seesabameba ori 

gansxvavebuli sakuTrivi funqcia  da , maSin, rogorc 

aRvniSneT: 

. 

SevadginoT ori funqcia: 

, . 

naTelia, rom es funqciebi agreTve sakuTrivi funqciebia. vaCvenoT, 

rom  yovelTvis SesaZlebelia ise SeirCes, rom  da  

funqciebi iyvnen orTogonalurebi. marTlac, moviTxovoT, rom Sesrul-

des toloba: 

. 

aqedan: 

. 

amrigad, zemoT moyvanili procedurebis Catareba yovelTvisaa Se-

saZlebeli, radgan ukanaskneli wiladis mniSvneli nulisagan gansxvav-

ebulia. amrigad, zogadobis SeuzRudavad, sakuTrivi funqciebi yovel-

Tvis SeiZleba CavTvaloT orTogonalurebad. moyvanili msjelobidan 
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gamomdinareobs, rom meoTxe gvaris sasazRvro pirobebis SemTxvevaSic 

funqciis mwkrivad warmodgenis arsi igivea, rac pirveli, meore da 

mesame gvaris sasazRvro pirobebis dros. maSasadame, samarTliania Sem-

degi debuleba. 

debuleba 4. yoveli  funqcia, romelic akmayofilebs dirix-

les pirobebs  intervalze, warmoidgineba mwkrivad Sturm-liuv-

ilis amocanis sakuTrivi funqciebis saSualebiT.  

amocana 1. amovxsnaT Sturm-liuvilis Semdegi amocana: 

 ; 

, ܺᇱ(0) = ܺᇱ(2ߨ). 
amoxsna: gantolebis fundamentur amonaxsnTa sistemad aviRoT fun-

qciebi: ܺ(ଵ)(ݔ, (ߣ = cos൫√ݔߣ൯, ܺ(ଵ)(ݔ, (ߣ = ୱ୧୬൫√ఒ௫൯√ . 
zogadi amonaxsni aseTia: 

. 

sasazRvro pirobebis gaTvaliswinebiT miviRebT gamosaxulebebs: 

, 

. 

sakuTrivi ricxvebis sapovnelad vxsniT gantolebas: 
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sakuTrivi funqciebi iqneba: 

. 

zemoT moyvanili aRniSvnebis Sesabamisad SegviZlia sakuTrivi fun-

qciebi gadavweroT Semdegnairad: 

, , , . 

amrigad,  martivi sakuTrivi ricxvia, romelsac Seesabameba 

sakuTrivi funqcia , xolo danarCeni sakuTrivi ricxvebis 

jeradoba 2-is tolia. nebismieri  funqciis daSlas, romelic di-

rixles pirobas akmayofilebs, amocanis sakuTrivi funqciebis saSua-

lebiT aqvs Semdegi saxe: 

, 

, , . 

qvemoT moviyvanT zogierTi singularuli amocanis amoxsnis nimuSs. 

amocana 2. amovxsnaT Sturm-liuvilis amocana: 

 , 

, . 

amoxsna: zogadi amonaxsni aseTia: 

. 

pirveli sasazRvro amocanidan gamomdinareobs, rom 

. amrigad:  

. 

 sasazRvro pirobidan gamomdinareobs, rom  

namdvili ricxvia da, maSasadame . am SemTxvevaSi gantolebis zo-
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gadi amonaxsnia , sasazRvro pirobidan viRebT  

da . amrigad,  ar aris amocanis sakuTrivi ricxvi. sabo-

lood gvaqvs: , e.i. amocanas aqvs uwyveti speqtri. mosaxer-

xebelia vixmaroT aRniSvna , , aseT pirobebSi 

sakuTrivi funqciebi iqneba .  

amocana 3. amovxsnaT Sturm-liuvilis Semdegi amocana: 

, , , . 

amoxsna: diferencialuri gantoleba gadavweroT Semdegi saxiT: 

 

  . 

gamoviyenoT toloba  (SeamowmeT misi samarTli-

anoba!) da gadavweroT bolo diferencialuri gantoleba misi ekviva-

lenturi formiT: 

. 

am gantolebis zogadi amonaxsnia: 

. 

aqedan gamodis, rom sawyisi diferencialuri gantolebis zogadi 

amonaxsnia: 

 

funqcia. sasazRvro pirobebdian gamomdinareobs, rom: 

  , 

, . 

amrigad, sakuTrivi ricxvebi iqneba: 

, , 
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xolo Sesabamisi sakuTrivi funqciebia: 

. 

rodesac , zogadi amonaxsnia: , sasazRvro pi-

robidan gamomdinareobs: , rac niSnavs, rom  ar aris 

amocanis sakuTrivi ricxvi. amocanas ki diskretuli speqtri aqvs. 

amocana 4. amovxsnaT Sturm-liuvilis Semdegi amocana: 

, , , . 

amoxsna: diferencialuri gantoleba gadavweroT Semdegi saxiT: 

  . 

miviReT eileris gantoleba, romlis amonaxsns veZebT  saxiT 

funqciaTa Soris. ukanasknel gantolebaSi CasmiT viRebT gantolebas 

-is mimarT: 

  , 

e.i. gantolebis amonaxsnia . mosaxerxebelia 

amonaxsnTa fundamentur sistemad aviRoT funqciebi  da 

. aseT pirobebSi zogadi amonaxsnia: 

 

funqcia. sasazRvro pirobidan gamomdinareobs, rom , xolo 

-dan ki viRebT, rom  namdvili ricxvia, e.i. . 

aRvniSnoT: , . miviRebT sakuTriv funqciebs: 

. 

Tu , maSin zogadi amonaxsnia  funqcia. sa-

sazRvro pirobebidan miviRebT tolobebs: , rac niSnavs, rom 
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 ar aris amocanis sakuTrivi ricxvi. amrigad, amocanas aqvs 

uwyveti speqtri da . 

amocana 5. ganvixiloT kidev erTi amocana:  

, , . 

amoxsna: analogiuri msjelobebiT SesaZlebelia vaCvenoT (aucile-

beli gardaqmnebi SeasruleT damoukideblad!), rom amocanis sakuTrivi 

ricxvebia , , xolo sakuTrivi funqciebi ki:  

, 

sadac ,  ermitis mravalwevrebia. 

amocanis speqtri diskretulia. 

zemoT moyvanili magaliTebidan SesaZlebelia gakeTdes daskvna: sin-

gularuli Sturm-liuvilis amocanis speqtri damokidebulia sasazR-

vro pirobebze. Tu amocanis speqtri aRmoCnda diskretuli, maSin re-

gularuli amocanis amoxsnis meTodebi mTlianad SegviZlia gamoviye-

noT singularuli amocanis amosaxsneladac, xolo, Tu speqtri Sere-

uli an uwyvetia, maSin regularuli amocanisaTvis gakeTebuli daskv-

nebi ar vrceldeba singularul amocanaze.  

11.3. ramdenime tipiuri amocana  

(ݔ)ᇱᇱݕ  .1 + (ݔ)ݕߙ = 0, ᇱ(0)ݕ = (݈)ᇱݕ = (ݔ)ᇱᇱݕ .0 + (ݔ)ݕߙ = 0 gantolebis zogadi amonaxsnia:  

a) (ݔ)ݕ = ܿଵ sin൫√ݔߙ൯ + ܿଶcos	(√ݔߙ), rodesac ߙ > 0; 
b) (ݔ)ݕ = ܿଵ݁√ିఈ௫ + ܿଶ݁ି√ିఈ௫, rodesac ߙ < 0; 
g) (ݔ)ݕ = ܿଵݔ + ܿଶ, rodesac ߙ = 0. 
ganvixiloT TiToeuli SemTxveva cal-calke. 

a) rodesac ߙ > ᇱ(0)ݕ ,0 = 0, sasazRvro pirobis Tanaxmad, ݕᇱ(ݔ) = ܿଵ√ߙ ൯ݔߙ√൫ݏܿ − ܿଶ√ߙ sin൫√ݔߙ൯ funqciis mniSvneloba 0-Si 0-

is tolia, e.i. ݕᇱ(0) = ܿଵ√ߙ = 0, saidanac gamomdinareobs, rom ܿଵ = (݈)ᇱݕ .0 = 0 sasazRvro pirobidan ki gvaqvs ܿଶ√ߙ sin൫√݈ߙ൯ = 0, aqedan 
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miviRebT, rom an ܿଶ = 0, an √ߙ sin൫√݈ߙ൯ = 0. Tu ܿଶ = 0, maSin 

gantolebis amonaxsni iqneba trivialuri, amitom vuSvebT, rom ܿଶ ≠0, maSin √ߙ sin൫√݈ߙ൯ = 0. es toloba ki sruldeba mxolod maSin, 

rodesac √݈ߙ = ߙ .e.i ,݇ߨ = (గ )ଶ, ݇ ∈ ℕ. amrigad, mocemuli amocanis 

sakuTrivi ricxvebia ߙ = (గ )ଶ, romelTa Sesabamisi amonaxsnebia ݕ(ݔ) = ܿଶcos	(గ (ݔ)ݕ sakuTrivi funqciebi ki iqneba .(ݔ = cos ቀగ  .ቁݔ
gavixsenoT, rom sakuTriv ricxvs mravali sakuTrivi veqtori 

Seesabameba, magram isini wrfivad damokidebulebia. maT Soris virCevT 

erT-erTs. normirebuli sakuTrivi funqciis misaRebad saWiroa maTi 

normireba. radgan: 

නܿଶܿݏଶ ൬݈݇ߨ ൰ݔ ݔ݀
 = ܿଶ න12 cos ൬2݈݇ߨ ൰ݔ ݔ݀ + ܿଶ2 න݀ݔ



 = 

= ܿଶ2 ݇ߨ2݈ sin ൬2݈݇ߨ ൰ݔ | + ܿଶ2 ݔ) + ܿ)| = ܿଶ2 ݈, 
amitom ܿଶ = ଶ . amrigad, ܿଶ gamoiTvleba normirebis  ܿଶcos	ଶ(గ ݔ݀(ݔ = 1 pirobidan da miviReT, rom ݕ(ݔ) = ଶ cos	(గ  (ݔ
arian amocanis normirebuli sakuTrivi funqciebi. 

b) rodesac ߙ < 0, gantolebis amonaxsnis gawarmoebiT miviRebT ݕᇱ(ݔ) = ܿଵ√݁ߙ√ିఈ௫ − ܿଶ√ି݁ߙ√ିఈ௫. pirveli sasazRvro pirobidan gvaqvs: ݕᇱ(0) = ܿଵ − ܿଶ = 0 ⇒ ܿଵ = ܿଶ, xolo meore sasazRvro piroba ki 

gvaZlevs: ݕᇱ(݈) = ܿଵ√݁ߙ√ିఈ − ܿଶ√ି݁ߙ√ିఈ = 0. am ukanasknelidan ki ܿଵ = ܿଶ, ߙ ≠ 0, ݈ ≠ 0 gaTvaliswinebiT viRebT ܿଵ = ܿଶ = 0. amrigad, amo-
canas aqvs mxolod trivialuri amonaxsni. 

g) rodesac ߙ = 0, rogorc aRvniSneT, gantolebis amonaxsnia (ݔ)ݕ = ܿଵݔ + ܿଶ wrfivi funqcia. ݕᇱ(ݔ) = ܿଵ, amitom, pirveli sasazRv-

ro pirobis Tanaxmad, ܿଵ = 0. meore sasazRvro piroba ki (ݔ)ݕ = ܿଶ 
mudmivi funqciisaTvis sruldeba nebismieri ܿଶ ricxvisaTvis. amrigad, 
am SemTxvevaSi amocanis aratrivialuri amonaxsnia nebismieri mudmivi. ߙ = 0 sakuTrivi ricxvis Sesabamisi sakuTrivi funqcia ki iqneba: ݕ(ݔ) = ଵ . 
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(ݔ)ᇱᇱݕ  .2 + (ݔ)ݕߙ = 0, (0)ݕ = (݈)ᇱݕ + ℎݕ(݈) = 0, ℎ > 0. 
a) (ݔ)ݕ = ܿଵ sin൫√ݔߙ൯ + ܿଶcos	(√ݔߙ), rodesac ߙ > 0; 
b) (ݔ)ݕ = ܿଵ݁√ିఈ௫ + ܿଶ݁ି√ିఈ௫, rodesac ߙ < 0; 
g) (ݔ)ݕ = ܿଵݔ + ܿଶ, rodesac ߙ = 0. 
a) rodesac ߙ > (0)ݕ ,0 = 0 sasazRvro pirobidan gamomdinareobs, 

rom: ܿଶ = (ݔ)ݕ ⇒ 0 = ܿଵ sin൫√ݔߙ൯ ⇒ ݕᇱ(ݔ) = ܿଵ√ߙ cos൫√ݔߙ൯, 
amitom meore sasazRvro ݕᇱ(݈) + ℎݕ(݈) = 0 pirobidan gvaqvs: ܿଵ(√ߙ cos൫√݈ߙ൯ + ℎ sin൫√ߙ൯) = 0 ⇒ ܿଵ = 0 

an √ߙ cos൫√݈ߙ൯ + ℎ sin൫√݈ߙ൯ = 0. 
Tu ܿଵ = 0, maSin amocanas eqneba mxolod 0-ovani amonaxsni, amitom 

vuSvebT, rom ܿଵ ≠ 0, maSin:  √ߙ cos൫√݈ߙ൯ + ℎ sin൫√݈ߙ൯ = ߙ√ ⇒ 0 = −ℎ tg൫√݈ߙ൯. 
am transcendentur gantolebas amonaxsnTa usasrulo raodenoba 

aqvs. marTlac, √ߙ da −ℎ tg൫√݈ߙ൯ funqciebis grafikebs usasrulo ra-

odenobis gadakveTis wertilebi aqvT, romelTa povna SesaZlebelia sak-

maod didi sizustiT. aRvniSnoT isini ߙ-Ti. amrigad, ߙ-s Sesabamisi 
amonaxsni iqneba ݕ(ݔ) = ܿଵ sin൫ඥߙݔ൯. ܿଵ-s vipoviT normirebis piro-
bidan. 

rodesac ߙ ≤ 0, amocanas aranulovani amonaxsni ar aqvs. amaSi dav-

rwmundebiT amocana 1-is Sesabamis punqtebSi moyvanili msjelobis 

ganmeorebiT. marTlac, rodesac ߙ = 0, gantolebis zogadi amonaxsnia (ݔ)ݕ = ܿଵݔ + ܿଶ, amitom ݕᇱ(ݔ) = ܿଵ. pirveli sasazRvro pirobidan 

gvaqvs (0)ݕ = ܿଶ = 0, xolo meore sasazRvro pirobis Tanaxmad, ݕᇱ(݈) + ℎ(0)ݕ = ܿଵ + ℎܿଶ = 0 ⇒ ܿଵ = 0. im SemTxvevaSi, rodesac ߙ < 0, 
sasazRvro pirobebs mivyavarT transcendentur ݁ଶ√ିఈ = ି√ିఈା√ఈ  ganto-

lebamde. am tolobis marjvena mxare, rodesac √ߙ > 0, naklebia erT-

ze, xolo marcxena mxare ki metia erTze, ris gamoc gantolebas amo-

naxsni ar aqvs, rac, Tavis mxriv, niSnavs, rom: ܿଵ = ܿଶ = 0. 
amrigad, amocanas aratrivialuri amonaxsni aqvs, rodesac ߙ > 0. misi 

sakuTrivi ricxvebia √ߙ = −ℎ tg൫√݈ߙ൯ gantolebis ߙ, ݇ ∈ ℕ amonaxs-
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nebi, xolo maTi Sesabamisi sakuTrivi funqciebia ݕ(ݔ) = sin൫ඥߙݔ൯. 
amocana 1-Si moyvanili msjelobis ganmeoreba sakmarisia sin൫ඥߙݔ൯ 
funqciebis normirebisaTvis, kerZod, ට sinଶ൫ඥߙݔ൯݀ݔ = ଶ. 
(ݔ)ᇱᇱݕ  .3 + (ݔ)ݕߙ = 0, ᇱ(0)ݕ − (0)ݕܪ = (݈)ᇱݕ + ℎݕ(݈) = ,ܪ ,0 ℎ > (ݔ)ᇱᇱݕ .0 + (ݔ)ݕߙ = 0 gantolebis zogad amonaxsns aqvs saxe: (ݔ)ݕ = ܿଵݔߙ√݊݅ݏ + ܿଶܿݔߙ√ݏ, rodesac ߙ > (ݔ)ݕ ;0 = ܿଵ݁√ିఈ௫ + ܿଶ݁ି√ିఈ௫, rodesac ߙ < (ݔ)ݕ ;0 = ܿଵݔ + ܿଶ, rodesac ߙ = 0. 

rodesac ߙ > 0, gvaqvs ݕᇱ(ݔ) = ܿଵ√ݔߙ√ݏܿߙ − ܿଶ√ݕ .ݔߙ√݊݅ݏߙᇱ(0) − (0)ݕܪ = 0 sasazRvro pirobidan miviRebT: ܿଵ√ߙ − ଶܿܪ = 0 ⇒ ߙ√ = ܪ ܿଶܿଵ .																															(1) 
meore ݕᇱ(݈) + ℎݕ(݈) = 0 sasazRvro pirobidan gamomdinareobs, rom:  √ߙ(ܿଵ݈ܿߙ√ݏ − ܿଶ݈ߙ√݊݅ݏ) + ℎ(ܿଵ݈ߙ√݊݅ݏ + ܿଶ݈ܿߙ√ݏ) = 0 ⇒ ܿଵ൫√݈ߙ√ݏܿߙ + ℎ݈ߙ√݊݅ݏ൯ + ܿଶ൫−√݈ߙ√݊݅ݏߙ + ℎ݈ܿߙ√ݏ൯ = 0			(2) ⇒ ܿଶܿଵ = ݈ߙ√ݏܿߙ√ + ℎ݈ߙ√݊݅ݏߙ√݈ߙ√݊݅ݏ − ℎ݈ܿߙ√ݏ. 
ܪߙ√ ⇒ (2) ,(1) = √ఈ ݈ߙ√݃ݐܿ + 1√ఈ − ݈ߙ√݃ݐܿ ݈ߙ√݃ݐܿ ⇒  ቆ√ܪߙ + ℎߙ√ ቇ = ℎܪߙ − 1 = ℎߙ√ ܪߙ√) − ℎ√݈ߙ√݃ݐܿ ⇒ (ߙ = ℎߙ√ ቆ√ܪߙ − ℎ√ߙቇ ܪ)ߙ√ℎܪ + ℎ). 
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amrigad, sabolood miviRebT:  

݈ߙ√݃ݐܿ = ܪܪ + ℎ ቆ√ܪߙ − ℎ√ߙቇ.																																		(3) ߙ SegviZlia vipovoT sxva gziTac, kerZod, (2) tolobidan: ܿଶܿଵ = ݈ߙ√ݏܿߙ√ + ℎ݈ߙ√݊݅ݏߙ√݈ߙ√݊݅ݏ − ℎ݈ܿߙ√ݏ = ൫ܽ݃ݐ− +  ,൯݈ߙ√
sadac ܽ = ݊݅ݏܿݎܽ √ఈఈାమ. 

gavixsenoT, rom: √ߙ = ܪ మభ, amitom:  √ߙ = ܽ)݃ݐܪ− +  da (4) gantolebebs dadebiT amonaxsnTa usasrulo raodenoba	(3)		(4)	                			.(݈ߙ√

aqvT (davrwmundeT grafikebis saSualebiT amonaxsnis povnis xerxis ga-

moyenebiT!). 

amrigad, rodesac Sturm-liuvilis mocemul amocanas aqvs usasru-

lo raodenobis sakuTrivi ricxvebi, romlebic arian (3) gantolebis 

amonaxsnebi, maSin maTi Sesabamisi sakuTrivi funqciebia:  ݕ(ݔ) = ݔߙඥ݊݅ݏܪ +  .ℕ߳݇ ,ݔߙඥݏܿߙ√
rodesac ߙ < 0, amocanas aratrivialuri amonaxsni ar aqvs. 

ganvixiloT SemTxveva, rodesac ߙ = ᇱ(0)ݕ .0 − (0)ݕܪ = 0 sasazRvro 
pirobidan gvaqvs ܿଵ − ଶܿܪ = (ݔ)ݕ ⇒ 0 = ܿଶ(ݔܪ + 1). meore ݕᇱ(݈) +ℎݕ(݈) = 0 sasazRvro piroba gvaZlevs ܿଶ(ܪ + ℎ݈ܪ + ℎ) = 0, saidanac ܿଵ = ܿଶ = 0. amrigad, ganxilul SemTxvevaSi amocanas aratrivialuri 

amonaxsni ar aqvs. aqve SevniSnoT, rom:  ||ݕ||ଶ = ଶܪ)݈ + )ଶ(ℎଶߙ + (ߙ + ܪ) + ℎ)(ߙ + ߙ)(ℎܪ + ଶܪ)ଶ)2ܪ + )(ℎଶߙ + (ߙ . 
 rodesac ܪ = ℎ, gveqneba ||ݕ||ଶ = ൫మାఈೖ൯ାଶଶ . 
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savarjiSoebi damoukidebeli muSaobisaTvis 

1. paragraf 10.1-is debuleba 1-is gamoyenebiT daamtkiceT, rom 

nebismieri ܽ-saTvis:  1√2ߨ , ߨ√1 ,ݔݏܿ ߨ√1 ,ݔ݊݅ݏ ߨ√1 ,ݔ2ݏܿ ߨ√1  …,ݔ2݊݅ݏ
trigonometriul funqciaTa sistema orTonormirebulia [ܽ, ܽ + -seg [ߨ2
mentze. 

2. amoxseniT Sturm-liuvilis Semdegi amocanebi: 

(ݔ)ᇱᇱݕ .1 + (ݔ)ݕߙ = 0, (0)ݕ = (݈)ᇱݕ = 0.  
sakuTrivi ricxvebi: ߙ = (గ(ଶିଵ)ଶ )ଶ, sakuTrivi funqciebi: ݕ(ݔ) = sin	(గ(ଶିଵ)ଶ ݇ ,(ݔ ∈ ℕ, ||ݕ||ଶ = ଶ. 
(ݔ)ᇱᇱݕ .2 + (ݔ)ݕߙ = 0, ᇱ(0)ݕ = (݈)ݕ = 0. 
sakuTrivi ricxvebi: ߙ = (గ(ଶିଵ)ଶ )ଶ, sakuTrivi funqciebi: ݕ(ݔ) = cos	(గ(ଶିଵ)ଶ ݇ ,(ݔ ∈ ℕ, ||ݕ||ଶ = ଶ. 
(ݔ)ᇱᇱݕ	 .3 + (ݔ)ݕߙ = 0, ᇱ(0)ݕ − ℎ(0)ݕ = (݈)ݕ = 0, ℎ > 0 
amocanas aratrivialuri amonaxsni aqvs, rodesac ߙ > 0, sadac ߙ 

aris √ߙ = −ℎ(݈ߙ√)݃ݐ gantolebis amonaxsnebi, xolo Sesabamisi 

sakuTrivi funqciebia: ݕ(ݔ) = ℎ݊݅ݏ൫ඥߙݔ൯ + ݇	,	൯ݔߙcos൫ඥߙ√ ∈ ℕ, ||ݕ||ଶ = ൫మାఈೖ൯ାଶ . 
(ݔ)ᇱᇱݕ	 .4 + (ݔ)ݕߙ = 0, ᇱ(0)ݕ = (݈)ᇱݕ + ℎ(0)ݕ = 0, ℎ > 0. 
amocanas aratrivialuri amonaxsni aqvs, rodesac ߙ > 0, sadac ߙ 

aris √(݈ߙ√)݃ݐߙ = ℎ gantolebis amonaxsnebi, xolo Sesabamisi sakuT-

rivi funqciebia ݕ(ݔ) = cos൫ඥߙݔ൯	,	݇ ∈ ℕ, ||ݕ||ଶ = ൫మାఈೖ൯ାଶ(మାఈೖ) . 

(ݔ)ᇱᇱݕ .5 + (ݔ)ݕߙ = 0, ᇱ(0)ݕ − ℎ(0)ݕ = (݈)ᇱݕ = 0, ℎ > 0. 
amocanas aratrivialuri amonaxsni aqvs, rodesac ߙ > 0, sadac ߙ 

aris √ߙ = −ℎܿ(݈ߙ√)݃ݐ gantolebis amonaxsnebi, xolo Sesabamisi sak-

uTrivi funqciebia ݕ(ݔ) = ℎ݊݅ݏ൫ඥߙݔ൯ + ݇	,	൯ݔߙcos൫ඥߙ√ ∈ ℕ, ||ݕ||ଶ = ൫మାఈೖ൯ାଶ . 
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6. , , , , , ; 

7. , , , , , ; 

8. , , , ; 

9. , , , ; 

10. , , ,

, ; 

11. , , , , , . 

3. daSaleT furies trigonometriul mwkrivad [−ߨ, -segmentze Sem [ߨ
degi funqciebi: 

(ݔ)݂ .1 = ൝గଶ + ߨ−,ݔ ≤ ݔ ≤ 0,గଶ − ,ݔ 0 < ݔ ≤ .ߨ   
pasuxi: ݂(ݔ) = ସగ ∑ ୡ୭ୱ(ଶାଵ)௫(ଶାଵ)మஶୀଵ . 

(ݔ)݂ .2 = ቄ ߨ−,0 ≤ ݔ ≤ ,ݔ݊݅ݏ,0 0 < ݔ ≤   .ߨ
pasuxi: ݂(ݔ) = ଵగ + ଵଶ ݔ݊݅ݏ − ଶగ ∑ ଵସమିଵஶୀଵ cos	(2݊ݔ). 

4. sin గ௫ , ݇ = 1,2, … bazisSi daSaleT Semdegi funqciebi: 

(ݔ)߮ .1 ≡ 1, 0 < ݔ < ݈. miTiTeba: ߮ = ଶగ (1 + (−1) . 
(ݔ)߮ .2 ≡ ,ݔ 0 < ݔ < ݈. miTiTeba: ߮ = − ଶగ ݈(−1). 
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12. Cveulebrivi diferencialuri gantolebebis           

kvadraturebSi integrebadoba  

12.1. kompiuteruli algebris sistemebis Sesaxeb 

kompiuteruli algebris sistemebs uwodeben iseT programul pa-

ketebs (an calkeul modulebs), romlebic operireben simbolur (e.i. 

algebrul, magaliTad, , da ara ariTmetikul, magali-

Tad, ) gamosaxulebebze. kompiuteruli algebris ram-

denime sistema arsebobs, maT Soris samecniero da sauniversiteto 

wreebSi yvelaze gavrcelebulia Maple da Mathematica. diferenci-

aluri gantolebebis amosaxsnelad am paketebs xSirad mimarTaven, ami-

tom aq ramdenime SeniSvnas gavakeTebT, sazogadod, kompiuteruli al-

gebris sistemebis Sesaxeb.  

damwyebisaTvis kompiuteruli algebris nebismieri sistemis gamo-

yenebaze advili araferia. sakmarisia icodes ramdenime brZaneba da maTi 

saSualebiT SeZlebs iseTi simboluri da ricxviTi gamoTvlebis wa-

rmoebas, romelsac furcliTa da fanqriT ramdenime saaTi dasWirde-

boda da, xSir SemTxvevaSi, maTi gakeTeba SeuZlebelic ki iqneboda. ko-

mpiuteruli algebris sistemebis sintaqsi martivia da, garda amisa, 

monacemebis da gamosaxulebebis Setana sakmaod advilia, radgan maTi 

warmodgenisaTvis saWiro ar aris specialuri Canawerebi, isini maqsi-

malurad arian daaxloebulni weris im stilTan, romelsac jer ki-

dev skolis merxidan veCveviT. 

daprogramebis Cveulebrivi enebisagan gansxvavebiT, kompiuteruli 

algebris sistemebs erTi ram namdvilad axasiaTebT da maTi codna 

aucilebelia. es gaxlavT Semdegi: C an romelime sxva enaze dasaprog-

rameblad mniSvnelovania enis sintaqsis codna, magram sulac araa 

aucilebeli icodeT rogor muSaobs kompilatori. kompiuteruli 

algebris sistemebze daprogramebis dros ki amis codna mniSvnelova-

nia. kerZod, xSirad saWiroa gavarkvioT, rogor xdeba mimarTva mona-

cemebze da ra algoriTmiT xdeba maTi damuSaveba. marTlac, winaswar 

Znelia da xSirad SeuZlebelicaa gamoTvlebis zomebis winaswar dad-

gena, mxedvelobaSi gvaqvs gamoTvlebisaTvis saWiro dro da mexsiere-

abba −+ 2)(

75)75( 2 ×−+
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ba, agreTve miRebuli Sedegis aRqmadoba (xandaxan gamoTvlebis Sede-

gebi ramdenime Tabaxs ikavebs). algoriTmis codna saSualebas iZleva 

Sedegis optimizacia movaxdinoT gamoTvlebis drois da manqanuri 

mexsierebis TvalsazrisiT. algebrul operaciaTa umravlesoba momen-

talurad sruldeba, magram, Tu aRmoCnda, rom es ase ar aris, SesaZ-

lebelia tyuilad vizrunoT resursebis gazrdaze, rodesac waruma-

teblobis mizezi Sualeduri gamoTvlebis eqsponencialurad zrdaa. ma-

galiTad, c-ze daprogramebis dros araviTari mniSvneloba ara aqvs, 

veZebT 100×100 Tu 500×500 zomis matricebis sakuTriv ricxvebs, 

radgan gamoTvlebis dro praqtikulad wrfivad izrdeba, maSin, rode-

sac kompiuteruli algebris sistemaze 5×5 zomis matricis sakuTri-

vi ricxvis gamoTvlas SeiZleba dasWirdes 15 wami, xolo 6×6 zomis 

matricisas ki _ 15 wuTi.  

amitom daprogramebis efeqturi stilis aTviseba da gamomuSaveba una-

risa, winaswar ganWvrito gamoTvlis zomebi, kompiuteruli algebruli 

sistemebis efeqturad gamoyenebis dros udavo winapirobaa. samwuxarod, 

arc erTisa da arc meorisaTvis, erTi receptis SeTavazeba aravis SeuZ-

lia, erTic da meorec gamocdilebis dagrovebasTan erTad modis.  

Tu kompiuteruli algebris sistebis optimalurad gamoyeneba ar 

xdeba, maSin masze seriozuli, samecniero gaTvlebis warmoeba xSirad 

SeuZlebelia da pirveli kiTxva rac SeiZleba momxmarebelma dasvas, 

SesaZlebelia iyos aseTi: Rirs Tu ara dro davkargo daprogramebis 

iseTi enis Seswavlaze, romelsac mxolod, egreT wodebuli, saTamaSo 

amocanebis amoxsna SeuZlia? amasTan dakavSirebiT Cven pirdapir vac-

xadebT, rom kompiuteruli algebris sistemebi arian xelovnuri inte-

leqtis pirveli xelmisawvdomi magaliTebi. manqanas paeqroba ar SeuZ-

lia adamianTan, romelic iyenebs mexsierebas, gamocdilebas, kombinire-

bul, asociaciur da intuiciur azrovnebas. xelovnuri inteleqtis 

kvlevam aCvena, Tu ramdenad bevri icis, ramdenad bevri SeuZlia ada-

mians da ramdenad efeqturad iyenebs mas muSaobis dros.  

simboluri gamoTvlebis yvela sistemaSi Cadebulia maTematikuri 

da logikuri wesebis erToblioba. sistemis universalobisaken mimaval 

gzaze mudam gvxvdeba gadauWreli problebi. magaliTad, studentisaT-

vis gasagebia Canaweri am gamosaxulebaSi is arasodes igulisxmebs 

mravalsaxa funqcias, maSin, rodesac gamomTvleli manqanisaTvis aseTi 

,2ln
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gadasvla problemaa. amis gamo momxmarebelma ara marto unda misdios 

sistemaSi Cadebuli wesebis erTobliobas, aramed kargad unda 

gaagebinos gamomTvlel manqanas, risi miRweva surs mas da ras gulis-

xmobs intuiciurad. amitom yoveli momxmarebeli, kompiuteruli al-

gebris sistemebTan muSaobis dros, Tavis stils gamoimuSavebs.  

rogorc specialistebi miuTiTeben, kompiuterul algebrebze mu-

Saobis dawyebas yovelTvis aqvs azri, radgan, yvelafers rom Tavi 

davaneboT, is aris sakmaod xelsayreli grafikuli kalkulatori, 

romlis SesaZleblobebis gamosayeneblad ar aris aucilebeli algo-

riTmebis codna, sakmarisia vicodeT Sesabamisi brZanebebi da sintaqsi.  

simboluri gamoTvlebis sistema (aplikacia) Maple-saTvis diferen-

cialuri gantolebebisa da sistemebis amosaxsnelad, realizebulia 

brZaneba dsolve (gantolebebi, cvladebi, opciebi), sadac gantolebebi 

aRniSnavs amosaxsnel diferencialur gantolebas an gantolebaTa sis-

temas. cvladebi miuTiTebs imaze, Tu romeli cvladebis mimarT unda 

amoixsnas gantoleba, xolo opciebi ki is aucilebeli parametrebia, 

romlebic moicemian Semdegi saxiT: sityva-gasaRebi=mniSvneloba. 

brZaneba dsolve-s saSualebiT analizurad ixsneba Cveulebriv dif-

erencialur gantolebaTa umravlesoba. Tu opcia miTiTebulia ase: 

type=exact, maSin brZaneba cdilobs ipovos gantolebis zusti amonaxs-

ni, anu gantoleba amoxsnas kvadraturebSi. amboben, rom gantoleba 

ixsneba kvadraturebSi (an integrebadia kvadraturebSi), Tu misi yvela 

amonaxsni cxadad an aracxadad gamoisaxeba elementarul funqciebze 

sasruli ariTmetikuli operaciebis, maTi superpoziciis da pirvel-

yofilis saSualebiT. 

magaliTad, gantoleba amoxsnadia kvadraturebSi, radgan 

misi amonaxsnia , miuxedavad imisa, rom  in-

tegrali ar aiReba elementarul funqciaTa klasSi (ix. Semdegi pa-

ragrafi). umartivesi gantoleba, romelic kvadraturebSi ar ixsneba, 

aris rikatis  gantoleba, romelic Cven ukve ganvixileT. 

amitom, diferencialuri gantolebis amosaxsnelad xSirad iyeneben 

asimptotur da ricxviT meTodebs. 
 sxva SesaZlo opciebia type=series (am SemTxvevaSi gantolebis 

amonaxsni moicema mwkrivis saxi), type=numeric (am dros ricxviTi 

2/ xey −=

Cdxey x +=  − 2

dxe x − 2

xyy += 2/
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amonaxsnis povna xdeba). SesaZlebelia, agreTve, ramdenime sxva opciis 

miTiTeba, magaliTad, garkveva imisa, SesaZlebelia Tu ara cxadi sa-

xiT iqnes moZebnili amonaxsni (explicit=true an explicit=false), an kidev, 

miTiTebul iqnes integrebis meTodebi: magaliTad, mathod=laplace. im 

SemTxvevaSi, rodesac iZebneba gantolebis ricxviTi amonaxsni (e.i. op-

cia gamoiyureba Semdegnairad type=numeric), SesaZlebelia mivuTiToT 

ricxviTi gamoTvlebis meTodze: 

method=rkf45- meoTxe-mexuTe rigis runge-kutis meTodi; 

method=dvark78- meSvide-merve rigis runge-kutis meTodi; 

method=classical- Seicavs ramdenime klasikur meTods. 

method=gear da method=mgear giris erTbijiani da mravalbijiani 

meTodebi. 

12.2. liuvilis Teoriis elementebi 

liuvilma aCvena, rom  ݁ି௫మ݀ݔ ganusazRvreli integrali ar aris 

elementaruli funqcia, miuxedavad imisa, rom integralqveSa gamosa-

xuleba elementarul funqciaTa kompoziciaa. ufro metic, liuvilma 

daamtkica zogadi Teorema, romelic saSualebas iZleva aigos elemen-

taruli funqciebi, romelTagan integrali araelementarulia. magali-

Tad,   ,ݔଶ݀ݔ݊݅ݏ  ,ݔଶ݀ݔݏܿ ௦௫௫  ,ݔ݀ ௦௫௫  ,ݔ݀ ௗ௫௫ integralebi 

arseboben, magram ar gamoisaxebian elementaruli funqciebis saSu-

alebiT. aq aseTi analogia SegviZlia gavakeToT: integralebi  ௗ௫௫  da  ௗ௫ଵା௫మ racionaluri funqciebidan ar arian racionaluri funqciebi, 

radgan  ௗ௫௫ =  da ݔ݈݊ ௗ௫ଵା௫మ =  .ݔ݃ݐܿݎܽ
bunebrivad da martivad liuvilis ZiriTadi Teorema yalibdeba da 

mtkicdeba diferencialuri velebis (ganmarteba moyvanilia qvemoT) Te-

oriaSi, romelic ufro axlosaa algebrasTan, vidre analizTan. al-

baT amitom, liuvilis Teorema ar miekuTvneba analizis sayovelTaod 

cnobil TeoremaTa ricxvs, Tumca is amas imsaxurebs, miTumetes, rom 

Tanamedrove damtkiceba Zneli ar aris da Tema sainteresoa. 

liuvilma Semoitana elementaruli funqciebis Zalian moxerxebuli 

ganmarteba. kerZod, man isargebla imiT, rom trigonometriuli da 
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maTi Sebrunebuli funqciebi gamoisaxebian eqsponentasa da logariT-

mis saSualebiT, xolo eqsponenta da logariTmi ganisazRvreba Tvise-

biT: Tu ݃(ݔ) = ݁(௫), maSin . 

liuvilis TeoriaSi ZiriTadi obieqti aris diferencialuri  

veli, anu veli, romelSic mocemulia diferencirebis operacia 

 Semdegi TvisebebiT:  velis nebismieri  da elementebi-

saTvis sruldeba tolobebi  da . 

Cven yovelTvis vigulisxmebT, rom  velis maxasiaTebeli nulis 

tolia. SemovitanoT ܭ velSi eqponentasa da logariTmis cnebebi. Tu 

 da ܽᇱ = ܾᇱܽ, maSin  elements ewodeba  elementis eqsponen-

ta, xolo  elements _  elementis logariTmi. 

advili Sesamowmebelia, rom , nebis-

mieri mTeli -Tvis da , radganac  

 elements ewodeba mudmivi, Tu . mudmivebi qmnian -s 

qvevels. ܭ diferencialuri velis Semcvel ܮ diferencialur vels ewo-

deba  velis diferencialuri gafarToeba, Tu  velis diferen-

cireba emTxveva  velis diferencirebis ܭ-ze SezRudvas. 
veli, romelic miiReba  velisaTvis  elementebis dama-

tebiT, aRvniSnoT  simboloTi.  diferencialur 

gafarToebas ewodeba elementaruli an liuvilis gafarToeba, Tu 

, sadac yoveli  elementi akmayofilebs Semdegi sami 

pirobidan erT-erTs:  

a)  algebrulia -ze, anu akmayofilebs ganto-

lebas ݐ + ܽିଵݐିଵ + ⋯+ ܽଵݐ + ܽ = 0 
raime naturaluri  ricxvisaTvis da romelime -Tvis; 

 

b)  aris  velis elementis eqsponenta;  

g)  aris  velis elementis logariTmi. 
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kompleqsurmniSvnelobian funqcias, gansazRvruls  areze, 

vuwodebT elementaruls, Tu is ekuTvnis  racionalur funqci-

aTa romelime elementarul gafarToebas. CvenTvis cnobili yvela fu-

nqcia _ polinomebi, racionaluri funqciebi, eqsponenta, logariTmi, 

trigonometriuli da maTi Sebrunebuli funqciebi liuvilis mixedviT 

elementarulia. 

moviyvanoT liuvilis Teoremis Tanamedrove formulireba da ori 

debuleba, romlebsac gamoviyenebT zogierTi integralis araelementa-

rulobis dasamtkiceblad. 

Teorema 1 (j. liuvili). vTqvaT, , sadac  romeliRac di-

ferencialuri velia. Tu gantolebas  aqvs  amonaxsni, rome-

lic ekuTvnis  velis romelime elementarul gafarToebas, romel-

sac imave mudmivebis veli gaaCnia, rac ܭ-s, maSin  velSi arseboben 

 mudmivebi da 
 
elementebi, romelTaTvisac srul-

deba toloba: 

 

debuleba 1. vTqvaT,  diferencialuri  velis gafarToebaa, 

maSin  velis diferencireba SeiZleba gagrZeldes -ze, xolo, Tu 

 gafarToeba algebrulia, maSin  velis diferencireba -ze gag-

rZeldeba erTaderTi saxiT. 

debuleba 2. vTqvaT,  diferencialuri velia,  ki misi 

diferencialuri gafarToebaa (imave mudmivebis qveveliT). imavdrou-

lad,  elementi transcendentulia -ze.  

a) Tu ݐᇱ ∈   maSin nebismieri dadebiTi xarisxis ,ܭ

mravalwevrisaTvis  aris mravalwevri, romlis xarisxi to-

lia an erTiT naklebia ݂-is xarisxze imis mixedviT, mudmivisgan gan-
sxvavdeba Tu ara -is ufrosi koeficienti.  

b) Tu , maSin nebismieri  aranulovani 

elementisTvis da nebismieri naturaluri  ricxvisTvis adgili aqvs 

CU ⊂
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tolobas , sadac . garda amisa, nebismieri dadebi-

Ti xarisxis  mravalwevrisTvis (݂(ݐ))ᇱ-s xarisxi igivea, 
rac ݂-is xarisxi. es mravalwevri iyofa -ze maSin da mxolod 

maSin, rodesc  monomia. 

axla vaCvenoT, Tu rogor SeiZleba liuvilis TeoremiT damtkic-

des zogierTi integralis araelementaruloba. am mizniT liuvilma 

daamtkica  integralis elementarulobis Semdegi kri-

teriumi, sadac ݂(ݖ) da ݃(ݖ) racionaluri funqciebia. 

Teorema 2 (liuvilis kriteriumi). vTqvaT,  da  raci-

onaluri funqciebia, amasTan, f-igivurad nulis toli araa, xolo  

ar aris mudmivi. integrali  elementaruli funqciaa 

maSin da mxolod maSin, rodesac arsebobs racionaluri  

funqcia, romlisTvisac adgili aqvs tolobas . 

magaliTi 1. integrali  araelementarulia. 

damtkiceba: am SemTxvevaSi  da . amitom ganto-

lebas  aqvs saxe: . dasamtkicebelia, rom am gan-

tolebas ara aqvs ܽ(ݖ) ∈ -amonaxsni. Tu racionaluri  fun (ݖ)ܥ

qciis daSlaSi Sesakrebis saxiT aris wiladi mniSvneliT , 

sadac  da  maqsimaluri SesaZlo mniSvnelobaa, maSin (2) 

igiveoba gviCvenebs, rom  gamosaxulebaSi monawileobs wila-

di mniSvneliT . amitom  raime  xarisxis mravalwev-

ria. maSin  aris  xarisxis mravalwevri, xolo  ki 

 xarisxis, amitom toloba  ver Sesruldeba. 

magaliTi 2. integrali  araelementarulia. 

damtkiceba: am SemTxvevaSi  da . unda davamt-

kicoT, rom  gantolebas ara aqvs amonaxsni ܽ(ݖ) ∈  .(ݖ)ܥ
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zustad iseve, rogorc wina magaliTSi, mtkicdeba, rom  mraval-

wevria, saidanac gamomdinareobs, rom -ic mravalwevria, amitom 

is ver iqneba . 

magaliTi 3. integralebi ,  da  araelemen-

tarulebia.  

damtkiceba: yvela zemoT moyvanili integrali daiyvaneba  

gamosaxulebaze. davuSvaT, , miviRebT = . vTqvaT, 

, saidanac gamomdinareobs, rom = . bolos nawi-

lobiTi integrebiT miviRebT tolobas: . 

axla ganvixiloT ufro rTuli magaliTi, sadac gamoviyenebT ara 

liuvilis kriteriums, aramed liuvilis Teoremas. 

magaliTi 4. integrali  araelementarulia. 

damtkiceba: cvladis  gardaqmniT es integrali daiyvaneba 

 integralis aRebaze. ganvixiloT ݖ)ܥ,  diferencialuri (ݐ

veli, sadac . davuSvaT, rom  integrali elementa-

rulia, maSin, liuvilis Teoremis Tanaxmad, adgili aqvs tolobas: 

,     

sadac ܿଵ, ܿଶ, … , ܿ ∈ ,ݖ)ܥ ,ଵݑ da (ݐ ,ଶݑ … , ,ݑ ߭ ∈ ,ݖ)ܥ ܨ ,davuSvaT .(ݐ =  maSin . kvlav SegviZlia CavTvaloT, rom ,(ݖ)ܥ

 gansxvavebuli dauyvanadi mravalwevrebia -ze ufrosi ko-

eficientiT 1.  SeiZleba warmovadginoT, rogorc mravalwevrisa da 
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garkveuli saxis wiladis jami. debuleba 2(b) gamoyenebiT miviRebT, 

rom an , an . Sesabamisad, miviReT, rom . 

garda amisa, -s daSlisas miRebuli wiladebis mniSvnelSi SeiZleba 

Segvxvdes mxolod -s xarisxebi. davuSvaT, , . Tu 

gavutolebT erTmaneTs (4) tolobaSi -s koeficientebs, miviRebT 

tolobas . magaliT 2-Si naCvenebi iyo, rom racionaluri 

 funqciisaTvis aseTi toloba SeuZlebelia. 
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amocanebi 

gantolebebi gancalebad cvladebSi  

1. 
ௗ௬ௗ௫ = ହ௫௬ 2. ௗ௬ௗ௫ = ହ௬௫ 3. ௗ௬ௗ௫ = ௗ௬ௗ௫ .4 ݕ݇ = ௗ௬ௗ௫ .5 ݕݔ = 1)ݕܽ −   (ݕܾ

6. 	ௗ௬ௗ௫ = ௫మ௬య 7. ݔ − ଶݕ ௗ௬ௗ௫ = ݔ .8 0 + ݕ ௗ௬ௗ௫ = ݕ.9 2 ௗ௬ௗ௫ − (1 + ଶݔ(ݕ = 0  
ݕ  .10 ௗ௬ௗ௫ − (1 + ଶݔ(ଶݕ = 0 11.	ௗ௬ௗ௫ = ଵା௬మଵା௫మ 12. (1 + ଷ௬݁(ݔ ௗ௬ௗ௫ = 1  
13. 

ௗ௬ௗ௫ = ටଵି௬మଵି௫మ 14.	ௗ௬ௗ௫ = ,ଶݕଶݔ3 (0)ݕ = ଵଶ 15. ௗ௬ௗ௫ = 1 + ݕ + ଶݔ +   ଶݔݕ
ݔ݀ݔ .16 + ݕ݀ݕ = ݕ݀ݔ)ݕݔ − ᇱݕ .17 (ݔ݀ݕ = ݔ) + ଶ 18. ௗ௬ௗ௫(ݕ = ௫ାଶ௬ଷ௬ିଶ௫  
19. 

ௗ௬ௗ௫ = − ଶ௫మା௬మଶ௫௬ାଷ௬మ 
geometriuli amocanebi  

SegaxsenebT, rom or (ݔଵ, ,ଶݔ) ଵ) daݕ  ଶ) wertilze gamavali wrfisݕ

gantolebaa 
௫ି௫భ௫మି௫భ = ௬ି௬భ௬మି௬భ, xolo wrfis gantolebas sakuTxo koefici-

entiT aqvs saxe: ݕ = ݔ݇ + ܾ, sadac ݇ -s ewodeba daxriloba. vityviT, 

rom or −	݂ da ݃ funqcias ݔ wertilSi aqvs pirveli rigis Tana-

xeba, Tu ݂(ݔ) = (ݔ)da ݂ᇱ (ݔ)݃ = ݃ᇱ(ݔ). ݂ funqciis mxebi ݔ wer-
tilSi aris (ݔ, (ݔ)ݕ wertilze gamavali ((ݔ)݂ = ݔ݇ + ܾ wrfe, ro-
melsac ݂ funqciasTan ݔ wertilSi aqvs pirveli rigis Tanaxeba. am-

rigad, ݂(ݔ) da (ݔ)ݕ funqciebma unda daakmayofilon Semdegi tolo-

bebi: ݂(ݔ) = (ݔ)ݕ = ݔ݇ + ܾ da ݂ᇱ(ݔ) = (ݔ)ᇱݕ = ݇, saidanac ܾ = (ݔ)݂ − ݂ᇱ(ݔ)ݔ. amrigad, (ݔ,  wertilze gamavali mxebi ((ݔ)݂

iqneba (ݔ)ݕ = ݂ᇱ(ݔ)(ݔ − (ݔ + -wrfe. rogorc vxedavT, daxri (ݔ)݂
loba mocemul wertilSi funqciis warmoebulis tolia. ori, ݕଵ(ݔ) = ݇ଵݔ + ܾଵ da ݕଶ(ݔ) = ݇ଶݔ + ܾଶ gantolebiT mocemuli wrfeebi 

marTobulia, Tu ݇ଵ݇ଶ = −1. ݂ funqciis normali ݔ wertilSi aris (ݔ, ,ݔ) wertilze mxebis marTobuli wrfe, romelic ((ݔ)݂  ((ݔ)݂
wertilSi gaivlis. aqedan normalis gantolebaa (ݔ)ݕ = − ଵᇲ(௫బ) ݔ) (ݔ− + (ݔ) ݂ funqciis kritikuli wertilia, e.i. ݂ᇱݔ Tu .(ݔ)݂ = 0, 
maSin mxebi ݔ RerZis paraleluri wrfea, Sesabamisad, normali ki −	ݕ RerZis. amboben, rom erTi wiri meoris orTogonaluria, Tu maTi 

gadakveTis wertilSi gamavali mxebebi marTobulebia. 	
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20. dawereT wiris gantoleba, romelic gadis (1,3) wertilSi da 

romlis mxebs (ݔ, wertilSi aqvs daxra −(1 (ݕ + ௬௫). 
21. ipoveT ݕݔ = ܿ hiperbolaTa ojaxis orTogonaluri traeqtoriebi. 

22. ipoveT im wrewirebis erTobliobis orTogonaluri traeqtori-

ebi, romlebic ݕ RerZs exebian koordinatTa saTaveSi. 
23. ipoveT koordinatTa saTaveze gamavali ݕ =  wrfeebis ojaxis ݔ݉

orTogonaluri traeqtoriebi. 

24. dawereT wiris gantoleba, romelic gadis ݕݔ-sibrtyis saTaveSi 
da romlis mxebsac (ݔ, ଶݔ wertilSi aqvs (ݕ +  .s toli daxra-ݕ

25. dawereT wiris gantoleba, romelic gadis (0,2) wertilze da 

romlis mxebsac yovel (ݔ, ݕ wertilSi aqvs (ݕ − 2݁ି௫-s toli 

daxra. 

26. dawereT wiris gantoleba, romelic gadis (2,1) wertilze da rom-

lis normalsac yovel (ݔ,  wertilSi aqvs (ݕ
ଶ௫௬௬మି௫మ-s toli daxra. 

gantolebebi srul diferencialebSi  

27. gansazRvreT, aris Tu ara Semdegi gantoleba srul diferencia-

lebSi da, Tu aris, amoxseniT igi: (ݕ − ݔ݀(ଷݔ + ݔ) + ݕ݀(ଷݕ = 0. 
28. aCveneT, rom Semdegi gantoleba aris srul diferencialebSi da 

amoxseniT igi: (ܿݕݏ + ݔ2݀݇(ݔݏܿݕ + ݔ݊݅ݏ) − ݕ݀(ݕ݊݅ݏݔ = 0. 
pirveli rigis araerTgvarovani gantolebis amoxsnis gza mainteg-

rirebeli mamravlis saSualebiT.  

vTqvaT, mocemulia gantoleba:     
ௗ௬ௗ௫ + ݕ(ݔ) =  (1)        .(ݔ)ݍ

SemovitanoT Semdegi damxmare funqcia: (ݔ)ݎ = (௫)ௗ௫݁ . 
radgan ݀ݔ݀ݎ = (ݔ)(௫)ௗ௫݁ = ݔ݀݀ ⇒ (ݔ)(ݔ)ݎ (ݕݎ) = ݎ ݔ݀ݕ݀ + ݔ݀ݎ݀ ݕ = ݎ ݔ݀ݕ݀ +  (2)																												.ݕ(ݔ)ݎ
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(1) gantoleba gavamravloT (ݔ)ݎ da miviRebT (ݔ)ݎ ௗ௬ௗ௫ + ݕ(ݔ)(ݔ)ݎ == dan gamomdinareobs, rom ௗௗ௫-(2) .(ݔ)ݍ(ݔ)ݎ ((ݔ)ݕ(ݔ)ݎ) = -sa ,(ݔ)ݍ(ݔ)ݎ
idanac gvaqvs: (ݔ)ݕ(ݔ)ݎ = නݔ݀(ݔ)(ݔ)ݎ + ܥ ⇒ (ݔ)ݕ = (ݔ)ݎ1 ൬න ݔ݀(ݔ)ݍ(ݔ)ݎ +  .൰ܥ

(1) gantolebisaTvis (ݔ)ݎ =  (௫)ௗ௫ funqcia aris maintegrirebeli݁

mamravli da, amrigad, (1) gantoleba Caiwereba rogorc gantoleba srul 

diferencialebSi. es faqti gamomdinareobs agreTve paragraf 3.4-is 

debuleba 3-dan da iqidan, rom wrfivi erTgvarovani gantolebis integ-

raluri mamravlia ℎ(ݔ, (ݕ = ଵ(௫,௬)௫ିொ(௫,௬)௬ funqcia (aCveneT paragraf 
3.4-is gamoyenebiT!), rac niSnavs, rom wrfivi pirveli rigis gantoleba 

SegviZlia ganvixiloT, rogorc gancalebadcvladebiani gantoleba. garda 

amisa, Tu gantoleba erTgvarovania da, amave dros, aris srul dife-

rencialebSi, maSin misi amonaxsni aseTia: ܲ(ݔ, ݔ(ݕ − ,ݔ)ܳ ݕ(ݕ =  ܥ
(daamtkiceT paragraf 3.4-is Teorema 2-isa da Teorema 3-is gamoyene-

biT; isargebleT agreTve amis win damtkicebuli debulebiT!). 

29. ipoveT maintegrirebeli mamravli da amoxseniT gantoleba:  ݀ݔ݀ݕ + ݕ = ݁௫. 
30. ipoveT maintegrirebeli mamravli da amoxseniT gantoleba: ݀ݔ݀ݕ + ݕ13 = 1. 
31. ipoveT maintegrirebeli mamravli da amoxseniT gantoleba: ݔ ݔ݀ݕ݀ + ݕ =  .ݔ
32. ipoveT maintegrirebeli mamravli da amoxseniT gantoleba: ݀ݔ݀ݕ − ݕ =  .ݔ݊݅ݏ
bernulis gantoleba  

33. amoxseniT gantoleba: ݕݔᇱ − ݕ2 =  .భమݕଷݔ4
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34. amoxseniT gantoleba: ݕᇱ − ቀଵ௫ + ସቁݔ2 ݕ =  .ଶݕଷݔ
rikatis gantoleba  

Tu ݕ(ݔ) aris ݕᇱ(ݔ) = (ݔ)ܲ + (ݔ)ݕ(ݔ)ܳ +  (1)            (ݔ)ଶݕ(ݔ)ܴ
rikatis gantolebis kerZo amonaxsni, xolo (ݔ)ݖ ki  ݖᇱ(ݔ) − ൫ܳ(ݔ) − (ݔ)ݖ൯(ݔ)ݕ(ݔ)2ܴ =  (2)        (ݔ)ଶݖ(ݔ)ܴ
bernulis gantolebis zogadi amonaxsni, maSin (ݔ)ݕ = (ݔ)ݕ +  (ݔ)ݖ
aris rikatis (1) gantolebis zogadi amonaxsni. 

marTlac, vTqvaT ݕ = ݕ + ᇱݕ :maSin ,ݖ = ᇱݕ + ᇱݖ = (ܲ + ݕܳ + (ଶݕܴ + ଶݖܴ] + (ܳ + [ݖ(ݕ2ܴ = = ܲ + ݕ)ܳ + (ݖ + ଶݕ)ܴ + ݖݕ2 + (ଶݖ = ܲ + ݕܳ + ݕ)ܴ + ଶ(ݖ = ܲ + ݕܳ +  ,ଶݕ
rac niSnavs, rom	ݕ akmayofilebs (1) gantolebas. axla davuSvaT, rom ݕ aris (1) gantolebis zogadi amonaxsni da vaCvenoT, rom ݖ = ݕ −  ݕ
aris (2) gantolebis zogadi amonaxsni. marTlac: ݖᇱ = ᇱݕ − ᇱݕ = (ܲ + ݕܳ + (ଶݕܴ − (ܲ + ݕܳ + (ଶݕܴ = = ݕ)ܳ − (ݕ + ଶݕ)ܴ − (ଶݕ = ݕ) − ܳ](ݕ + ݕ)ܴ + [(ݕ = = ܳ]ݖ + ݖ)ܴ + [(ݕ2 = ܳ)ݖ + ݕ2ܴ + (ݖܴ = ଶݖܴ + (ܳ +  ,ݖ(ݕ2ܴ
rac niSnavs, rom ݖ aris bernulis (2) gantolebis amonaxsni. 

35. amoxseniT rikatis gantoleba: ݕᇱ = ହݔ− + ݔݕ +  .ଶݕଷݔ
36. aCveneT, rom Tu:	 (ݔ)ᇱᇱݕ + (ݔ)ᇱݕܽ + (ݔ)ݕܾ = 0 
meore rigis erTgvarovani mudmivkoeficientebiani diferencialuri ganto-

lebis maxasiaTebeli ߣଵ,ߣଶ fesvebi kompleqsuri ricxvebia da ߣଵ,ଶ = ߙ ±  ,ߚ݅
maSin gantolebis zogadi amonaxsni aseTia: (ܿଵܿݔߚݏ + ܿଶݔߚ݊݅ݏ)݁ఈ௫. 
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37. ipoveT Semdegi gantolebis zogadi amonaxsni: ݕᇱᇱ(ݔ) + (ݔ)ᇱݕ2 + (ݔ)ݕ2 = 0. 
38. ipoveT Semdegi gantolebis zogadi amonaxsni: ݕᇱᇱ(ݔ) + (ݔ)ᇱݕ + (ݔ)ݕ = 0. 
amoxseniT araerTgvarovani gantolebebi:  

(ݔ)ᇱᇱݕ .39 + (ݔ)ᇱݕ5 + (ݔ)ݕ4 = 1 + ݔ +  ଶݔ
(ݔ)ᇱᇱݕ .40 − (ݔ)ᇱݕ5 + (ݔ)ݕ4 =  ݔ3݊݅ݏ
(ݔ)ᇱᇱݕ .41 + (ݔ)ᇱݕ2 + (ݔ)ݕ2 = ݁ଷ௫ 
(ݔ)ᇱᇱݕ .42 + (ݔ)ᇱݕ − (ݔ)ݕ12 =  ௫݁ݔ
(ݔ)ᇱᇱݕ .43 + (ݔ)ݕ9 = ݁௫ܿݔ2ݏ 
44. vTqvaT, ݔ = ݁௧ da ݕ aris ݔ-is funqcia. aCveneT, rom ݔ ௗ௬ௗ௫ = ௗ௬ௗ௧ da ݔଶ ௗమ௬ௗ௫మ = ௗమ௬ௗ௧మ − ௗ௬ௗ௧ . 
45. ipoveT ݔଶ ௗమ௬ௗ௫మ + ݔ3 ௗ௬ௗ௫ + ݕ = 0 gantolebis zogadi amonaxsni. 

(ݔ)ᇱᇱᇱݕ .46 + (ݔ)ᇱᇱݕ2 − (ݔ)ᇱݕ2 − (ݔ)ݕ = 0 
(ݔ)(ସ)ݕ .47 − (ݔ)ᇱᇱᇱݕ4 + (ݔ)ᇱᇱݕ9 − (ݔ)ᇱݕ10 + (ݔ)ݕ6 = 0 (miTiTeba: maxa-

siaTebeli gantoleba iSleba (ߣଶ − ߣ2 + ଶߣ)(3 − ߣ2 + 2) = 0 kvad-
ratuli samwevrebis namravlad). 

(ݔ)(ସ)ݕ .48 + (ݔ)ᇱᇱᇱݕ4 + (ݔ)ᇱᇱݕ10 + (ݔ)ᇱݕ12 + (ݔ)ݕ9 = 0 (miTiTeba: maxa-
siaTebeli gantoleba aris ߣଶ + ߣ2 + 3 kvadratuli samwevris kvad-

rati). 

49. aageT mudmivkoeficientebiani gantoleba, romlis amonaxsnebia ݁ଶ௫, ݁ି௫, ݁ଷ௫ da ݁ହ௫ funqciebi. 
50. aageT mudmivkoeficientebiani gantoleba, romlis amonaxsnebia ݁ିଶ௫, ݁௫ܿݔ2ݏ da funqciebi. 
CebiSevis gantoleba  

1. gamosaxeT:  (1 − ᇱᇱݕ(ଶݔ − ᇱݕݔ + ݊ଶݕ = 0, |ݔ| < 1 
CebiSevis gantolebis amonaxsnebi CebiSevis mravalwevriT. ganixileT 

SemTxvevebi ݊ = 0,1,2,3,4. 
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pasuxi: CebiSevis polinomebi (݊ < 5): ܶ(ݔ) = 1; ଵܶ(ݔ) = (ݔ)ଶܶ ;ݔ = ଶݔ2 − 1; ଷܶ(ݔ) = ଷݔ4 − (ݔ)ସܶ ;ݔ3 = ସݔ8 − ଶݔ8 + 1; 
2. ipoveT:  (1 − ᇱᇱݕ(ଶݔ − ᇱݕݔ + ݕ2 = 0, |ݔ| < 1 
CebiSevis gantolebis zogadi amonaxsni. 

miTiTeba: aq ݊ = √2, amitom amonaxsni CebiSevis polinomiT ar ga-

moisaxeva. 

pasuxi: (ݔ)ݕ = ܿଵ cos൫√2ܽݔݏܿܿݎ൯ + ܿଶ sin൫√2ܽݔݏܿܿݎ൯. 
3. CebiSevis:  (1 − ᇱᇱݕ(ଶݔ − ᇱݕݔ + ݕ4 = 0, |ݔ| < 1  
gantolebis zogadi amonaxsni gamosaxeT CebiSevis polinomis saSuale-

biT. 

pasuxi: (ݔ)ݕ = ܿଵ(2ݔଶ − 1) + 2ܿଶ1√ݔ −  .ଶݔ
4. aCveneT, rom ܶ൫ ܶ(ݔ)൯ = ܶ(ݔ), ݉, ݊ = 0,1,2,3, … 

ganvixiloT meore rigis wrfivi erTgvarovani gantoleba:  ݕᇱᇱ(ݔ) + (ݔ)ᇱݕ(ݔ)ܲ + (ݔ)ݕ(ݔ)ܳ = 0.         (1) 
Tu cnobilia (1)-is erTi amonaxsni, vTqvaT, ݕଵ, maSin meore kerZo 

amonaxsnis povna SesaZlebelia Semdegnairad: radgan ݕଵ da ݕଶ wrfivad 
damoukidebeli amonaxsnebia, amitom maTi vronskianisaTvis gvaqvs gamo-

saxuleba ܹ(ݔ) = ݐ݁݀ ቀݕଵ ଵᇱݕଶݕ ଶᇱݕ ቁ = ଶᇱݕଵݕ − ଵᇱݕଶݕ , meore mxriv, (1)-is vron-
skiani liuvil-ostrogradskis formulis Tanaxmad, ܹ(ݔ) =  (௫)ௗ௫-sି݁
tolia. amrigad, miviReT wrfivi pirveli rigis ݕଵݕଶᇱ − ଵᇱݕଶݕ ==   :ଶ mimarT, rasac amovxsniT mza formuliTݕ (௫)ௗ௫ gantolebaି݁

(ݔ)ଶݕ = )భᇲభௗ௫݁ ଵ௬భ ݔభᇲభௗ௫݀(௫)ௗ௫݁ିି݁ + ܿ) = )ଵݕ ଵ௬భమ ݔ(௫)ௗ௫݀ି݁ + ܿ). 
leJandris gantoleba (1 − ᇱᇱݕ(ଶݔ − ᇱݕݔ2 + ) + ݕ(1 = 0, |ݔ| < 1. 

1. vipovoT (1 − ᇱᇱݕ(ଶݔ − ᇱݕݔ2 + ݕ2 = 0 leJandris gantolebis zogadi 

amonaxsni. 

pasuxi:	(ݔ)ݕ = ܿଵݔ + ܿଶ(ଵଶ ݈݊ݔ ቚଵା௫ଵି௫ቚ − 1). 
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2. aCveneT, rom leJandris gantolebis TviTSeuRlebuli formaa: ݀݀ݔ (1 − (ଶݔ ൨ݔ݀ݕ݀ + ) + ݕ(1 = 0 
gantoleba. 

beselis gantoleba. ipoveT:  ݔଶݕᇱᇱ + ᇱݕݔ + ଶݔ) − ݕ(14 = 0 
beselis gantolebis zogadi amonaxsni. 

miTiTeba: paragraf 4.4-Si amowerilia am gantolebis erTi kerZo 

amonaxsni:	ݕଵ(ݔ) = ௦௫√௫ .  

pasuxi: (ݔ)ݕ = భ௦௫ାమ௦௫√௫ . 	
orTogonaluri polinomebi 

aRvniSnoT: 

ܻ(ݔ) = ݔ, + ିଵݔ,ିଵ + ⋯+ ݔ,ଵ + } ., ݊-xarisxis polinomi ܻ(ݔ)} polinomTa erTobliobas ewodeba orTo-

gonaluri [ܽ, ܾ] intervalze woniT ܹ(ݔ), Tu nebismieri ܻ(ݔ) da ܻ(ݔ) 
wyvilisaTvis am simravlidan, rodesac ݊ ≠ ݉, sruldeba toloba: 

න ܻ(ݔ) ܻ(ݔ)ܹ(ݔ)݀ݔ = 0
 .																																				(1) [ܽ, ܾ]intervalze gansazRvrul ܹ(ݔ) arauaryofiT funqcias { ܻ(ݔ)} 

polinomTa erTobliobisaTvis ewodeba wona. Tu igi 0-s ar utolde-

ba arsad [ܽ, ܾ]-s Siga wertilebSi, sruldeba (1) toloba da yoveli ݉ = 0,1,2… nomrisaTvis arsebobs ܹ(ݔ)-is xarisxovani momenti. e.i:  
න ݔ ܻ(ݔ)ܹ(ݔ)݀ݔ ≠ ∞.
  

ܻ(ݔ) polinomis norma ganmartebiT aris ܰଶ =  ܻଶܹ(ݔ)݀ݔ  ri-

cxvi. Tu ܻ(ݔ) orTogonaluri polinomis yvela koeficienti dadebi-

Tia da ܰ = 1, maSin { ܻ(ݔ)} polinomTa sistemas ewodeba orTonormi-



 256

rebuli. cnobilia, rom nebismieri ܹ(ݔ) wonisaTvis arsebobs { ܻ(ݔ)} 
orTonormirebul polinomTa sistema, saidanac gamomdinareobs, rom, sa-

zogadod, orTonormirebul polinomTa usasrulo sistemebi arsebo-

ben. cnobilia agreTve, rom orTonormirebul polinomTa fundamenturi 

Tvisebebi gamomdinareobs:  ܽ(ݔ) ݀ଶ݀ݔଶ (ݔ)ܻ + (ݔ)ܾ ݔ݀݀ (ݔ)ܻ + (ݔ)ܻߣ = 0																	(1) 
meore rigis diferencialuri gantolebis Tvisebebidan im azriT, rom 

gantolebis amonaxsni aucileblad unda iyos polinomi, romlis xa-

risxi emTxveva ݊ nomers. es moTxovna arsebiT SezRudvebs adebs gan-
tolebis ܽ(ݔ), ܾ(ݔ) koeficientebs da ߣ parametrs. gadavweroT (1) 
TviTSeuRlebuli saxiT: 1W(x) ddx൭W(x)X(x) ddx Y୬(x)൱ + λ୬Y୬(x) = 0. 

gantolebis axali ܹ(ݔ) da ܺ(ݔ) koeficientebi ܽ(ݔ), ܾ(ݔ) funq-
ciebs ukavSirdeba Semdegi TanadobiT: ܺ(ݔ) ≡ (ݔ)ܹ(ݔ)ᇱܹ						,(ݔ)ܽ (ݔ)ܺ + ܺᇱ(ݔ) ≡  	.(ݔ)ܾ

am axali aRniSvnebis Semdeg (1) SesaZlebelia gadaiweros aseTi 

saxiT: ܺ(ݔ) ܻᇱᇱ(ݔ) + ൭ܹᇱ(ݔ)ܹ(ݔ) (ݔ)ܺ + ܺᇱ(ݔ)൱ ܻᇱ(ݔ) + ߣ ܻ(ݔ) = 0.							(2) 
rodesac  ܽ = −∞, ܾ = (ݔ)ܺ,∞ = (ݔ)ܹ,1 = ݁ି௫మ, ߣ = 2݊, 

(2) gantolebidan miiReba gantoleba: ܪᇱᇱ(ݔ) − ᇱܪݔ2 (ݔ) + (ݔ)ܪ2݊ = 0. 
romlis amonaxsnebs ermitis polinomebi ewodeba. ܼ(ݔ) = ݁ିభమ௫మܪ(ݔ) 
funqcia akmayofilebs  ܼᇱᇱ(ݔ) + (2݊ + 1 − (ݖ)ܼ(ଶݔ = 0 
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veber-ermitis gantolebas. ermitis polinomisaTvis samarTliania war-

modgena (rodrigis formula): ܪ(ݔ) = (−1)݁௫మ ݀݀ݔ ݁ି௫మ. 
ukanaskneli tolobidan gamodis, rom ܪ(ݔ) = 1, (ݔ)ଵܪ	 = (ݔ)ଶܪ,ݔ2 = ଶݔ4 − 2. 

pasuxebi 

ଶݕ (1 = ହ ଶݔ + ݕ (2 ;ܿ = ݕ (ఱళ; 3ݔܿ = ܿ݁௫; 4) ݕ = ܿ݁ೣమమ ;  
ݕ (5 = ଵାషೌೣ; 6)ݕସ = ସହ ଷݔ + ଷݕ (7 ;ܿ = ଷଶ ଶݔ + ଶݕ (8 ;ܿ = ݔ4 − ଶݔ + ܿ;  
ݕ (9 − ln|1 + |ݕ = ଵଷ ଷݔ + ଶݕ (10 ;ܿ = ܿ݁మయ௫మ − 1; 
ݕ (11 = ௫ାଵି௫, ܥ = ݕ(ଵ;  12ܥ݃ݐ = ଵଷ ln(3 ln|1 + |ݔ +   ;(ܥ
ݕ (13 = sin(ି݊݅ݏଵݔ + (ܥ = sin(ି݊݅ݏଵݔ) ܥݏܿ + cos(ି݊݅ݏଵݔ)ܥ݊݅ݏ =												 = ܥݏܿݔ + √1 − ݕ (14  ;ܥ݊݅ݏଶݔ = − ଵ௫యିଶ;  15) ݕ = ܿ݁௫ାೣయయ − 1;  
ଶݕ (16 = ଶݔ)ܿ − 1) − ݕ (17 ;1 = tan(ݔ + ܿ) − ଶݔ (18 ;ݔ + ݕݔ4 − ଶݕ3 = ܿ; 
ଷݔ2 (19 + ଶݕݔ3 + ଷݕ3 = ݕݔ2 (20 ;ܿ + ଶݔ = ଶݕ (21 ;7 − ଶݔ = ܿ;  
ଶݔ (22 + ݕ) − ଶ(ܭ = ଶݔ (ଶ; 23ܭ + ଶݕ = ݕ (24 ;ܿ = ଶݔ)− + ݔ2 + 2) + 2݁௫; 
ݕ (25 = ݁ି௫ + ݁௫ = ଷݔ (26 ;ݔℎݏ2ܿ − ଶݕݔ3 = ݔݕ4 (27 ;2 − ସݔ + ସݕ =   ;ܥ
ݕݏܿݔ (28 + ݔ݊݅ݏݕ = (ݔ)ݎ (29 ;ܥ = ݁௫, ݕ = ଵଶ ݁௫ +   ;௫ି݁ܥ
(ݔ)ݎ (30 = ݁యೣ,(ݔ)ݕ = 3 + (ݔ)ݎ (యೣ; 31ି݁ܥ = ,ݔ (ݔ)ݕ = ௫ଶ + ௫;  
(ݔ)ݎ (32 = ݁ି௫, (ݔ)ݕ = − ଵଶ ݔ݊݅ݏ) + (ݔݏܿ + ܿ݁௫; 33) ݕ = ଶݔ)ଶݔ +  ;ଶ(ܥ
(ݔ)ݕ (34 = − ଶ௫ଵାషమೣఱఱ ݕ (35 ; = ݔ − ଶ௫ଵାషమೣఱఱ ;  

(ݔ)ݕ (37 = 	 (ܿଵܿݔݏ + ܿଶݔ݊݅ݏ)݁ି௫;  
(ݔ)ݕ (38 = ቀܿଵܿݏ √ଷଶ ݔ + ܿଶ݊݅ݏ √ଷଶ ቁݔ ݁ିమೣ;  
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39) 
ଵଷଶ ଶݔ8) − ݔ12 + 19) + ܿଵ݁ି௫ + ܿଶ݁ିସ௫;  

(ݔ)ݕ (40 = 	 ଵଷ ݔ3ݏ3ܿ) − (ݔ3݊݅ݏ + ܿଵ݁௫ + ܿଶ݁ସ௫;  
(ݔ)ݕ (41 = 	 ଵଵଷ ݁௫ + (ܿଵܿݔݏ + ܿଶݔ݊݅ݏ)݁ି௫;  
(ݔ)ݕ (42 = 	 ଵଵ (3 + ௫݁(ݔ10 + ܿଵ݁ଷ௫ + ܿଶ݁ିସ௫; 
(ݔ)ݕ (43 = 	 ଵଶ (3݁௫ܿݔ2ݏ + 2݁௫ݔ2݊݅ݏ) + (ܿଵܿݔ3ݏ + ܿଶݔ3݊݅ݏ); 
(ݔ)ݕ (45 = భାమ௫௫ (ݔ)ݕ(46 ; = ܿଵ݁௫ + ݁ିయమೣ (ܿଶܿݏ ହ௫ଶ + ܿଷ݊݅ݏ ହ௫ଶ );  
(ݔ)ݕ (47 = ݁௫൫ܿଵܿݔ2√ݏ + ܿଶݔ2√݊݅ݏ൯ + ݁௫(ܿଷܿݔݏ + ܿସݔ݊݅ݏ);  
(ݔ)ݕ (48 = ݁ି௫(ܿଵ + ܿଶݔ2√ݏܿ(ݔ + (ܿଷ + ܿସݔ2√݊݅ݏ(ݔ;  
(ݔ)(ସ)ݕ (49 − (ݔ)ᇱᇱᇱݕ9 + (ݔ)ᇱᇱݕ21 + (ݔ)ᇱݕ + (ݔ)ݕ30 = 0;  
(ݔ)ᇱᇱᇱݕ (50 + (ݔ)ᇱݕ + (ݔ)ݕ10 = 0. 
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Jan dalamberi (1717-1783)         saimon denis puasoni (1781-1840) 

                               

Jozef liu lagranJi (1736-1813)         pier laplasi (1749-1827) 

                 

gustav dirixle (1805-1859)             Jan batist furie (1768-1830) 
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kerZowarmoebulebiani diferencialuri gantoleba pirvelad leonard 

eilerma gamoiyena organzomilebiani zedapiris Tvisebebis Sesaswavlad. maTema-

tikuri fizikis pirveli klasikuri gantoleba _ simis rxevis gantoleba 

da misi amoxsnis gza ki ekuTvnis frang filosofos, maTematikos da meqani-

kos, safrangeTis akademiis wevrs, Jan-leron dalambers (1717-1783). kerZowar-

moebulebian dif. gantolebebis TeoriaSi gansakuTrebuli adgili uWiravs 

frang astronoms, maTematikos da fizikos pier-saimon de laplass (1749-

1827). laplasi Tavisi drois gamorCeuli mecnieri iyo. igi iyo safrangeTis 

mecnierebaTa akademiis wevri. man aqtiuri monawileoba miiRo safrangeTis 

umaRlesi ganaTlebis sistemis gardaqmnasa da daxvewaSi, romelsac moyva pa-

rizis normaluri da politeqnikuri skolebis daarseba. daeyrdno ra lap-

lasi manamde arsebul codnas, pasuxi gasca TiTqmis yvela kiTxvas ciur me-

qanikaSi, romlebic exeboda mzis sistemaSi sxeulebis moZraobas. laplasi aqti-

urad monawileobda safrangeTis maSindel mRelvare politikur cxovrebaSi, 

safrangeTis respublikis dros iyo respublikeli; napoleon bonapartes mos-

vlis Semdeg gaxda imperiis grafi; iyo Sinagan saqmeTa ministri da senatis 

Tavmjdomare, Semdeg monawileoba miiRo napoleonis safrangeTidan gaZeveba-

Si; burbonebis Tavidan aRzevebis Semdeg gaxda safrangeTis peri da miiRo 

markizis tituli.  

me-18, me-19 saaukuneebSi orTqlis manqana evropaSi axladaRmocenebuli 

industriis fundamenti gaxda. drom misi muSaobis efeqtianobis gazrda moi-

Txova. es garemoeba aisaxa konkursSi, romelic parizis mecnierebaTa akademiam 

1811 wels gamoacxada: Seiqmnas siTbos gavrcelebis kanonebis maTematikuri 

Teoria da Sedardes Sedegebi eqsperimentul monacemebs. konkursSi gaimarjva 

momavalma akademikosma Jan batist furiem (1768-1830). msgavsad Tavisi drois 

mecnierebisa, furie saSualo fenis warmomadgeneli iyo, man daamTavra sam-

xedro skola da garkveuli periodi iqve aswavlida. misi ZiriTadi samecni-

ero damsaxureba ukavSirdeba siTbos gavrcelebis amocanas. siTbos gavrce-

leba, iseve rogorc sinaTlisa, furiem warmoadgina elementaruli nawilake-

bis nakadis saxiT, romlebic Tavisuflad vrceldebian garemoSi. amis safuZ-

velze man miiRo siTbogamtareblobis gantoleba da daamuSava misi amoxsnis 

meTodi, romelsac amJamad furies meTodi ewodeba. sxvadasxva amocanis amox-

snisas igi sistematurad iyenebda funqciis warmodgenas trigonometriuli 

mwkrivebis saxiT. miuxedavad imisa, rom aseTi warmodgenis SesaZlebloba ma-

namdec cnobili iyo, dRes am saxiT funqciis warmodgenas furies mwkrivs 

uwodeben.  

kerZowarmoebulebiani diferencialuri gantolebebi Tanamedrove maTemati-

kis erT-erTi gamorCeuli dargia. misi kvlevis obieqtebia Sriodingeris, maqsve-

lis, ainSteinis, kortevega-de frizis, navio-stoqsis, iang-milsis da sxva gant-

olebebi. maT Soris ukanaskneli ori gantoleba aTaswleulis problemaTa 

ricxvSia Setanili. 
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nawili II 

kerZowarmoebulebiani diferencialuri 

gantolebebi  

13. maTematikuri fizikis ZiriTadi gantolebebi 

13.1. ZiriTadi aRniSvnebi 

koordinatTa sistemebi. davuSvaT,  evklidur sibrtyeze 

koordinatTa sistemaa, rac niSnavs, rom -is nebismieri wertili 

calsaxad xasiaTdeba am koordinatTa sistemaSi Tavisi koordinate-

biT. SemoviRoT -Si kidev erTi koordinatTa sistema , ro-

melic Zvel  koordinatTa sistemas ukavSirdeba tolobebiT: 

, . 

SeniSvna: ܽ݃ݐܿݎ funqcia argumentis nebismieri mniSvnelobisaTvis 

gansazRvruli ar aris da qvemoT moyvanili gardaqmnebis iakobiani dis-

kretul wertilebSi nulis toli xdeba. es faqti garkveul gavlenas 

axdens axal koordinatTa sistemaSi Caweril gantolebaze da, buneb-

rivia, mis amonaxsnze. am gansakuTrebul wertilebs Cven ar ganvixi-

lavT da Semdgomi msjeloba Seexeba mxolod `aragansakuTrebul~ Sem-

Txvevebs. 

aRniSnuli koordinatTa sistemis Secvla aris urTierTcalsaxa 

asaxva, mocemuli TanadobiT: 

, 

romelsac gaaCnia Seqceuli asaxva da igi moicema tolobiT: 

, . 

naTelia, rom -is nebismier wertils  koordinatTa sis-

temac calsaxad axasiaTebs, radgan pirveli koordinata gamosaxavs 

manZils am wertilidan koordinatTa  saTavemde, xolo  aris 

),( yx 2R
2R

2R ),( ϕr

),( yx

22 yxr += 





=

x

y
arctgϕ

22 RR →

),(),( ϕryx 

ϕcosrx = ϕsinry =

2R ),( ϕr

)0,0( ϕ
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kuTxe, romelsac abscisTa RerZTan qmnis koordinatTa saTavisa da am 

wertilis SemaerTebeli monakveTi.  

 uwodeben evklidur koordinatTa sistemas, xolo -s 

ki _ polarul koordinatTa sistemas. amrigad, orive erTi da imave 

obieqtis, kerZod, -is, ori sxvadasxva koordinatTa sistemaa. 

3-ganzomilebian  evklidur sivrceSi  koordinatTa 

sistemis garda SesaZlebelia Semotanil iqnes sxva sakoordinato sis-

temebic. maT Soris, cilindruli koordinatTa sistema, romlisTvi-

sac miRebulia aRniSvna  da igi  koordinatTa siste-

mas ukavSirdeba TanadobiT: 

, , . 

Seqceul asaxvas axorcielebs 

, ,  

tolobebi. SevniSnoT, rom, Tu  mudmivia, maSin  

simravle aris cilindri -Si. swored aqedan modis 

koordinatTa sistemis saxelwodeba. 

kidev erTi gavrcelebuli koordinatTa sistemaa sferul koor-

dinatTa  sistema, romelic  koordinatTa sistemas 

ukavSirdeba TanadobiT: 

, , . 

misi Seqceuli asaxvaa  

, , . 

sazogadod, nebismieri urTierTcalsaxa diferencirebadi asaxva 

, romlis Seqceuli  asaxvac diferencireb-

adia (iakobiani yvelgan nulisagan gansxvavebulia), gansazRvravs -ze 

koordinatTa sistemas. aseT  asaxvas difeomorfizmi ewodeba.  

zemoT motanil sakoordinato sistemebis, garda dekartulisa, zo-

gadi saxelwodebaa mrudwirul koordinatTa sistemebi. 

),( yx ),( ϕr

2R
3R ),,( zyx
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magaliTi 1. davuSvaT, ,  da  dife-

rencirebadi, xolo ki uwyvetad diferencirebadi funqciebia orive 

cvladis mimarT, maSin: 

 da . 

magaliTi 2. vTqvaT, ,  da  diferencirebadi, 

xolo  ki uwyvetad diferencirebadi funqciebia, maT Soris  

orive cvladis mimarT, maSin: 

. 

magaliTi 3. davuSvaT, . vipovoT , 

 da  meore rigis kerZo warmoebulebi. aqve SevniSnoT, rom 

Canaweris gamartivebis mizniT Cven gamoviyenebT kerZo warmoebulebisaT-

vis sayovelTaod miRebul aRniSvnebs: , , , 

 da a.S.  

, 

, 

. 

amocana 1. vaCvenoT, rom  aris  

 

gantolebis amonaxsni. 

amoxsna: radgan  da , amitom  

. 
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amocana 2. davweroT organzomilebiani laplasis  

 

gantoleba axal  koordinatebSi, Tu  da  

(koordinatTa aseT sistemas ewodeba paraboluri). 

amoxsna:  

, 

 

. 

aqedan: 

.  

ZiriTadi operatorebi. -ganzomilebiani laplasis operatori, 

romelic Δ simboloTi aRiniSneba, ganmartebiT aris: Δ = ߲ଶ߲ݔଵଶ + ⋯+ ߲ଶ߲ݔଶ 
meore rigis diferencialuri operatori  cvladis orjer difere-

ncirebad funqciaTa sivrceze.  

davuSvaT,  aris  cvladis veqtoruli funqcia:  

, 

sadac  sakoordinato funqciebia: 

.  veqtoruli funqciis iakobis matrica ganmartebiT 

aris -s kerZo warmoebulebisagan Sedgenili kvadratuli matrica  

. 
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am matricis determinants ewodeba  veqtoruli funqciis iako-

biani.  matricis kvali, e.i. mTavar diagonalze mdgomi elemente-

bis jami, , skalaruli funqciaa da to-

lia -s divergenciis, romelic -Ti aRiniSneba.  

amrigad:  

. 

davuSvaT axla, rom  aris  cvladis (skalaru-

li) funqcia. am funqcias bunebrivad Seesabameba veqtoruli funqcia, 

romelsac -s gradienti (an ∇ nabla operatori) ewo-

deba, igi aRiniSneba  da ganmartebiT aris: 

. 

aqedan, ݑ:ℝ → ℝଵ skalarul funqcias Seesabameba ∇u = ܴ	 		:ݑ	݀ܽݎ݃ → ܴ veqtoruli funqcia, romlis sakoordinato funqciebia misi 

kerZo warmoebulebi  cvladebis mimarT.  

ganvixiloT ∇u =  :s divergencia-ݑ	݀ܽݎ݃
, 

rac niSnavs, rom miviReT toloba: ∆=  .ݑ	݀ܽݎ݃	ݒ݅݀
analogiuri msjelobiT mtkicdeba, rom ∆ݑ = ∇ଶݑ.  
sami _  cvladis  veqtor-funqciisaTvis Semo-

vitanoT agreTve rotoris anu vixris cneba, romelic  simboloTi 

aRiniSneba da ganmartebiT aris Semdegi samganzomilebiani veqtoruli 

funqcia: 

, 
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sadac  sakoordinato funqciebia:  

. 

13.2. ZiriTadi cnebebi da ganmartebebi 

kursisDdasawyisSi Cveulebriv diferencialur gantolebebTan er-

Tad moviyvaneT kerZowarmoebulebiani diferencialuri gantolebebis gan-

martebac da aRvniSneT, rom kerZowarmoebulebiani diferencialuri gan-

tolebebi warmoiSoba im dros, rodesac saZiebeli funqcia mravali 

(ori an orze meti) cvladisaa da gantoleba Seicavs am funqciis yve-

la, an zogierT kerZo warmoebuls. iseve, rogorc Cveulebrivi dife-

rencialuri gantolebis SemTxvevaSi, kerZowarmoebulebiani diferen-

cialuri gantolebebis amoxsnis mizniT, gantolebebis klasebad dayo-

fa anu klasifikaciaa saWiro da calkeuli klasisaTvis amoxsnis me-

Todis miTiTeba. zogierTi maTganis amoxsnis gza maT Cveulebriv di-

ferencialur gantolebaze dayvanaSi mdgomareobs.  

SemovitanoT kerZowarmoebulebian diferencialur gantolebebTa 

Teoriis sawyisi cnebebi.  

davuSvaT,  namdvili  cvladis namdvili funqciaa. 

ganmarteba: pirveli rigis kerZowarmoebulebiani diferencialuri 

gantoleba  ucnobi funqciis mimarT ewodeba  

     (1) 

saxis gamosaxulebas, sadac  mocemuli namdvili, 

diferencirebadi funqciaa -ganzomilebiani evkliduri sivrcis 

 areSi. 

ganmarteba:  areSi gansazRvrul  funqcias 

ewodeba (1) gantolebis amonaxsni, Tu: 

1)  uwyvetad diferencirebadia -Si; 

2) yoveli -saTvis ; 

wvu ,,
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3)  yoveli -saTvis.  

(1) gantolebis amonaxsni iZleva -ganzomilebian  si-

vrceSi gluv -ganzomilebian zedapirs – hiperzedapirs, romelsac 

(1) gantolebis integraluri zedapiri ewodeba. yuradReba miaqcieT 

faqts, rom Cveulebrivi diferencialuri gantolebis integraluri 

wiri Cven vuwodeT gantolebis amonaxsnis grafiks, romelic erTgan-

zomilebiani hiperzedapiria -Si.  

rogorc vTqviT, kerZowarmoebulebiani diferencialuri gantole-

biT mravali fizikuri movlena aRiwereba. magaliTad, gazuri dinami-

kis ZiriTadi gantolebaa: 

 

hopfis gantoleba, sadac  ucnobi funqciaa. optikaSi ki 

mniSvnelovan rols TamaSobs: 

 

gantoleba, romelic aRwers sinaTlis sxivis gavrcelebas  

gardatexis maCveneblis mqone araerTgvarovan garemoSi.  

(1) gantolebas ewodeba wrfivi, Tu ucnobi  funq-

cia da misi kerZo warmoebulebi masSi wrfivad Sedian. wrfivi kerZo-

warmoebulebiani diferencialuri gantolebis zogadi saxea: 

 

gamosaxuleba. xolo: 

 

saxis gantolebas ki kerZowarmoebulebiani wrfivi pirveli rigis erT-

gvarovani gantoleba ewodeba. Tu (1) gantolebaSi wrfivad mxolod 
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 funqciis kerZo warmoebulebi Sedian, maSin gantolebas 

kvaziwrfivi ewodeba. kvaziwrfivi gantolebis zogadi saxe ki aseTia: 

. 

im SemTxvevaSi, rodesac (1) gantoleba ar aris kvaziwrfivi, maSin 

mas kerZowarmoebulebiani pirveli rigis arawrfivi gantoleba ewodeba.  

13.3. maTematikuri fizikis klasikuri gantolebebi 

am paragrafs sacnobaro xasiaTi aqvs da aq moyvanilia klasikuri 

maTematikuri fizikis gantolebebi. maTi umravlesoba momdevno parag-

rafebSi ganxilvis obieqti iqneba. miuxedavad maTi mravalferovnebisa, 

vnaxavT, rom is meTodebi, romlebsac kerZowarmoebulebiani diferenci-

aluri gantolebebis amosaxsnelad ganvaviTarebT, sakmarisia moyvani-

li gantolebebis sruli an nawilobrivi analizisaTvis.  

klasikuri maTematikuri fizikis ZiriTad gantolebebs miekuTvneba:  

a) laplasis gantoleba 

. 

rogorc ukve viciT,  aris laplasis opera-

tori da igi moqmedebs orjer uwyvetad diferencirebad  

funqciebze.Llaplasis gantolebis garda, laplasis operatori gvxvde-

ba talRur gantolebaSi, siTbogamtareblobis da difuziis gantole-

bebSi. laplasis gantoleba aRwers garkveul fizikur procesebs 

eleqtrodinamikaSi, magnitostatikaSi, hidro- da aerodinamikaSi, 

drekadobis TeoriaSi da sxva; 

b) puasonis gantoleba 

 

laplasis gantolebis Sesabamisi araerTgvarovani gantolebaa; 
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g) talRuri gantoleba (talRis gantoleba) 

; 

d) siTbogamtareblobis anu furies gantoleba 

 

gvxvdeba siTbogamtareblobis da difuziis TeoriebSi, agreTve bir-

Tvuli reaqtorebis TeoriaSi; 

e) helmholcis gantoleba 

, , 

romelic aRwers sxvadasxva saxis rxeviT procesebs. gantolebaSi 

 talRuri ricxvia. mravalganzomilebiani (erTgvarovani) 

talRis gantoleba , sadac  ucnobi funqciaa, 

, , im SemTxvevaSi, rodesac gvainteresebs  sa-

xis amonaxsni, daiyvaneba  

 

helmholcis (erTgvarovan) gantolebaze, sadac .  

v) Sriodingeris gantoleba. miuxedavad imisa, rom Cven ar ganvi-

xilavT dawvrilebiT, mainc aRvniSnavT kidev erT mniSvnelovan gan-

tolebas – Sriodingeris gantolebas: 

, 

romelic kvanturi meqanikis erT-erTi ZiriTadi gantolebaa. aq  

talRuri funqciaa,  nawilakis masaa,  nawilakis energia,  

gare velis potencialia,  plankis mudmivaa (  ergi

wami). es gantoleba sakmaod zogadi gantolebaa da diferencialuri 

gantolebebis amoxsnis im meTodebis gamoyenebiT, rac SeviswavleT, 

mxolod kerZo SemTxvevebSi SevZlebT mis amoxsnas.  

),,,(
2

2
2 tzyxf

t

u
au −=
∂
∂−Δ

),,,(
1

2
tzyxf

t

u

v
u −=

∂
∂−Δ

),,(2 zyxfuku −=+Δ constk =

vk /ω=
ucutt Δ= 2 ),( xtuu =

nx R∈ R∈t )(xue tiω

0)( 2 =+Δ uk

ck=ω

0)(
2 =−+Δ ψψ VE

m



)(xψ
m E )(xV

 2710054,1 −×= ×



 270

magaliTad, uspino nawilaks gare velSi aRwers:  

     (1) 

Sriodingeris gantoleba, sadac ,  aris kvanturi nawi-

lakis talRuri, anu fsi-funqcia, romliTac moicema e.w. kompleqsuri 

amplituda da igi axasiaTebs -is toli albaTobiT nawila-

kis mdebareobas  wertilSi drois  momentSi.  aRniSnavs nawi-

lakis masas,  aris gare velis potenciali (igi namdvili funq-

ciaa), xolo  ki _ plankis mudmivaa. (1) gantolebisaTvis:  

    (2) 

sawyisi piroba bunebrivad ismeba. (1), (2) amocanis amonaxsni forma-

lurad iwereba:  

 

saxiT, sadac  simbolos magivrad -is konkretuli mniSvneloba is-

meba. xolo:  

 

gamosaxulebas ((1) gantolebis marjvena mxare) ewodeba Sriodingeris 

operatori. mas aqvs fizikuri Sinaarsi, ris gamoc am operators mo-

cemuli nawilakis energiis operatorsac uwodeben. talRis gantole-

bis (sadac specialuri saxis amonaxsnis Ziebas mivyavarT helmholcis 

gantolebaze) analogiurad, Sriodingeris arastacionarul gantole-

bas, romlis amonaxsnia: , mivyavarT gantolebamde: 

, 

romelsac Sriodingeris stacionaruli gantoleba ewodeba. is aRwers 

fiqsirebuli  energiis mqone nawilakis mdgomareobas.  
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fizikur movlenaTa sakmaod farTo klass aRwers agreTve ganto-

leba:  

, 

romelsac uwodeben talRis gavrcelebis gantolebas energiis STanm-

Tqmel garemoSi. misi amoxsnis meTodebs, iseve rogorc zemoT moyva-

nil Sriodingeris gantolebisas, calke monografiebi aqvs miZRvnili, 

xolo is kerZo SemTxvevebi, romlis drosac es gantoleba integre-

badia kvadraturebSi, trivialuria.  

z) maqsvelis gantoleba. raime garemoSi magnituri da eleqtruli 

velis daZabulobas aRwers maqsvelis gantoleba. Tu eleqtrul da 

magnitur daZabulobebs, Sesabamisad, aRvniSnavT  da 

 veqtorebiT, maSin maqsvelis gantoleba iqneba aseTi: 

, 

, 

, 

, 

sadac  eleqtruli muxtebis simkvrivea,  sinaTlis siCqarea vaku-

umSi. garda amisa, vakuumSi , , , xolo izotro-

pul garemoSi ki , , , sadac  garemos 

dialeqtrikuli SeRwevadobaa, _garemos magnituri SeRwevadoba, 

 eleqtrogamtareblobaa,  ki gare denebis simkvrivea. e.i., aq igu-

lisxmeba iseTi denebi, romlebic aRiZvrebian sxva Zalebidan (difu-

ziiT an magnituri velisagan) da ara eleqtruli velis Zalisagan.  

maqsvelis gantolebaTa sistema aris eleqtromagnituri talRe-

bis Teoriis ZiriTadi gantoleba da gamoiyeneba e.w. radioteqnikuri 

gaTvlebisaTvis, agreTve talRgamtarebis TeoriaSi. sasazRvro da sa-

wyisi pirobebi maqsvelis gantolebisaTvis ismeba fizikuri mosazre-

bebidan.  
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maqsvelis gantolebidan gamoiyvaneba e.w. telegrafuli gantoleba, 

romelic aRwers denis Zalis da daZabulobis cvlilebas gamtarSi: 

 

sadac  aris koordinati gamtaris gaswvriv,  Zabvaa gamtaris moce-

mul wertilSi,  denis Zalaa,  winaRobaa,  TviTinduqciaa,  _ 

tevadoba, xolo  ki gaJonvaa (gadineba). aq yvelagan winaRoba, Tvi-

Tinduqcia da a.S. igulisxmeba erTeulTa erTsa da imave sistemaSi.  
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14. pirveli rigis kerZowarmoebulebiani            

diferencialuri gantolebebi 

14.1. wrfivi pirveli rigis gantoleba 

davuSvaT,  da, vTqvaT, , ,  are-

ze gansazRvruli uwyvetad warmoebadi funqciebia. ganvixiloT wrfivi 

erTgvarovani gantoleba: 

.    (1) 

am dros vityviT, rom mocemuli gvaqvs  areze gansazRvruli 

gantoleba. davuSvaT, (1) gantolebis koeficientebi akmayofileben pi-

robas: 

, . 

SemovitanoT veqtor-funqcia , maSin (1) gan-

toleba SesaZlebelia gadaiweros  

 

saxiT, sadac  mrgvali frCxili aRniSnavs  da  veqtorebis 

skalarul namravls.  

ganmarteba:  

    (2) 

avtonomiur gantolebas ewodeba (1) kerZowarmoebulebiani diferenci-

aluri gantolebis maxasiaTebeli sistema, xolo mis traeqtoriebs ki 

(1) gantolebis maxasiaTeblebi.  

Teorema 1.  wertilis nebismier midamoSi (1) gantolebis 

nebismieri amonaxsni aseTia: 

, 
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sadac  funqciebi arian (2) maxasiaTebeli sistemis da-

moukidebeli pirveli integralebi  wertilSi, xolo  

funqcia ki nebismieri uwyvetad diferencirebadi funqciaa.  

ganmarteba:  funqcias, sadac  

nebismieri Tavisi argumentebis mimarT uwyvetad diferencirebadi funq-

ciaa, ewodeba (1) gantolebis zogadi amonaxsni  wertilis  mi-

damoSi.  

rogorc vxedavT, kerZowarmoebulebiani diferencialuri gantole-

bis zogadi amonaxsni nebismieri uwyvetad diferencirebadi funqciis 

sizustiT ganisazRvreba. SedarebisaTvis gavixsenoT, rom Cveulebrivi 

diferencialuri gantolebis zogadi amonaxsni mudmivebzea damokidebu-

li da am mudmivebis gansazRvris, ufro zustad, amonaxsnebidan erTi 

amonaxsnis gamoyofis mizniT moicema koSis, anu sawyisi piroba. analo-

giurad, kerZowarmoebulebiani diferencialuri gantolebis amonaxsnTa 

sivrcidan konkretuli amonaxsnis gamosayofad saWiroa damatebiTi 

pirobebis mocema. 

aviRoT raime -ganzomilebiani  zedapiri (hiperzedapiri) 

-Si. davuSvaT, igi mocemulia  gantolebiT.  funqcias 

movTxovoT, rom is iyos uwyvetad diferencirebadi da  

yoveli -saTvis -dan. vuwodoT  zedapirs sawyisi zedapiri. gar-

da amisa, davuSvaT, rom -ze mocemulia raime  funqcia. am Sem-

TxvevaSi -saTvis sawyisi (sasazRvro) piroba iqneba: 

.     (3) 

am tolobis marcxena mxare niSnavs, rom ݑ funqcia SezRudulia ߛ ⊂Ω ݊ − 1-ganzomilebian Ω-s qvesimravleze da (3) toloba srul-

deba am qvesimravleze. 

koSis amocana (1) gantolebisaTvis ismeba Semdegnairad: vipovoT 

(1) gantolebis yvela amonaxsni (3) sasazRvro pirobiT. 

magaliTad, rodesac ݊ = 2, koSis (1), (3) amocana geometriulad 

niSnavs (1) gantolebis iseTi integraluri zedapiris moZebnas, rome-

lic gaivlis mocemul ߛ wirze (naxazi 1). 

)(),...,( 11 xuxu n−

0x ),...,( 11 −nF ςς

))(),...,(( 11 xuxuFu n−= ),...,( 11 −nF ςς

0x V

1−n γ
Ω 0)( =xg g

0grad ≠g(x)

x Ω γ
γ )(xϕ

)(xu

)(|)( xxu x ϕγ =∈



 

275 

 
nax. 1 

am amocanis analizisaTvis saWiroa erTi damatebiTi cneba Semovi-

tanoT. 

ganmarteba:  wertils ewodeba (1) gantolebis maxasiaTe-

beli wertili, Tu .  

 aris (1) gantolebis maxasiaTebeli wertili, miuTiTebs 

im faqtze, rom  veqtori aris  zedapiris mxebi veqtori 

 wertilSi. aqedan gamomdinareobs, rom (2) maxasiaTebeli siste-

mis wonasworobis da  zedapiris gansakuTrebuli wertilebi arian 

(1) gantolebis maxasiaTebeli wertilebi.  

axla davubrundeT koSis amocanas. samarTliania Semdegi debuleba, 

romelic SesaZlebelia ganvixiloT rogorc arsebobisa da erTader-

Tobis Teorema. 

Teorema 2. Tu  wertili ar aris (2) gantolebis maxasi-

aTebeli wertili, maSin -is raime midamoSi (2), (4) koSis amo-

canas aqvs erTaderTi amonaxsni.  

14.2. ori cvladis SemTxveva 

rogorc aRvniSneT, kerZowarmoebulebian diferencialur gantole-

bas uwodeben iseT gantolebas, romelSic ucnobia ramdenime cvladis 

funqcia mis kerZo warmoebulebTan erTad. ucnobebis ricxvis zrdas-

Tan erTad rTuldeba diferencialuri gantoleba da Zalze cotaa 
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iseTi kerZowarmoebulebiani diferencialuri gantolebebi, romelTa 

amoxsnac cxadad SeiZleba. moviyvanoT iseTi gantolebebi, romelTa 

amoxsnac SedarebiT martivia. am miznis misaRwevad maqsimalurad 

SevzRudoT kerZowarmoebulebian diferencialur gantolebaTa klasi 

da ganvixiloT gantoleba: 

.    (1) 

yovelive zemoT Tqmuli SevajamoT am gantolebisaTvis.  

(1) gantolebis zogadi amonaxsni uwyvetad diferencirebad funq-

ciaTa klasSi moicema gamosaxulebiT: 

, 

sadac  uwyvetad diferencirebadi funqciaa, xolo  ki Cveni 

gantolebis romelime kerZo amonaxsnia. 

 kerZo amonaxsni moicema:  

      (2) 

avtonomiuri sistemis amonaxsniT. ufro zustad, (1) gantolebis amo-

naxsnebi arian (2) sistemis pirveli integralebi.  

(2) sistemis pirveli integralebis povna daiyvaneba  

 

Cveulebrivi diferencialuri gantolebis amonaxsnis povnaze.  

magaliTi 1. . saZebnia ori cvladis  funqcia. amo-

cana dasawyisisaTvis sainteresoa imiT, rom or cvladzea damokide-

buli. movaxdinoT gamosaxulebis integreba  cvladiT da miviRebT: 

, aq nebismieri mudmivia -is mimarT, magram SesaZlebelia 

meore  cvladze nebismieri TanadobiT iyos dakavSirebuli, sxva si-

tyvebiT, . mocemul gantolebaSi -is CasmiT advi-

lad davrwmundebiT, rom igi marTlac aris gantolebis amonaxsni. 
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magaliTi 2. . wina amocanis analogiurad miviRebT 

. 

magaliTi 3. vipovoT:  

 

gantolebis zogadi amonaxsni. 

amoxsna: davweroT mocemuli gantolebis Sesabamisi (2) avtonomi-

uri sistema: 

 

es ukanaskneli SesaZlebelia gadavweroT aseTi saxiT: , 

saidanac  da, amrigad,  aris avtonomiuri 

sistemis pirveli integrali. gamosavali kerZowarmoebulebiani dife-

rencialuri gantolebis amonaxsni iqneba , sadac 

 nebismieri uwyvetad diferencirebadi funqciaa.  

magaliTi 4. vipovoT:  

     (3) 

gantolebis amonaxsni, Tu  rodesac . 

amoxsna: davweroT (3)-is Sesabamisi avtonomiuri sistema: 

 

da vipovoT misi pirveli integralebi:  da . am-

rigad, zogad integrals aqvs aseTi saxe: . 

sawyisi piroba gvaZlevs . SemovitanoT aRniSvnebi: 

, , maSin . amrigad,  

funqcia aris amocanis amonaxsni.  
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magaliTi 5. vipovoT:  

 

gantolebis amonaxsni, Tu  rodesac . 

amoxsna: davweroT avtonomiuri sistema: 

 

da vipovoT misi pirveli integralebi:  da . 

zogad amonaxsns aqvs aseTi saxe: . funq-

cias, romelic akmayofilebs sawyis pirobas, vpoulobT gantolebidan 

. Tu am gantolebaSi CavsvamT , , 

miviRebT , saidanac . 

magaliTi 6. .Mmiuxedavad imisa, rom es gantoleba marti-

vad gamoiyureba, misi amonaxsnis povna advili saqme ar aris.Aam tipis 

gantolebebis amosaxsnelad ramdenime sxvadasxva meTodia damuSave-

buli. moviyvanT erT-erT maTgans. SemovitanoT axali  da 

 damoukidebeli cvladebi. davuSvaT, rom Sesabamisi iako-

biani 0-sagan gansxvavebulia (rac imaze miuTiTebs, rom (ݔ, (ݕ → ,ߦ)  (ߟ
asaxva urTierTcalsaxaa). gamoviyenoT rTuli funqciis kerZo warmo-

ebulebis povnis formulebi: 

, . 

es gamosaxulebebi SevitanoT gamosaval gantolebaSi da Sedegi 

gadavweroT Semdegi saxiT: 
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.    (4) 

moviTxovoT, rom Sesruldes igiveoba , romelic, 

Tavis mxriv, aris gamosavali gantolebis msgavsi, magram amjerad 

sakmarisia romelime erTi amonaxsnis povna. magaliTad, SegviZlia 

CavTvaloT, rom , . (4) gantoleba gaxdeba aseTi: 

, saidanac viRebT, rom , sadac  nebismieri funq-

ciaa. radgan , amitom sabolood gveqneba , 

sadac   cvladze damokidebuli funqciaa.  

magaliTi 7. ܽ డ௨డ௫ + ܾ డ௨డ௬ = 0, sadac ܽ da ܾ mudmivebia. magaliTi 6 

aris am gantolebis kerZo SemTxveva. ganvixiloT cvladis gardaqmna ߦ = ݔܾ − ,ݕܽ ߟ = ݔܽ + -mocemuli gantoleba axal koordinatebSi mi .ݕܾ

iRebs aseT saxes: ݑఎ = 0, romlis amonaxsnia ߦ)ݑ, (ߟ = -davubrun .(ߦ)݂
debiT ra Zvel cvladebs, miviRebT mocemuli gantolebis amonaxsns: ݔ)ݑ, (ݕ = ݔܾ)݂ −  .sadac ݂ nebismieri diferencirebadi funqciaa ,(ݕܽ

Tu wina magaliTs gadavwerT −డ௨డ௫ + డ௨డ௬ = 0 saxiT, maSin ukanask-
nel or magaliTSi miRebuli Sedegebi erTmaneTs daemTxveva. 

magaliTi 8. magaliTebi 4 da 6 (agreTve 7) arian Semdegi amoca-

nis kerZo SemTxvevebi: ߲߲ݐݑ + (ܸ, (ݑ	݀ܽݎ݃ = ,ݐ)ܸ (5)																																										,0 ܺ) = ݂(ܺ),        (6) 

sadac ܺ = ,ଵݔ) … ,  ) ݊-ganzomilebiani veqtoria, xolo mrgvaliݔ

frCxili ki aRniSnavs skalarul namravls. (5) gantolebas ewodeba 

gadatanis gantoleba. 

am amocanis amonaxsnia: ݐ)ݑ, ܺ) = ݂(ܺ −  (7)     (ܸ	ݐ
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funqcia, xolo (6) sawyisi pirobis gareSe (5) gantolebis amonaxsnia ݐ)ݑ, ܺ) = ܺ)ܨ − -nebismieri funqciaa (gaakeTeT aucile ܨ sadac ,(ܸ	ݐ

beli gamoTvlebi damoukideblad da darwmundiT amaSi!). 

vTqvaT, ݊ = ݐ ,2 = ݔ − 1, ܺ = ,ݕ) ܸ ,(ݖ = (1,2) da ݂(ܺ) = -ro ,ݖݕ
desac ݔ = 1. es aris magaliT 4-Si ganxiluli SemTxveva. (7) formu-

lis gamoyenebiT amocanis amonaxsnia:  ݂൫(ݕ, (ݖ − ݔ) − 1)(1,2)൯ = ݕ)݂ − ݔ + 1, ݖ − ݔ2 + 2). 
sasazRvro pirobis gaTvaliswinebiT miviRebT ݔ)ݑ, ,ݕ (ݖ = ݕ) − ݔ ݖ)(1+ − ݔ2 + 2). 

magaliT 6-Si ݐ = ܸ da ݔ = −1, maSin (7) formulis gamoyenebiT 

miviRebT: ݔ)ݑ, (ݕ = ݔ)ܨ +  .(ݕ
magaliTi 9.  ganvixiloT cvladis Semdegi garda-

qmna: , maSin: 

, 

. 

amrigad, gantoleba miiRebs saxes: 

, 

sadac , rac niSnavs, rom zogadi amonaxsnia: , 

sadac  nebismieri diferencirebadi funqciaa.  

magaliTi 10. vipovoT: 

 

gantolebis is integraluri zedapiri, romelic gadis  
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, , ,  

parametrulad mocemul wirze.  

amoxsna: am amocanas ori gansxvavebuli meTodiT amovxsniT. 

pirveli gza (parametrTa Semotanis saSualebiT). maxasiaTebeli  

, ,  

sistema 

, ,  

sawyisi pirobebis SemTxvevaSi aseTia: 

, , . 

es aris koSis amocanis parametruli amonaxsni, saidanac vpoulobT 

analizur amonaxsns: . 

meore gza. axla gamoviyenebT ara traeqtorias, aramed pirvel in-

tegralebs. funqciebi  da  maxasiaTebeli gantolebis 

pirveli integralebia. rogorc ukve viciT,  gantole-

ba, sadac  nebismieri uwyvetad diferencirebadi funqciaa, 

iZleva gamosavali gantolebis zogad integrals. sawyisi pirobebidan 

vpoulobT -is cxad gamosaxulebas Semdegnairad: 

, . 

aqedan,  da amrigad, .  

magaliTi 11. amovxsnaT koSis amocana wina gantolebisaTvis, ro-

desac  funqcia igivurad erTis tolia  wrewirze. 

amoxsna: gamovricxoT , ,  cvladebi  

, , ,  

sistemidan da miviRebT: . amrigad, koSis amocanis 

amonaxsni moicema gantolebiT: .  

τ=x τ=y 3τ=u 1R∈τ

xtx =)( yty −=)( utu =)(

τ==0|tx τ==0|ty 3
0| τ==tu

tex τ= tey −=τ teu 3τ=

yxu 2=
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u 422 =+ yx
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1=u 422 =+ yx 1vxy = 2vyu =

2
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4
2 4vvv =+

222244 4 uyyxuy =+
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14.3. kvaziwrfivi gantoleba 

davuSvaT,  raime area  da  dekartuli 

koordinatebiT. ganvixiloT  areze gansazRvruli pirveli rigis 

kvaziwrfivi kerZowarmoebulebiani diferencialuri gantoleba: 

,     (1) 

sadac ,  da  mocemuli uwyvetad warmoebadi 

funqciebia  areze. amasTan, davuSvaT sruldeba utoloba: 

, . 

rogorc vxedavT, (1) gantolebis koeficientebi damokidebulia ara 

marto ݔ cvladze, aramed ݑ funqciazec.  
kvaziwrfivi gantolebis analizisaTvis, analogiurad wrfivi gan-

tolebisa, SemovitanoT  veqtor-funqcia koordinatebiT 

 da (1) gantoleba gadavweroT skalaruli namrav-

lis gamoyenebiT:  

 

saxiT.  

 ganmarteba: avtonomiur sistemas: 

( ) ( , ),

( ) ( , )

x t a x u

u t b x u

=
 =




   (2) 

ewodeba (1) gantolebis maxasiaTebeli sistema, xolo mis traeqtori-

ebs ki _ (1) gantolebis maxasiaTeblebi. 

zemoT moyvanili 2

1

( , ) 0
n

j
j

a x u
=

≠  utoloba miuTiTebs imaze, rom 

 are ar Seicavs (2) gantolebis wonasworobis wertils. garda 

amisa,  areSi sruldeba koSis amocanis amonaxsnis arsebobis da 

erTaderTobis Teoremis pirobebi.  

1+⊂ nRU ),...,( 1 nxxx = u
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ganvixiloT (1) saxis:   

    (3) 

gantoleba ori damoukidebeli cvladis  funqciisaTvis da da-

vadginoT kavSiri gantolebis maxasiaTebel da integralur zedapirebs 

Soris. aq , ,  funqciebi  areze 

mocemuli uwyvetad diferencirebadi funqciebia. yovel  wer-

tilSi (3) gantoleba gansazRvravs  veq-

torul vels. vTqvaT, (3) gantolebis integraluri zedapiri moicema 

gantolebiT . Tu  wertili integralur zedapirze mde-

bareobs, maSin  veqtori  wertilSi ze-

dapiris normalis gaswvrivaa mimarTuli.  da  veqtorebi 

orTogonalurebi arian, radgan (6) gantoleba niSnavs  

, , 

tolobas. amrigad,  mdebareobs (3) gantolebis integraluri ze-

dapiris  wertilSi gamaval mxeb sibrtyeze. samarTliania agreTve 

Sebrunebuli debulebac, kerZod, Tu gluvi zedapiris mxe-

bi veqtoria  yovel  wertilSi, maSin es zedapiri aris (3) 

gantolebis integraluri zedapiri. maSasadame,  aris mxebi veq-

tori rogorc ܯ wertilze gamavali maxasiaTeblisa, aseve integra-

luri zedapiris. 

Teorema 3. yoveli uwyvetad diferencirebadi  zedapiri, 

sadac ,  aris (3) gantolebis integralu-

ri zedapiri maSin da mxolod maSin, Tu is aris (4) gantolebis ma-

xasiaTebeli.  

davubrundeT zogad (1) gantolebas. misi amoxsna daiyvaneba:  

 
1
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( , ) ( , ) 0
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j j

v x v
a x u b x u

x u=
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∂ ∂    (4) 

saxis gantolebis amoxsnaze. kerZod, samarTliania Semdegi Teorema. 
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Teorema 4. davuSvaT,  aris (4) gantolebis amonaxsni 

aris raime  qveareze da, vTqvaT,  romelime  

wertilSi da . maSin -ze -is  proeqciis raime 

midamosaTvis  gantoleba gansazRvravs (1) gantolebis 

 amonaxsns. 

am Teoremidan gamomdinareobs (1) gantolebis amoxsnis xerxi: (2) 

maxasiaTebeli sistemidan vpoulobT  wertilSi damoukidebel 

pirvel ,...,  integralebs, maSin -is raime midamoSi (1) 

gantolebis amonaxsni iqneba  funqcia, sadac 

 nebismieri uwyvetad diferencirebadi funqciaa. amrigad, 

(2) gantolebis amonaxsni ganisazRvreba rogorc aracxadi funqcia 

    (5) 

gantolebidan.  

(5) gamosaxulebas (1) gantolebis zogadi integrali ewodeba.  

SevniSnoT, rom (5) SesaZlebelia ar Seicavdes (1) gantolebis yve-

la amonaxsns. saxeldobr, ar aris gamoricxuli, rom arsebobdes (1) 

gantolebis iseTi amonaxsni, romelic (4) gantolebas igivurad nebis-

mieri  wyvilisaTvis ar akmayofilebdes, magram akmayofilebdes 

im SemTxvevaSi, rodesac . aseTi saxis amonaxsns ewodeba (1) 

gantolebis specialuri amonaxsni. gavimeorebT, rom es mxolod gamo-

naklisi SemTxvevaa.  

iseve, rogorc wrfivi kerZowarmoebulebiani gantolebebisaTvis, 

konkretuli amonaxsnis gamosayofad kvaziwrfivi diferencialuri 

gantolebis amonaxsnTa usasrulo simravlidan, saWiroa damatebiTi 

pirobebis mocema. xSirad aseT pirobad iTvleba sawyisi piroba, rac 

Cvens SemTxvevaSi niSnavs, rom -is  areSi moicema -ganzomi-

lebiani (sawyisi)  zedapiri, xolo -ze ki _ uwyvetad diferenci-

rebadi  funqcia. sawyisi piroba (1) gantolebisaTvis aseTia: 

.   (6) 
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koSis amocana wrfivi gantolebis analogiurad ismeba. kerZod, 

saWiroa (1) gantolebis amonaxsnis povna (6) sawyisi pirobiT. 

simartivisaTvis analizi CavataroT (3) gantolebisaTvis. davuSvaT, 

 wiri -Si parametruli gantolebiTaa mocemuli: 

 da , 

sadac  da vTqvaT:  

, .    (7) 

 wirs sawyisi wiri ewodeba. igulisxmeba, rom -ze ,  

da  uwyvetad diferencirebadebi arian da  

yvela -saTvis -dan.  

(7) sawyisi piroba mogvcems gluv  wirs: 

. 

(3), (7) koSis amocanis amonaxsni iZleva (3) gantolebis integ-

ralur zedapirs, romelic exeba  wirs. davuSvaT,  aris 

 wertilis proeqcia -ze. 

ganmarteba:  wertils, sadac , , 

, ewodeba (3) gantolebis maxasiaTebeli wertili, Tu:  

0 0 0 0 0 0 0 0( , , ) ( ) ( , , ) ( ) 0a x y u y b x y u xτ τ⋅ − ⋅ =  . 

amis Semdeg ukve SegviZlia CamovayaliboT Teorema, romelic exeba 

koSis amocanis amonaxsnis arsebobasa da erTaderTobas. 

Teorema 5. Tu  wertili ar aris (3) gantolebis maxasi-

aTebeli wertili, maSin  wertilis raime midamoSi arsebobs (3), 

(7) koSis amocanis erTaderTi amonaxsni.  

kvaziwrfivi gantolebis amonaxsniT aRiwereba mravali fizikuri 

procesi. magaliTad, ganvixiloT wrfeze inerciiT moZravi nawilakebis 

erTgvarovani garemo, romelTa siCqare ucvlelia. aRvniSnoT -iT 

γ 2R
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nawilakis siCqare  wertilSi drois  momentSi. davweroT niuto-

nis kanoni: nawilakebis aCqareba nulis tolia.  

amoxsna: davuSvaT,  funqcia nawilakis moZraobas axasi-

aTebs. radgan nawilakis moZraobis siCqare -Ti aRvniSneT, gveqneba 

, saidanac vRebulobT aCqarebas: 

. 

amrigad, niutonis kanoni iqneba gantoleba:  

. 

es gantoleba biurgeris gantolebis saxeliTaa cnobili. 

Tu nawilakebi moZraoben  Zalur velSi, maSin igive kanoni 

kvaziwrfivi gantolebis saSualebiT Caiwereba  saxiT. 

es ukanaskneli ki araerTgvarovani kvaziwrfivi gantolebaa.  

savarjiSoebi damoukidebeli muSaobisaTvis 

vipovoT Semdegi gantolebebis zogadi amonaxsnebi: 

1. , .consta =  pasuxi: 
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15. meore rigis kerZowarmoebulebiani                   

diferencialuri gantolebebi 

15.1. klasifikacia 

daviwyoT zogadi SemTxveviT da ganvixiloT n  cvladze damoki-

debuli ),...( 1 nxxu  funqciisaTvis Semdegi kvaziwrfivi (wrfivi umaR-

lesi warmoebulis mimarT) gantoleba: 

0),,()(
2

=∇Φ+
∂∂
∂ uux

xx

u
xa

ji
ij    (1) 

U areSi uwyveti )(xaij  koeficientebiT. zogadobis SeuzRudavad Seg-

viZlia CavTvaloT, rom )()( xaxa jiij = . davafiqsiroT U  areSi rome-

lime ),...,,( 00
2

0
1 nxxx  wertili da SevadginoT kvadratuli forma: 

ji

n

ji
ijn XXxaXXXg 

=
=

1,

0
21 )(),....,,( .   (2) 

(2) formas ewodeba (1) gantolebasTan dakavSirebuli kvadratu-

li forma. SevadginoT (2) kvadratuli formis determinanti: 

nnnn

n

n

aaa

aaa

aaa

g

...

............

...

...

det

21

22221

11211

= . 

vityviT, rom (2) forma gansazRvrulia, Tu igi inarCunebs niSans 

X -is cvlilebis dros, xolo, Tu niSani icvleba X -is cvlilebi-

sas, maSin (2) forma ganusazRvrelia.  

ganmarteba: (1) gantolebas 0x  wertilSi ewodeba elifsuri ti-

pis gantoleba, Tu 0det ≠g  da g  gansazRvruli formaa. 

(1) gantolebas 0x  wertilSi ewodeba hiperboluri tipis gan-

toleba, Tu 0det ≠g  da g  ganusazRvreli formaa. 
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(1) gantolebas 0x  wertilSi ewodeba paraboluri tipis ganto-

leba, Tu 0det =g .  

(1) gantolebas ewodeba elifsuri (Sesabamisad, hiperboluri, pa-

raboluri) U areSi, Tu am aris nebismier wertilSi igi aris elif-

suri (Sesabamisad, hiperboluri, paraboluri). 

naTelia, rom, Tu )(xaij  koeficientebi mudmivebiaa, maSin ganto-

lebis tipi damokidebuli ar aris damoukidebel cvladebze. winaaRm-

deg SemTxvevaSi gantolebis tipi SeiZleba Seicvalos damoukidebeli 

cvladebis cvlilebasTan erTad. amitom, am SemTxvevaSi bunebrivad is-

meba iseTi areebis gamoyofis amocana, sadac gantolebis tipi ucvlelia.  

gantolebis zemoT moyvanili klasifikacia damokidebuli ar aris 

cvladebis gardaqmnaze. ori cvladis SemTxvevaSi am debulebas Camo-

vayalibebT Teoremad da davamtkicebT mas. 

magaliTi 1. laplasis 0
2

2

2

2

2

2

=
∂
∂+

∂
∂+

∂
∂

z

u

y

u

x

u
 gantolebisaTvis g  

kvadratul formas aqvs aseTi saxe: 222),,( ZYXZYXg ++= . am for-

mis determinanti tolia:  

01

100

010

001

det ≠==g , 

amrigad g  dadebiTad gansazRvrulia, rac niSnavs, rom laplasis gan-

toleba aris elifsuri. 

magaliTi 2. g  kvadratul formas talRuri  

),,,(
1

2
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2
tzyxf

t

u
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u −=

∂
∂−Δ  

gantolebisaTvis aqvs aseTi saxe:  
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2
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a

T
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xolo am formis determinants ki _  

0
1

1
000

0100

0010

0001

det
2

2

≠−=

−

=
a

a

g . 

cxadia, rom g  ganusazRvreli formaa, amrigad, gantoleba hiper-

boluria.  

magaliTi 3. furies gantolebisaTvis kvadratul formas aqvs 
222),,,( ZYXSZYXg ++= saxe (S cvladi aRniSnavs t -s mimarT uma-

Rles, e.i. meore rigis warmoebulis Sesabamis cvlads), xolo am kva-

dratuli formis determinants ki _  

0

0000

0100

0010

0001

det ==g , 

rac niSnavs, rom furies gantoleba aris paraboluri tipis.  

magaliTi 4. Trikomis (franCeska Trikomi (1897-1978), italieli 

maTematikosi da meqanikosi):  

02

2

2

2

=
∂
∂+

∂
∂

y

u

x

u
y  

gantoleba aris Sereuli tipis, radgan misi Sesabamisi 22),( YyXYXg +=  

kvadratuli formis determinantis: 

y
y

g ==
10

0
det  

niSani damokidebulia y  damoukidebel cvladze. Tu 0<y , gantoleba 

hiperboluria, Tu 0>y  _ elifsuri, xolo Tu 0=y , maSin ki _ 

paraboluri.  

Trikomis gantoleba gazuri dinamikis erT-erTi ZiriTadi ganto-

lebaa. im areSi, sadac gantoleba hiperboluria, igi aRwers zebgeriT 
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moZraobas, xolo, rodesac gantoleba elifsuria, bgeris siCqareze 

dabali siCqariT moZraobis aRmweri gantolebaa. 

15.2. klasifikacia: ori damoukidebeli cvladis SemTxveva 

ganvixiloT meore rigis kvaziwrfivi diferencialuri gantoleba 

ori yx,  cvladis ),( yxu  funqciis mimarT: 

2 2 2
( , ) 2 ( , ) ( , ) ( , , , , ) 02 2

u u u u u
A x y B x y C x y x y u

x y x yx y

∂ ∂ ∂ ∂ ∂
+ + +Φ =

∂ ∂ ∂ ∂∂ ∂
,   (1) 

sadac gantolebis CBA ,,  koeficientebi arian ori yx,  cvladis fun-

qciebi, romelTac aqvT meore rigis uwyveti warmoebulebi. davuSvaT, 

rom CBA ,, funqciebidan erTdroulad yvela nulis toli ar xdeba.  

(1) gantolebis Sesabamisi kvadratuli formaa 
22 2 CYBXYAXg ++= , 

romlis determinantia:  

2det BAC
CB

BA
g −== . 

davuSvaT, 0det 2 >−= BACg  da 0≠A , maSin g  SesaZlebelia 

warmodgenil iqnes aseTi saxiT: 

])()[(
1 222 YBACBYAX
A

g −++= .   (2) 

(2) gansazRvruli formaa. amrigad, gantoleba aris elifsuri.  

davuSvaT, 
2det 0g AC B= − < . am SemTxvevaSi SesaZlebelia ori 

SemTxveva: 

1. 0≠A , maSin adgili aqvs (2) tolobas, magram imis Sesabamisad, 

rogoria Y , g  formis niSani icvleba. marTlac, am SemTxvevaSi (2) 

gamosaxulebaSi kvadratul frCxilebSi moTavsebuli meore Sesakrebi 0-

ze naklebia, romelic emateba dadebiT sidides, amitom Sedegi imis 

Sesabamisad, rogoria ܻଶ, xan uaryofiTi iqneba, xan dadebiTi. amitom 
igi ganusazRvreli formaa. MmaSasadame, (1) gantoleba hiperboluria.  

2. Tu 0=A , maSin g  SesaZlebelia gadaiweros Semdegi saxiT: 

(2 )g BX CY Y= + . naTelia, rom g  ganusazRvreli formaa, xolo gan-

toleba ki hiperboluria.  
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davuSvaT, 
2 0AC BΔ = − = , am SemTxvevaSi gantoleba paraboluria.  

amrigad, sabolood miviRebT, rom, Tu 0>Δ , maSin gantoleba 

elifsuria, Tu 0<Δ , gantoleba hiperboluria, xolo, Tu 0=Δ , 

maSin gantoleba paraboluria. 

15.3. mudmivkoeficientebiani meore rigis gantoleba 

meore rigis zogadi saxis diferencialuri gantoleba ori damo-

ukidebeli cvladis ),( yxu  funqciisaTvis aris Semdegi: 

2 2 2
2 02 2

u u u u u
A B C D E Fu G

x y x yx y

∂ ∂ ∂ ∂ ∂
+ + + + + + =

∂ ∂ ∂ ∂∂ ∂
,     (1) 

sadac, rogorc aRvniSneT, ),( yxu  saZiebeli funqciaa, xolo 

FEDCBA ,,,,,  da G  arian yx,  cvladebze damokidebuli mocemu-

li funqciebi. Tu (1)-Si ݔ)ܩ, (ݕ ≡ 0, maSin (1)-s ewodeba erTgvaro-
vani gantoleba. 

ganvixiloT cvladebis Semdegi gardaqmna: 

),( yxϕξ =  da ),( yxψη = ,    (2) 

sadac ξ  da η  axali damoukidebeli cvladebia. ϕ  da ψ  funqciebs, 

romlebic erTmaneTs akavSireben Zvel yx,  da axal ηξ ,  cvladebs, Se-

varCevT mogvianebiT, amjerad mxolod CavTvaloT, rom (ݔ, (ݕ → ,ߦ)  (ߟ
urTierTcalsaxa asaxvaa.  

movaxdinoT (1)-Si cvladis gardaqmna: 

x

u

x

u

x

u

∂
∂

∂
∂+

∂
∂

∂
∂=

∂
∂ η

η
ξ

ξ
, 

y

u

y

u

y

u

∂
∂

∂
∂+

∂
∂

∂
∂=

∂
∂ η

η
ξ

ξ
;    (3) 

2 2 2

2 2 2

2 22 2 2
22 2 ;

u u u

x x x

u u u

x x x x

ξ η
ξ η

ξ ξ η η
η ξξ η

∂ ∂ ∂ ∂ ∂
= + +
∂ ∂∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂ ∂
+ + +

∂ ∂ ∂ ∂ ∂ ∂∂ ∂

        
     

   (4) 



 

293 

2 2 2

2 2 2

2 22 2 2

2 2
2 ;

u u u

y y y

u u u

y y y y

ξ η
ξ η

ξ ξ η η
ξ η ξ η

∂ ∂ ∂ ∂ ∂= + +
∂ ∂ ∂ ∂ ∂

    ∂ ∂ ∂ ∂ ∂ ∂ ∂+ + +    ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂       

 (5) 

2 2 2

2 2 2

2 2
.

u u u

x y x y x y

u u u

x y x y y x x y

ξ η
ξ η

ξ ξ ξ η ξ η η η
ξ η ξ η

∂ ∂ ∂ ∂ ∂= + +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂+ + + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂  

  (6) 

(3)-(6) tolobebis marjvena mxareebi arian wrfivi funqciebi 

//////// ,,,, ηηξηξξηξ uuuuu -is mimarT. SevcvaloT (1)-Si 
//////// ,,,, yyxyxxyx uuuuu  Sesa-

bamisi gamosaxulebebiT (3)-(6)-dan da miviRebT kvlav meore rigis 

wrfiv gantolebas ηξ ,  cvladebze damokidebuli u  funqciisaTvis: 

0,,,,2 2

22

2

2

=







∂
∂

∂
∂Φ+

∂
∂+

∂∂
∂+

∂
∂

ηξ
ηξ

ηηξξ
uu

u
u

C
u

B
u

A ,      (7) 

sadac  

22

2 







∂
∂+

∂
∂

∂
∂+







∂
∂=

y
C

yx
B

x
AA

ξξξξ
; 

xy
C

xyyx
B

xx
AB

∂
∂

∂
∂+








∂
∂

∂
∂+

∂
∂

∂
∂+

∂
∂

∂
∂= ηξηξηξηξ

; 

22

2 







∂
∂+

∂
∂

∂
∂+







∂
∂=

y
C

yx
B

x
AC

ηηηη
, 

xolo Φ funqcia wrfivia 
// ,, ηξ uuu -is mimarT. amiT Cven davamtkiceT 

debuleba, romelsac CamovayalibebT Teoremis saxiT. 

Teorema 1. cvladTa (2) gardaqmniT (1) gantolebis tipi ar icvleba. 

SevniSnoT, rom:  ൬̅ܣ തܤതܤ ൰ܥ = ൬ߦ௫ ௫ߟ௬ߦ2݇ ௬ߟ ൰ ቀܣ ܤܤ ቁܥ ൬ߦ௫ ௬ߦ௫ߟ  .௬൰ߟ
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am matriculi tolobis samarTlianobaSi advilad davrwmundebiT 

pirdapiri gamoTvliT. 

(7) gantoleba martivdeba, Tu aRmoCndeba, rom A  da C  koefi-

cientebi 0-is tolia. amisaTvis sakmarisia, (2) gardaqmnaSi ψϕ,  fun-

qciebi iseTebi SevarCioT, rom akmayofilebdnen gantolebas: 

02
22

=







∂
∂+

∂
∂

∂
∂+







∂
∂

y

z
C

y

z

x

z
B

x

z
A .    (8) 

ukanaskneli gamosaxuleba aris pirveli rigis arawrfivi kerZo-

warmoebulebiani diferencialuri gantoleba. Semdegi Teorema miuTi-

Tebs kavSirze (8) gantolebis amonaxsnsa da garkveuli saxis Cveule-

briv diferencialur gantolebas Soris. 

Teorema 2. imisaTvis, rom ),( yxfz =  funqcia Ω  aris yovel 

wertilSi akmayofilebdes (8) gantolebas, aucilebelia da sakmarisi, 

rom constyxf =),(  iyos: 

0)(2)( 22 =+− dxCBdxdydyA   (9) 

gantolebis zogadi amonaxsni Ω  areSi.  

es Teorema amartivebs gamosavali (1) gantolebis amonaxsnis Ziebis 

gzas. amrigad, gantolebis gamartivebis gza aseTia: pirvel rigSi iwe-

reba damxmare (9) gantoleba, romelsac (1)-is maxasiaTebeli gantoleba 

ewodeba. maxasiaTebeli gantoleba pirveli rigis meore xarisxis Cve-

ulebrivi diferencialuri gantolebaa. amovxsnaT igi 
/y warmoebulis 

mimarT da miviRebT or gantolebas: 

A

ACBB
y

−+=
2

/ ,   (10) 

A

ACBB
y

−−=
2

/ .    (11) 

Tu (10) gantolebis zogadi amonaxsni aseTia: constyx =),(ϕ , maSin 

aviRebT ra ),( yxϕξ = , nuls gautoldeba 
//
ξξu -is koeficienti. Tu 
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constyx =),(ψ  aris (11) gantolebis zogadi amonaxsni, maSin 

),( yxψη =  CasmiT 0-s gautoldeba agreTve 
//
ηηu -s koeficienti.  

maxasiaTebeli gantolebis integralur wirebs, e.i. wirebs, romle-

bic Sedian constyx =),(ϕ  da constyx =),(ψ  ojaxSi, ewodeba moce-

muli (1) diferencialuri gantolebis maxasiaTeblebi.Aamis gamo, (1) 

gantolebis gamartivebis zemoT moyvanil meTods ewodeba maxasiaTebe-

lTa meTodi. 

hiperboluri gantoleba. constyx =),(ϕ  da constyx =),(ψ  ojaxi 

SesaZlebelia ganxilul iqnes, rogorc (9) gantolebis zogadi integra-

lebi.Ees gantoleba, rogorc aRvniSneT, iSleba or damoukidebel _ (10) 

da (11) gantolebebad. maTi marjvena mxareebi namdvilebi da erTmaneTisa-

gan gansxvavebulebia. zemoT moyvanili Teoremis Tanaxmad, ),( yxz ϕ=  

da ),( yxz ψ=  funqciebi arian (8) kerZowarmoebulebiani diferenci-

aluri gantolebis amonaxsnebi. es funqciebi wrfivad damoukideblebi 

arian (daamtkiceT, rom maTi vronskis determinanti nulisagan gansx-

vavebulia, rodesac 02 <− BAC ). radgan ),( yxϕ  da ),( yxψ  funqci-

ebi akmayofileben (9) gantolebas, cvladebis gardaqmnis Semdeg aRmoC-

ndeba, rom 0=A  da 0=C . MmaSasadame, (1) gantoleba miiRebs saxes: 

0,,,,2
2

=







∂
∂

∂
∂Φ+

∂∂
∂

ηξ
ηξ

ηξ
uu

u
u

B , 

Tu orive mxares B2 -ze gavyofT da meore Sesakrebs marjvena mxares 

gadavitanT, miviRebT:  









∂
∂

∂
∂Φ=

∂∂
∂

ηξ
ηξ

ηξ
uu

u
u

,,,,
2

.  (12) 

naTelia, rom miRebul gantolebas ufro martivi saxe aqvs, vidre 

gamosaval (1) gantolebas. Tu SevZlebT am ukanasknelis integrebas, 

(1)-is amonaxsnis sapovnelad sakmarisia davubrundeT Zvel cvladebs.  

(12) gantolebas ewodeba hiperboluri gantolebis kanonikuri saxe. 

zogjer ixmareba hiperboluri gantolebis sxva kanonikuri saxe. 

kerZod, Tu (12)-Si movaxdenT cvladis τξ += t  da τη −= t gardaq-

mnas, sadac t da τ  axali cvladebia, (12) miiRebs saxes: 
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Φ=
∂
∂−

∂
∂ ~

2

2

2

2

τ
u

t

u
, 

sadac Φ=Φ 4
~

.  

paraboluri gantoleba. am SemTxvevaSi (10) da (11) gantolebebi 

erTmaneTs emTxveva, gvaqvs erTi gantoleba da constyx =),(ϕ  erTi 

zogadi integrali, romelic gansazRvravs maxasiaTebel wirTa erT 

ojaxs. SegviZlia aviRoT ),( yxϕξ =  da ),( yxψη = , sadac ),( yxψ  

nebismieri funqciaa, romlisganac mxolod is moiTxoveba, rom iyos 

imdenjer warmoebadi, ramdenjerac saWiroa. naTelia, rom cvladebis 

aseTi gardaqmnis dros (7) gamosaxulebaSi A  koeficienti 0-is to-

li xdeba, e.i.:  

02
22

=







∂
∂+

∂
∂

∂
∂+







∂
∂=

y
C

yx
B

x
AA

ξξξξ
. 

imis gaTvaliswinebiT, rom 02 =− BAC  anu CAB = , ukanas-

kneli toloba miiRebs saxes: 

02
222

=







∂
∂+

∂
∂=








∂
∂+

∂
∂

∂
∂+







∂
∂

y
C

x
A

y
C

yx
B

x
A

ξξξξξξ
. 

es dagvexmareba B  koeficientis 0-Tan tolobis damtkicebaSi. mar-

Tlac: 

B A B C
x x x y y x y x

ξ η ξ η ξ η ξ η∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
= + + + =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
 
 
 

 

A A C A C C
x x x y y x y x

ξ η ξ η ξ η ξ η∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
= + + + =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
 

A A C C A C
x x y y x y

ξ η η ξ η η∂ ∂ ∂ ∂ ∂ ∂
= + + + =

∂ ∂ ∂ ∂ ∂ ∂
   
   
   

 

0A C A C
x y x y

ξ ξ η η∂ ∂ ∂ ∂
= + + =

∂ ∂ ∂ ∂
  
  
  

. 
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amrigad, (7) gantoleba iRebs saxes: 

0,,,,2

2

=







∂
∂

∂
∂Φ+

∂
∂

ηξ
ηξ

η
uu

u
u

C , 

C -ze gayofiT ki, sabolood miviRebT: 









∂
∂

∂
∂Φ=

∂
∂

ηξ
ηξ

η
uu

u
u

,,,,
~

2

2

.  (13) 

(13) gantolebas ewodeba paraboluri gantolebis kanonikuri saxe. 

aqve SevniSnoT, rom, Tu (13) gantolebis marjvena mxare damokide-

buli ar aris ξ∂
∂u  warmoebulze, maSin igi gadaiqceva Cveulebriv di-

ferencialur gantolebad, xolo ξ  SegviZlia parametrad CavTvaloT. 

elifsuri gantoleba. am SemTxvevaSi (10) da (11) gantolebis mar-

jvena nawilebi kompleqsurad SeuRlebulebi arian. davuSvaT, ),( yxϕ  

(10)-is kompleqsuri integralia, maSin constyx =),(*ϕ  aris (11) gan-

tolebis amonaxsni, sadac ),(* yxϕ  aris ),( yxϕ -is kompleqsurad Se-

uRlebuli funqcia. Tu gadavalT ),( yxϕξ = , ),(* yxϕη =  kompleq-

sur cvladebze, maSin, zogadi Teoriis Tanaxmad, (1) gantoleba imave 

saxemde miiyvaneba, razedac hiperboluri gantoleba: 

2
, , , ,

u u u
uξ η

ξ η ξ η
∂ ∂ ∂

= Φ
∂ ∂ ∂ ∂

 
 
 

. 

imisaTvis, rom namdvil ricxvTa Teoriis farglebSi davrCeT, 

saWiroa kidev erTxel movaxdinoT cvladebis Semdegi gardaqmna: 

*

2

ϕ ϕα +
= , 

*

2i

ϕ ϕβ −
= , 1i = − , 

sadac α daβ axali cvladebia. am SemTxvevaSi βαξ i+=  da βαη i−= . 

advilad mowmdeba, rom am SemTxvevaSi CA =  da 0=B  (SeamowmeT 

damoukideblad!). amrigad, (1) gantoleba miiRebs saxes: 

2 2
, , , , .2 2

u u u u
uα β
α βα β

∂ ∂ ∂ ∂
+ = Θ

∂ ∂∂ ∂
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ukanasknel gantolebas ewodeba elifsuri gantolebis kanonikuri 

saxe. 

mudmivkoeficientebiani meore rigis kerZowarmoebulebiani gan-

toleba. davuSvaT, (1) gantolebaSi FEDCBA ,,,,,  da G  mudmivebia 

da gantolebas aqvs aseTi saxe: 

02 2

22

2

2

=+
∂
∂+

∂
∂+

∂
∂+

∂∂
∂+

∂
∂

fu
y

u
e

x

u
d

y

u
c

yx

u
b

x

u
a   (14) 

movaxdinoT (2)-is analogiurad cvladebis wrfivi gardaqmna: 

yx βαξ += , yx δγη += , 0≠− βγαδ .        (15) 

gamartivebis Semdeg miviRebT aseT kerZowarmoebulebian diferen-

cialur gantolebas: 









∂
∂

∂
∂=

∂
∂+

∂∂
∂+

∂
∂

ηξηηξξ
uu

uF
u

c
u

b
u

a ,,2 2

22

2

2

,      (16) 

sadac 
22 2 βαβα cbaa ++= , 

βδβγαδαγ cbab +++= )( ,     (17) 

22 2 δγδγ cbac ++= . 

xolo 







∂
∂

∂
∂

ηξ
uu

uF ,,  gamosaxulebis qveS gaigeba yvela is Sesakrebi, 

romlebic gardaqmnis Semdeg miiRebian da Seicaven saZiebeli u  funq-

ciis araumetes pirveli rigis kerZo warmoebulebs. rogorc vxedavT, 

F  ar Seicavs ξ  da η  damoukidebel cvladebs.  

debuleba 1 (hiperboluri gantoleba). davuSvaT, 02 >− acb . (14) 

diferencialuri gantolebis pirveli sami koeficientisagan Sevadgi-

noT Semdegi kvadratuli gantoleba 022 =++ cba λλ  da davuSvaT, 

rom 0≠a  da 0≠c .Aam gantolebas ori _ 1λ  da 2λ  erTmaneTisagan 

gansxvavebuli namdvili fesvi aqvs. cvladis gardaqmnis (15) formu-
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laSi SevarCioT γβα ,,  da δ  ise, rom 1λβ
α =  da 2λδ

γ = . maSin 

0,0 == ca  da gantoleba (16) iqneba aseTi: 









∂
∂

∂
∂=

∂∂
∂

ηξηξ
uu

uF
u

b ,,2
2

.    (18) 

am debulebis damtkiceba sirTules ar warmoadgens. marTlac, (17) 

gamosaxulebebis Tanaxmad:  

cba
a +







+






=
β
α

β
α

β
2

2

2
, 

cba
c +






+






=

δ
γ

δ
γ

δ
2

2

2
. 

radgan debulebis pirobiT 022 =++ cba λλ  gantolebis acbD −= 2  

diskriminanti dadebiTia, amitom am gantolebas aqvs ori gansxvavebu-

li namdvili fesvi. davuSvebT ra, rom 1λβ
α =  da 2λδ

γ = , mivi-

RebT 0,0 == ca . es amtkicebs debulebis erT nawils. cvladebis 

miTiTebuli gardaqmniT miviRebT, rom: 

0)( 21 ≠−=






 −=− λλβδ
δ
γ

β
αβδβγαδ , 

rac miuTiTebs imaze, rom (17) gamosaxulebebis bolo piroba srul-

deba. amiT debuleba damtkicebulia.  

gantoleba (18)-is b2 -ze gayofiT miiReba gantoleba: 









∂
∂

∂
∂Φ=

∂∂
∂

ηξ
uu

u
yx

u
,,

2

, rasac zemoT moyvanilis analogiurad ewodeba 

mudmivkoeficientebiani hiperboluri gantolebis kanonikuri saxe.  

SevniSnoT, rom debuleba 1-is pirobebis dacviT SesaZlebelia Ser-

Ceul iqnes cvladis iseTi wrfivi gardaqmna, rom (14) gantoleba mivi-

yvanoT gantolebamde: 
2 2

, ,2 2
u u u u

u
ξ ηξ η

∂ ∂ ∂ ∂
− = Ψ

∂ ∂∂ ∂

 
 
 

. am ukanasknelsac mud-

mivkoeficientebiani hiperboluri gantolebis kanonikuri saxe ewodeba.  
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debuleba 1-is analogiurad mtkicdeba qvemoT moyvanili debule-

bebi.  

debuleba 2 (paraboluri gantoleba). davuSvaT, 02 =− acb , 

maSin 022 =++ cba λλ  kvadratul gantolebas aqvs ori toli fesvi 

ab−=== λλλ 21  da Tu aviRebT λβα =  (15) gardaqmnaSi, mivi-

RebT, rom 0,0 == ba , xolo gantoleba miiRebs aseT saxes: 









∂
∂

∂
∂=

∂
∂

ηξη
uu

uF
u

c ,,2

2

.   (19) 

debuleba 3 (elifsuri gantoleba). davuSvaT, 02 <− acb , maSin 

022 =++ cba λλ  kvadratul gantolebas aqvs ori erTmaneTis SeuR-

lebuli fesvi da SesaZlebelia (15) gardaqmnis ise SerCeva, rom 

ca = da gantoleba miiRebs aseT saxes: 









∂
∂

∂
∂=

∂
∂+

∂
∂

ηξηξ
uu

uF
uu

,,2

2

2

2

.  (20) 

(19) da (20) gantolebebs ewodebaT, Sesabamisad, paraboluri da 

elifsuri kerZowarmoebulebiani mudmivkoeficientebiani gantolebebis 

kanonikuri saxe.  

amocana 1. miviyvanoT kanonikur saxemde da vipovoT amonaxsni Sem-

degi kerZowarmoebulebiani diferencialuri gantolebebis: 

1. 031616 =++ yyxyxx uuu ;   (21) 

2. 02 =−++− yxyyxyxx uuuuu ;    (22) 

3. yyxx uu 2τ= , sadac τ  dadebiTi parametria.   (23) 

amoxsna: 1. SevadaroT 16 16 3 0u u uxx xy yy+ + =  gantoleba (14)-s da 

davinaxavT, rom 3,8,16 === cba , aqedan 016>=D . maSasadame, Cveni 

gantoleba hiperboluria. gamoviyenoT debuleba 1, romlis Tanaxmad 

saWiroa 031616 2 =++ λλ kvadratuli gantolebis fesvebis povna: 

43,41 21 −=−= λλ . cvladis gardaqmnis (17) formulebSi Sevar-
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CioT γβα ,,  da  ise, rom Sesruldes tolobebi: 41−=βα , 

43−=δγ , avirCioT yvelaze martivi – 4,3,4,1 −==−== δγβα . 

(17) wrfivi gardaqmna miiRebs saxes:  

yxyx 43,4 −=−= ηξ .   (24)          

debuleba 1-is ZaliT, cvladebis aseTi gardaqmnis dros Cveni gan-

toleba gamartivdeba 0
2

=
∂∂
∂
ηξ
u

 saxis gantolebamde, romlis marjvena 

mxareSi moTavsebulia 0 imis gamo, rom, (18) gamosaxulebis Tanaxmad, 

F funqcia Seicavs saZiebel funqcias da mis pirveli rigis warmoeb-

ulebs, romlebsac Cveni amocana ar Seicavs da arc SeiZleba gaCndnen 

cvladebis gardaqmnis Semdeg. amrigad, (21)-is kanonikuri saxea 

0
2

=
∂∂
∂
ηξ
u

 gantoleba. am gantolebis amonaxsni ki, rogorc ukve vi-

ciT, aris )()( ηψξϕ +=u , sadac ϕ  da ψ  nebismieri funqciebia. Cav-

svaT masSi ξ  da η -s (24) mniSvnelobebi da sabolood gveqneba (21) 

gantolebis zogadi amonaxsni:  

)43()4(),( yxyxyxu −+−= ψϕ . 

2. gamosakvlevi (22) gantolebis (14)-Tan SedarebiT miviRebT, rom 

1,1 −=== bca , e.i. 0=D  da amrigad, (22) gantoleba parabolu-

ria. gamoviyenoT debuleba 2. 0122 =+− λλ gantolebis fesvia 1=λ . 

cvladebis gardaqmnis (17) gamosaxulebebs davadoT piroba 1=βα  

da CavTvaloT, rom 1== βα . γ  da δ  cvladebs, garda (17)-is bolo 

utolobis dakmayofilebisa, sxva SezRudvebi ar edeba. amis gaTvalis-

winebiT axali η  cvladi avirCioT x -is toli: x=η . amrigad, cvla-

debis gardaqmnis (17) gamosaxuleba iqneba: 

xyx =+= ηξ , .      (25) 

aqedan gamomdinareobs, rom:  

ηξ ∂
∂+

∂
∂=

∂
∂ uu

x

u
, 

ξ∂
∂=

∂
∂ u

y

u
. 

δ
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SevitanoT es tolobebi gamosaval (22) gantolebaSi da miviRebT 

02

2

=
∂
∂+

∂
∂

ηη
uu

. ukanaskneli kerZowarmoebulebiani diferencialuri gan-

tolebis msgavsi gantolebebi ukve gamovikvlieT da viciT, rom misi 

amonaxsnis sapovnelad saWiroa vipovoT 0/// =+ zz  Cveulebrivi di-

ferencialuri gantolebis maxasiaTebeli fesvebi 01 =k  da 12 −=k , 

romlebic gvaZleven fundamentur amonaxsnTa 1)(1 =ηz  da 
ηη −= ez )(2  

sistemas, xolo 02

2

=
∂
∂+

∂
∂

ηη
uu

 gantolebis zogadi amonaxsni ki moicema 

)()( 21 ξξ ηCeCu −+=  funqciiT. maSasadame, (25)-is gaTvaliswinebiT 

(22) gantolebis zogadi amonaxsni iqneba:  

)()(),( 21 yxCeyxCyxu x +++= −
, 

sadac 1C  da 2C  TavianTi argumentis nebismieri funqciebia.  

3. (23) gantoleba gadavweroT 02 =− yyxx uu τ  saxiT da SevadaroT 

(14)-s. mivalT tolobebamde: 
2,0,1 τ−=== cba , saidanac vRebulobT 

022 >=− τacb , rac niSnavs, rom (23) gantoleba hiperboluria. ga-

moviyenoT debuleba 1: SevadginoT 022 =−τλ  kvadratuli gantole-

ba da vipovoT misi fesvebi: τλ =1  da τλ −=2 . cvladebis gardaq-

mnis (17) gamosaxuleba aviRoT Semdegnairad: τβα =  da τδγ −= . 

iseve rogorc wina magaliTebSi, avirCioT umartivesi SemTxveva: 

1,,1, =−=== δτγβτα , maSin (17) miiRebs saxes: 

yx += τξ , yx +−= τη .   (26)  

axal cvladebSi Cveni gantoleba miiRebs saxes: 0
2

=
∂∂
∂
ηξ
u

, rom-

lis amonaxsnia )()( ηψξϕ +=u , sadac ϕ  da ψ  nebismieri funqci-

ebia. CavsvaT masSi (26) gamosaxulebebi da miviRebT (23) gantolebis 

zogad amonaxsns: 

)()(),( xyxyyxu τψτϕ −++= . 
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amocana 2. organzomilebiani laplasis gantoleba polarul ko-

ordinatebSi aseTia: 

.   (27) 

vipovoT laplasis gantolebis zogadi wriulad simetriuli amo-

naxsni. 

amoxsna: laplasis zemoT moyvanili gantolebis wriulad simetri-

uloba niSnavs, rom  damokidebulia mxolod , amitom (27) ganto-

leba reducirdeba (daiyvaneba) meore rigis Cveulebriv diferencialur 

gantolebaze: 

.   (28) 

radgan , amitom (28) gantoleba miiRebs 

aseT saxes: 

, 

saidanac gvaqvs: 

 

sadac ܣ nebismieri mudmivia. amrigad, (27) gantolebis zogadi wriu-

lad simetriuli amonaxsni iqneba: , sadac  iseve 

rogorc  nebismieri mudmivebia.  

15.4. tipiuri magaliTebi 

rogorc aRvniSneT, kerZowarmoebulebian diferencialur gantole-

bas uwodeben iseT gantolebas, romelSic ucnobis saxiT Sedis ramde-

nime cvladis funqcia mis kerZo warmoebulebTan erTad. ucnobebis 

ricxvis zrdasTan erTad rTuldeba diferencialuri gantoleba da 

Zalze cotaa iseTi kerZowarmoebulebiani diferencialuri gantole-

bebi, romelTa amoxsnac cxadad SeiZleba. moviyvanoT iseTi gantole-

bebi, romelTa amoxsnac SedarebiT martivia. 

0
11

2

2

22

2

=
∂
∂+

∂
∂+

∂
∂

θ
f

rr

f

rr

f

f r

0
1

2

2

=+
dr

df

rdr

fd

dr

df

dr

fd
r

dr

df
r

dr

d +=







2

2

0=







dr

df
r

dr

d

,
r

A

dr

df =

BrArf += ln)( ,B
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1. . Ees gantoleba gadavweroT ekvivalenturi formiT 

 da SemovitanoT axali ucnobi funqcia ganmartebuli  

saxiT. maSin gamosavali gantoleba miiRebs aseT saxes: . aseTi 

gantoleba ukve ganvixileT da viciT, rom misi amonaxsnia: , 

radgan ; vRebulobT gantolebas:  aseTi gantolebac 

ukve ganxiluli gvaqvs da viciT, rom , sadac 

 kidev erTi nebismieri funqciaa. SevniSnoT, rom  

nebismieri funqciaa, radgan aseTia .Aamrigad, Cveni gantolebis 

nebismieri amonaxsni SesaZlebelia Caiweros Semdegi saxiT:  

,   (1) 

sadac  da  Tavisi argumentebis nebismieri funqciebia. (1) gamo-

saxulebas ewodeba  gantolebis zogadi amonaxsni. 

2. . analogiurad zemoT moyvanili magaliTisa, gvaqvs:  

, amitom . 

3. ganvixiloT pirveli amocanis ganzogadeba. saZebnia ori _  

da  cvladebis  funqcia, romelic akmayofilebs Semdeg ker-

Zowarmoebulebian diferencialur gantolebas: 

,   (1) 

sadac  namdvili an kompleqsuri ricxvebia.GganvixiloT Sem-

degi Cveulebrivi diferencialuri gantoleba: 

0
2

=
∂∂
∂

yx

u

0=







∂
∂

∂
∂

y

u

x y

u
v
∂
∂=

0=
∂
∂
x

v

)(yCv =

y

u
v
∂
∂= ),(yC

y

u =
∂
∂

)()(),( xdyyCyxu ϕ+= 
)(xϕ  = )()( ydyyC ψ

)(yC

)()(),( yxyxu ψϕ +=

ϕ ψ

0
2

=
∂∂
∂

yx

u

0
2

2

=
∂
∂
x

u

0=






∂
∂

∂
∂

x

u

x
)(y

x

u ϕ=
∂
∂  )()(),( yxyyxu ψϕ +=

x

y ),( yxu

0... 0
1

=+
∂
∂++

∂
∂

ua
x

u
a

x

u
a

m

m

m

maaa ,...,, 10
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.   (2) 

Teorema. vTqvaT,  (2) gantolebis wrfivad damouki-

debeli amonaxsnebia. davuSvaT,  nebismieri funqciebia. 

maSin ori cvladis:  

  (3) 

funqcia aris (1) kerZowarmoebulebiani diferencialuri gantolebis 

amonaxsni. 

es Teorema gamosaxuleba (3)-is gantoleba (1)-Si pirdapiri CasmiT 

mtkicdeba. magaliTisaTvis SevamowmoT, rom (3) gamosaxulebis pirveli 

Sesakrebi  marTlac aris (1)-is amonaxsni. Teoremis 

pirobis ZaliT, -saTvis sruldeba toloba , 

saidanac vRebulobT: 

, 

rac amtkicebs, rom  aris (1) gantolebis amonaxsni. 

(3) gamosaxuleba Seicavs  nebismier funqcias, amitom es amo-

naxsni aris zogadi. 

4. . es gantoleba (1)-is kerZo SemTxvevaa. misi Sesabamisi 

Cveulebrivi diferencialuri  gantolebis wrfivad damo-

ukidebeli amonaxsnebia  da . Teorema 1-dan gamom-

dinareobs, rom zogad amonaxsns aqvs saxe: 

, 

sadac  nebismieri funqciebia.  

 5. . movaxdinoT cvladis gardaqmna:  

, , 

0)()(...)( 0
/

1
)( =+++ xzaxzaxza m

m

)(),...,(1 xzxz m

)(),...,(1 yCyC m

)()(...)()(),( 11 yCxzyCxzyxu mm++=

)()(),( 111 yCxzyxu =

)(1 xz  =
=m

k

k
k xza

0

)(
1 0)(

0)()(
0

1
)(

1
0

1 ==
∂
∂ 

==
yCxza

x

u
a

m

k

k
k

m

k
k

k

k

)()(),( 111 yCxzyxu =
m

x

u

x

u

∂
∂=

∂
∂

2

2

0/// =− zz

1)(1 =xz xexz =)(2

)()(),( 21 yCeyCyxu x+=

21,CC

02

2

2

2

=
∂
∂−

∂
∂

y

u

x

u

ξ=+ yx η=− yx
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maSin: 

, 

, 

 

 

da gantoleba miiRebs saxes: 

. 

amrigad, . maSasadame, gantolebis zogad amonaxsns 

aqvs aseTi saxe: 

 

sadac da  nebismieri orjer diferencirebadi funqciebia.  

6. . magaliTi 5-is analogiurad miviRebT amonaxsns 

 sadac ,  nebismieri orjer difere-

ncirebadi funqciebia da  kompleqsuri erTeulia. 

7. 
2 2

2
2 2

0
u u

a
x y

∂ ∂− =
∂ ∂

, sadac ܽ namdvili ricxvia. gadavweroT es 

gantoleba Semdegi saxiT: ൬ ݔ߲߲ + ܽ ൰ݕ߲߲ ൬ ݔ߲߲ − ܽ ൰ݕ߲߲ ݑ = 0.																														(1) 
es gantoleba niSnavs, rom 

డడ௫ − ܽ డడ௬ operatori moqmedebs ucnob ݑ funqciaze. Sedegad, vTqvaT, miiReba ݒ, e.i: ߲ݔ߲ݑ − ܽ ݕ߲ݑ߲ =  (2)																																																	.ݒ

ηξ ∂
∂+

∂
∂=

∂
∂ uu

x

u

ηξ ∂
∂−

∂
∂=

∂
∂ uu

y

u

2

22
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2

2

2

2
ηηξξηξηηξξ ∂
∂+

∂∂
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∂=

∂
∂ uuuuuuuu

x

u

xx

u

2

22

2

2

2

2

2
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∂
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)()( ηξ gfu +=

),()(),( yxgyxfyxu −++=

f g
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∂
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amis Semdeg ݒ funqciaze moqmedebs డడ௫ + ܽ డడ௬ operatori da Sede-
gad gvaqvs 0: ߲ݔ߲ݒ + ܽ ݕ߲ݒ߲ = 0.																																																		(3) 

amrigad, mocemuli meore rigis gantolebis amoxsna daviyvaneT 

ori _ (2) da (3) pirveli rigis gantolebaTa sistemis amoxsnaze: 

۔ۖەۖ
ݔ߲ݑ߲ۓ − ܽ ݕ߲ݑ߲ = ݔ߲ݒ߲ݒ + ܽ ݕ߲ݒ߲ = 0.																																														(4) 

amovxsnaT (4) sistema niSnavs, vipovoT iseTi ݔ)ݑ, ,ݔ)ݒ da (ݕ  (ݕ
funqciebi, romlebic (2) da (3) gantolebebs akmayofileben.  

(4) sistemis meore gantoleba CvenTvis ukve cnobilia (§14.2, ma-

galiTi 7). amitom am gantolebidan vipoviT ݒ funqcias, romelsac 

CavsvamT sistemis pirvel gantolebaSi. Sedgad miiReba pirveli rigis 

araerTgvarovani gantoleba, romlis amonaxsnic iqneba mocemuli gan-

tolebis zogadi amonaxsni. 

gantolebis amoxsnis am meTods ewodeba dekompoziciis meTodi.  

8. gamoviyenoT dekompoziciis meTodi 
2 2

2 2
0

u u

x y

∂ ∂+ =
∂ ∂

 laplasis gan-

tolebisaTvis. ߲ଶݔ߲ݑଶ + ߲ଶݕ߲ݑଶ = 0	 ⇒ 	 ൬ ݔ߲߲ + ݅ ൰ݕ߲߲ ൬ ݔ߲߲ − ݅ ൰ݕ߲߲ ݑ = 0. 
wina magaliTis msgavsad, miviReT gantolebaTa sistema: 

۔ۖەۖ
ݔ߲ݑ߲ۓ − ݅ ݕ߲ݑ߲ = ݔ߲ݒ߲,ݒ + ݅ ݕ߲ݒ߲ = 0. 

aqedan Cans, rom sistemis amonaxsni kompleqsuri funqcia unda iyos. 

rac miuRebelia Cveni miznebisaTvis, Cven veZebT namdvil amonaxsnebs. 

amrigad, aq moyvanil laplasis gantolebis dekompozicias sasurvel 

Sedegamde ver mivyavarT. 
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laplasis gantolebasTan mimarTebaSi mizanSewonilia ganvixiloT 

pirveli rigis wrfiv gantolebaTa sistema, romelic koSi-rimanis gan-

tolebaTa sistemis saxeliTaa cnobili da ase gamoiyureba: 

۔ۖەۖ
ۓ ݔ߲ݑ߲ = ݕ߲ݒ߲ ݔ߲ݒ߲, = ݕ߲ݑ߲− . 

Tu ݔ)ݑ, ,ݔ)ݒ da (ݕ  koSi-rimanis gantolebaTa sistemis orjer (ݕ

uwyvetad warmoebadi amonaxsnebia, maSin isini akmayofileben laplasis 

gantolebas. 

zemoT moyvanili sistemebi SesaZlebelia gadavweroT matriculi 

formiT. kerZod, koSi-rimanis gantolebaTa sistemis matriculi for-

maa Semdegi gamosaxuleba: 

ۈۉ
ۇ ݔ߲߲ − ݕ߲߲ݕ߲߲ ݔ߲߲ ۋی

ቁݒݑቀۊ = 0. 
SemovitanoT aRniSvnebi: 

ु = ۈۉ
ۇ ݔ߲߲ − ݕ߲߲ݕ߲߲ ݔ߲߲ ۋی

ۊ ,						ܷ = ,ݑ)  ,(ݒ
maSin koSi-rimanis gantolebaTa sistema gadaiwereba Semdegi saxiT: ुܷ = 0. ु-s matriculi diferencialuri operatori ewodeba. is SesaZle-

belia iyos nebismieri rigis matrica, romlis elementebia `skalaru-

li~ diferencialuri operatorebi, maT Soris nulovani rigis (mud-

mivi) operatoric. 
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savarjiSoebi damoukidebeli muSaobisaTvis 

1. daadgineT Semdegi gantolebis tipi da miiyvaneT isini kanonikur 

saxeze: 

1) 
2 2 2

6 10 3 02 2
u u u u u

x y x yx y

∂ ∂ ∂ ∂ ∂
− + + − =
∂ ∂ ∂ ∂∂ ∂

 

pasuxi: gantoleba elifsuria; ݑఎఎ(ߟ, (ߦ + ,ߟ)కకݑ (ߦ − ,ߟ)ݑ (ߦ = 0 
2) 

2 2 2
4 4 2 02 2

u u u u

x y yx y

∂ ∂ ∂ ∂
+ + − =
∂ ∂ ∂∂ ∂

 

pasuxi: gantoleba paraboluria; ݑఎఎ(ߟ, (ߦ − ,ߟ)ఎݑ2 (ߦ − ,ߟ)కݑ2 (ߦ = 0 
an 4ݑఎఎ(ߟ, (ߦ − ,ߟ)కݑ2 (ߦ = 0. 

3) 
డమ௨డ௫మ − 4 డమ௨డ௫డ௬ + 5 డమ௨డ௬మ = 0 
pasuxi: gantoleba elifsuria; kanonikuri saxe: 

డమ௨డకమ + డమ௨డఎమ = 0. 
௫௫ݑ (4 + ௫௬ݑ2 + ௬௬ݑ + ݑ4 = 0 

pasuxi: gantoleba paraboluria; kanonikuri saxe: 
డమ௨డఎమ + ݑ = 0. 

௫௫ݑ (5 − ௫௬ݑ2 + ௬௬ݑ2 = 0 
pasuxi: gantoleba elifsuria; kanonikuri saxe: 

డమ௨డకమ + డమ௨డఎమ = 0. 
2. ipoveT gantolebebis tipi da miuTiTeT areze, sadac gantolebis 

tipi ar icvleba: 

ଶݔ (1 డమ௨డ௫మ − ଶݕ డమ௨డ௬మ = 0. pasuxi: gantoleba hiperboluria nebismieri ݔ,  .saTvis-ݕ
ଶݔ (2 డమ௨డ௫మ + ݕݔ2 డమ௨డ௫డ௬ + ଶݕ డమ௨డ௬మ = 0. pasuxi: gantoleba paraboluria 

nebismieri ݔ,  .saTvis-ݕ
ଶݔ (3 డమ௨డ௫మ − ݔ2 డమ௨డ௫డ௬ + డమ௨డ௬మ = 0. pasuxi: gantoleba paraboluria 

nebismieri ݔ,  .saTvis-ݕ
3. gansazRvreT Semdegi gantolebebis tipi mocemul areze: 

ݕ) (1 + 1) డమ௨డ௫మ − 2 డమ௨డ௫డ௬ + ݔ డమ௨డ௬మ − డ௨డ௬ = 0  1 < ݔ < 3, 0 < ݕ < 1 marTkuTxedSi. pasuxi: elifsuri 
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ݕ	(2 డమ௨డ௬మ + ݔ డమ௨డ௫మ + ݔ)2 + (ݕ డమ௨డ௫డ௬ = ଶݔ  0 + ݕ) − 6)ଶ < 1 wreSi. pasuxi: hiperboluri 

ݕݔ2 (3 డమ௨డ௫డ௬ + ଶݔ డమ௨డ௬మ + ଶݕ డమ௨డ௫మ − ݔ డ௨డ௬ + ݕ డ௨డ௫ = |ݔ| 0 < |ݕ| ,1 < 1 kvadratSi. pasuxi: paraboluri 

ݔ) (4 + (ݕ డమ௨డ௫మ + ݔ) − (ݕ డమ௨డ௬మ + ݑݔ = ݔ) 0 − 5)ଶ + ଶݕ < 1 wreSi. pasuxi: elifsuri 

ݔ) (5 + 1) డమ௨డ௫మ − ଶݔ2 డ௨డ௫ + ݕ) − 3) డమ௨డ௬మ + ݑ = 0 0 < ݔ < 1, 0 < ݕ < 1 kvadratSi. pasuxi: hiperboluri 

4. dawereT erT-erTi SesaZlo gardaqmna, romelsac gantoleba mihyavs 

kanonikur saxemde da amowereT gantolebis SesaZlo kanonikuri saxe: 

1) 2 డమ௨డ௫మ − 2 డమ௨డ௫డ௬ + డమ௨డ௬మ = 0. pasuxi: ߦ = ݕ2 + ,ݔ ߟ = elifsuri; డమ௨డకమ ;ݔ + డమ௨డఎమ = ,ߦ)ܨ ,ߟ ,ݑ డ௨డక , డ௨డఎ). 
2)	2 డమ௨డ௫మ − డమ௨డ௫డ௬ − 6 డమ௨డ௬మ = 0. pasuxi: ߦ = ݔ3 − ,ݕ2 ߟ = ݔ2 + 4; 

hiperboluri; 
డమ௨డకడఎ = ,ߦ)ܨ ,ߟ ,ݑ డ௨డక , డ௨డఎ). 

3) 
డమ௨డ௫మ − 10 డమ௨డ௫డ௬ + 25 డమ௨డ௬మ = 0. pasuxi: ߦ = ݔ3 + ,ݕ ߟ = paraboluri; డమ௨డఎమ ;ݔ = ,ߦ)ܨ ,ߟ ,ݑ డ௨డక , డ௨డఎ). 

4) 
డమ௨డ௫మ + ݁ଶ௫ డమ௨డ௬మ + డ௨డ௬ − ݔ డ௨డ௫ = 0. pasuxi: ߦ = ݁௫, ߟ = elifsuri; డమ௨డకమ ;ݕ + డమ௨డఎమ = ,ߦ)ܨ ,ߟ ,ݑ డ௨డక , డ௨డఎ). 

ଶݕ9 (5 డమ௨డ௫మ + ݔ݊݅ݏଶݕ6 డమ௨డ௫డ௬ + ݔଶ݊݅ݏ డమ௨డ௬మ = 0. pasuxi: ߦ = ݔݏܿ + ,ଷݕ ߟ =  ;ݔ
paraboluri; 

డమ௨డఎమ = ,ߦ)ܨ ,ߟ ,ݑ డ௨డక , డ௨డఎ). 
5. miiyvaneT gantolebebi kanonikur saxemde da miuTiTeT Sesabamis 

gardaqmnaze: 

1) 	డమ௨డ௫మ − 6 డమ௨డ௫డ௬ + 8 డమ௨డ௬మ + డ௨డ௫ − 2 డ௨డ௬ = 0. pasuxi: ߦ = ݔ4 + ,ݕ ߟ = ݔ2 + డమ௨డకడఎ ;ݕ − ଵଶ డ௨డక = 0. 
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2) 	డమ௨డ௫మ − 2 డమ௨డ௫డ௬ + 2 డమ௨డ௬మ + డ௨డ௫ − డ௨డ௬ = 0. pasuxi: ߦ = ݔ + ,ݕ ߟ = డమ௨డకమ ;ݔ + డమ௨డఎమ + డ௨డఎ = 0. 
3) 5 డమ௨డ௫మ + 2 డమ௨డ௫డ௬ + 2 డమ௨డ௬మ + 6(డ௨డ௫ − డ௨డ௬) = 0. pasuxi: ߦ = ݔ + ,ݕ ߟ = ݔ − డమ௨డకమ ;ݕ + డమ௨డఎమ + 2 డ௨డఎ = 0. 
ଶݔ (4 డమ௨డ௫మ − ݕݔ6 డమ௨డ௫డ௬ + ଶݕ9 డమ௨డ௬మ + 12 డ௨డ௬ = 0. pasuxi: ߦ = ,ݕଷݔ ߟ = డమ௨డఎమ ;ݕ + ସଷఎ డ௨డఎ = 0. 
ଶݕ4 (5 	డమ௨డ௫మ − డమ௨డ௬మ + ଵ௬ డ௨డ௬ = 0. pasuxi: ߦ = ݔ + ,ଶݕ ߟ = ݔ + ଶ; డమ௨డకడఎݕ = 0. 
6. ipoveT gardaqmna, romelsac gantoleba mihyavs kanonikur saxemde, da-

wereT gantolebis kanonikuri saxe da ipoveT gantolebis zogadi 

amonaxsni: 

1) 
డమ௨డ௫మ + 4 డమ௨డ௫డ௬ − 5 డమ௨డ௬మ + డ௨డ௫ − డ௨డ௬ = 0. pasuxi: ߦ = ݔ + ,ݕ ߟ = ݔ5 − డమ௨డకడఎ ;ݕ + ଵ డ௨డఎ = 0; ݑ	 = ݔ)߮ + (ݕ + ݔ5)߰ − శలೣି݁(ݕ . 

2) 
డమ௨డ௫మ − ݔ݊݅ݏ డమ௨డ௫డ௬ + ݔ݊݅ݏ) − (ݔ݃ݐܿ డ௨డ௫ = 0. pasuxi: ߦ = ,ݕ ߟ = ݕ − డమ௨డకడఎ ;ݔݏܿ − డ௨డఎ = 0; ݑ	 = (ݕ)߮ + ݕ)߰ − ௬݁(ݔݏܿ . 

ݔ4	(3 డమ௨డ௫మ − ݕ డమ௨డ௫డ௬ + 7 డ௨డ௫ = 0. pasuxi: ߦ = ,ସݕݔ ߟ = డమ௨డకడఎ ;ݕ − ଷఎ డ௨డఎ = ݑ ;0 = ଷݕ(ସݕݔ)߮ +  (ݕ)߰
4)	డమ௨డ௫మ − ݔ4 డమ௨డ௫డ௬ + ଶݔ4 డమ௨డ௬మ − డ௨డ௫ − ݔ)2 − 1) డ௨డ௬ = 0.  

pasuxi: ߦ = ଶݔ + ,ݕ ߟ = డమ௨డఎమ ;ݔ − డ௨డఎ = ݑ 	;0 = ଶݔ)߮ + (ݕ + ଶݔ)߰ + ௫݁(ݕ . 
	ݔ (5 డమ௨డ௫మ − ݕ డమ௨డ௫డ௬ + 2 డ௨డ௫ = 0. pasuxi: ߦ = ,ݕݔ ߟ = డమ௨డకడఎ ;ݕ − ଵఎ డ௨డఎ = ݑ 	;0 = ݕ(ݕݔ)߮ +  .(ݕ)߰
ݔ2	(6 డమ௨డ௫డ௬ − ݕ డమ௨డ௬మ − 3 డ௨డ௬ = 0. pasuxi: ߦ = ,ଶݕݔ ߟ = డమ௨డకడఎ ;ݔ − ଵఎ డ௨డక = ݑ 	;0 = ݔ(ଶݕݔ)߮ +  .(ݔ)߰
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7) 
డమ௨డ௫మ − ݔ4 డమ௨డ௫డ௬ + ଶݔ4 డమ௨డ௬మ − ଵ௫ డ௨డ௫ = 0. pasuxi: ߦ = ଶݔ + ,ݕ ߟ = డమ௨డఎమ ;ݔ − ଵఎ డ௨డఎ = 0; ݑ	 = ଶݔ)߮ + ଶݔ(ݕ + ଶݔ)߰ +  .(ݕ

ݔ	(8 డమ௨డ௫డ௬ − ݕ3 డమ௨డ௬మ − 5 డ௨డ௬ = 0. pasuxi: ߦ = ,ݕଷݔ ߟ = డమ௨డకడఎ ;ݔ − ଶఎ డ௨డక = ݑ 	;0 = ଶݔ(ݕଷݔ)߮ +  .(ݔ)߰
ݔ	(9 డమ௨డ௫మ − ݕ డమ௨డ௫డ௬ + 4 డ௨డ௫ = 0. pasuxi: ߦ = ,ݕݔ ߟ = డమ௨డకడఎ ;ݕ − ଷఎ డ௨డక = ݑ ;0 = ଷݕ(ݕݔ)߮ +  .(ݕ)߰
ݔ (10 డమ௨డ௫మ + ݕ డమ௨డ௫డ௬ = 0. pasuxi: ߦ = ௬௫ , ߟ = డమ௨డకడఎ ;ݕ − ଵఎ డ௨డక = ݑ 	;0 = ߮ ቀ௬௫ቁ ݕ +  .(ݕ)߰
7. ipoveT koSis amocanis amonaxsni: 

1) 	 డమ௨డ௫డ௧ + డమ௨డ௧మ = ௧ୀ|ݑ ,0 = 0, డ௨డ௧ |௧ୀ = ݔ− − 1. pasuxi: ݑ = ଵଶ ଶݐ − ݐݔ −  .ݐ
2) 3	 డమ௨డ௫మ + 5 డమ௨డ௫డ௬ − 2 డమ௨డ௬మ + 7(డ௨డ௫ + 2 డ௨డ௬) = ௫ୀ|ݑ ,0 = 1, డ௨డ௫ |௫ୀ =  .ݕ3

pasuxi: ݑ = − ଷ ݁ିళయ௫(ݔ + ݕ3 + 3) + ଵ (16 − ݔ18 +  (ݕ9
3) 	5	 డమ௨డ௫మ + 6 డమ௨డ௫డ௬ + డమ௨డ௬మ + డ௨డ௫ + డ௨డ௬ = ௫ୀ|ݑ ,0 = ,ݕ2 డ௨డ௫ |௫ୀ =   .ݕ5

pasuxi: ݑ = ݁ିభఱ௫(−25ݕ + ݔ5 − 110) + ݕ27 − ݔ27 + 110. 
4) 3	 డమ௨డ௫మ + 2 డమ௨డ௫డ௬ − డమ௨డ௬మ + డ௨డ௫ + డ௨డ௬ = ௫ୀ|ݑ ,0 = ,ݕ2 డ௨డ௫ |௫ୀ =   .ݕ4

pasuxi: ݑ = ݁ିభయ௫(−12ݕ − ݔ4 − 54) + ݕ14 − ݔ14 + 54. 
5) 	4	 డమ௨డ௫మ − 8 డమ௨డ௫డ௬ + 3 డమ௨డ௬మ + 2 డ௨డ௫ − డ௨డ௬ = ௬ୀ|ݑ ,0 = ,ݔ3 డ௨డ௬ |௬ୀ = ݔ2 + 6. 

pasuxi: ݑ = ݁భయ௬(4ݕ + ݔ6 + 24) − ݕ6 − ݔ3 − 24. 
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hiperboluri gantolebebi 

16. koSis amocana simis rxevis gantolebisaTvis 

16.1. talRis gantoleba 

mravali meqanikuri (simis, Reros, membranis da samganzomilebiani obi-

eqtebis rxeva) da fizikuri (eleqtromagnituri rxevebi) amocanebi aRi-

werebian rxevis Semdegi gantolebebiT: 

2
( ) ( , ( ( ) ) ( ) ( , )

2
u

x p x u q x u F x t
t

ρ ∂ = ∇ ∇ − +
∂

,  (1)  

sadac ucnobi ),( txu  funqcia damokidebulia n  sivrcul (Cveuleb-

riv, )3,2,1=n  koordinatebze da t  drois koordinatze. )(xρ , )(xp  

da )(xq  koeficientebi ganisazRvrebian im garemos Tvisebebidan, sadac 

rxeva xdeba, xolo ),( txF  Tavisufali wevri axasiaTebs gare SeSfo-

Tebas. frCxilebi aq ori veqtoris skalaruli namravlia da amrigad:  

( , ( ) ) ( )
1

n u
p x u p x

x xi i i

∂ ∂
∇ ∇ = 

∂ ∂=

 
  
 

. 

pirvel rigSi ganvixiloT erTganzomilebiani simis gantoleba.  

simis mcire ganivi rxeva. (1) gantoleba gamoviyvanoT im SemTxve-

vaSi, rodesac saqme gvaqvs simis mcire ganiv rxevasTan. 

simi ewodeba gaWimul Zafs, romelic ar ewinaaRmdegeba Runvas.  

davuSvaT, ),( ux  sibrtyeze simi irxeva ganivad Tavisi wonasworobis 

mdgomareobidan x  RerZis gaswvriv. simis gadaxra wonasworobis mdgo-

mareobidan x wertilSi drois t  momentSi ),( txu -Ti aRvniSnoT, ase rom, 

),( txu  aris simis mdgomareoba drois t  momentSi. SemovisazRvroT mxo-

lod simis mcire rxeviT, rac niSnavs, rom rigiT xutg ∂∂=α  sidi-

deze mcire sidideebs ugulebelvyofT. radgan simi ar ewinaaRmdegeba 

Runvas, amitom misi daZabulobis ),( txT


 veqtori x  wertilSi drois 

t  momentSi mimarTulia x  wertilSi mxebis gaswvriv. simis nebismieri 
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],[ ba  monakveTi wonasworobidan simis gadaxris Semdeg ar icvlis 

sigrZes Cveni miaxloebis pirobebeSi da amrigad:  

 −≈






∂
∂+=

b

a

abdx
t

u
l

2

1 , 

rac niSnavs, rom, hukis kanonis Tanaxmad, daZabulobis veqtoris 

|),(| txT


 sigrZe mudmivia, e.i. damokidebuli ar aris x -ze da t -ze: 

0|),(| TtxT =


. aRvniSnoT ),( txF -iT im gare Zalis simkvrive, romelic 

drois t  momentSi x  wertilSi moqmedebs da mimarTulia x -is per-

pendikularulad ),( ux  sibrtyeze. davuSvaT, )(xρ  aRniSnavs x  wer-

tilSi simis wrfiv simkvrives. amrigad, xx Δ)(ρ  daaxloebiT aris 

),( xxx Δ+  simis masis elementi.  

davweroT simis moZraobis gantoleba. ),( xxx Δ+  elementze moq-

medeben daZabulobis Zalebi ),( txxT Δ+


, ),( txT


−  da gare Zala, ro-

melTa jami, niutonis kanonis Tanaxmad, tolia am elementis masis da 

misi aCqarebis namravlis. veqtorTa am tolobis proeqcia u  RerZze, 

zemoT Tqmulis gaTvaliswinebiT, gvaZlevs: 

2

2

00 )(),(|)sin(|)sin(
t

u
xxxtxFTT xxx ∂
∂Δ=Δ+−Δ+ ραα .     (2) 

gaviTvaliswinoT tolobebi: 

x

u
tg

tg

tg

∂
∂=≈

+
= )(

)(1

)(
)sin(

2
α

α
αα .   (3) 

(2) gantoleba (3) igiveobebis gaTvaliswinebiT gvaZlevs: 

),(
),(),(1

)( 02

2

txF
x

txu

x

txxu

x
T

t

u
x +





∂
∂−

∂
Δ+∂

Δ
=

∂
∂ρ , 

saidanac, rodesac 0→Δx , viRebT: 

),(
),(

)(
2

2

02

2

txF
x

txu
T

t

u
x +

∂
∂=

∂
∂ρ . 

es aris simis mcire ganivi rxevis gantoleba. rodesac 0≠F , si-

mis rxevas ewodeba iZulebiTi, xolo 0=F  SemTxvevaSi ki _ Tavi-
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sufali. Tu )(xρ  simkvrive mudmivia da ρρ =)(x , simis rxevis gan-

toleba miiRebs saxes: 

f
x

u
v

t

u
x +

∂
∂=

∂
∂

2

2
2

2

2

)(ρ ,  (4) 

sadac ρFf = , ρ0
2 Tv =  mudmivi sidideebia.  

(4) gantolebas ewodeba erTganzomilebiani talRuri gantoleba 

(es gantoleba gamoyvanil da amoxsnil iqna J.l. dalamberis mier 

1743 wels).  

Runvadi Reros mcire gaswvrivi (sigrZivi) rxevis gantoleba. (1) 

saxis gantoleba aRwers agreTve Runvadi Reros mcire gaswvriv rxevas.  

Rero aris cilindruli formis sxeuli, romlis gawelvas (gaWim-

vas) an gaRunvas garkveuli Zala esaWiroeba. es Tviseba asxvavebs Re-

ros simisagan, romelic, rogorc aRvniSneT, ar ewinaaRmdegeba Runvas.  

amrigad, saZiebeli gantoleba Semdegi saxisaa: 

),(2

2

txF
x

u
ES

xt

u
S +








∂
∂

∂
∂=

∂
∂ρ ,  (5) 

sadac )(xS aris Reros gaswvrivi kveTis farTobi da )(xE  aris, eg-

reT wodebuli, iungis moduli x  wertilSi. Tu )(xS , )(xE  da )(xρ  

sidideebi mudmivebia, maSin (5) gantoleba miiyvaneba (4) gantolebam-

de, sadac SFf ρ=  da ρEv =2
. 

axla gamoviyvanoT (5) gantoleba. warmovidginoT Rero, romlis 

ganivi kveTis diametric gacilebiT mcirea, vidre misi sigrZe. davuS-

vaT agreTve, rom Reros erTi bolo damagrebulia, xolo meore ki _ 

Tavisufali. miuxedavad imisa, rom es pirobebi umniSvneloa, koreqtu-

lobis TvalsazrisiT maTi aRniSvna aucilebelia. CavTvaloT agreTve, 

rom Reros ganivi kveTa yvelgan erTi da igivea. Reros RerZi CavTva-

loT wrfed, romelic gadis ganivi kveTebis simZimis centrSi. RerZis 

gaswvriv Reros wertilis koordinati aRvniSnoT x -iT. yovel ganiv 

kveTas Seesabameba Tavisi x  koordinati. realuri Rero samganzomil-

ebiani obieqtia, e.i. garkveuli moculoba aqvs samganzomilebian sivr-

ceSi.Mmagram, Tu Reros ganivi kveTis diametri mis sigrZeze gacile-

biT mcirea, maSin igi Soridan SexedviT aRiqmeba rogorc wrfe. ami-
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tom SesaZlebelia Rero ganxilul iqnes rogorc realuri (materi-

aluri) wrfe, romelsac ar aqvs moculoba, magram aqvs masa. Reros 

masa xelsayrelia mocemul iqnes masis elementis wrfivi simkvrivis 

saxiT, romlis gamoTvlac SesaZlebelia Semdegnairad: Tu )(xS  ganivi 

kveTis farTobia, maSin AB da CD  ganiv kveTebsEBSoris moTavsebuli 

materialuri Reros moculoba gamoiTvleba formuliT: SdxdV = . am 

usasrulod mcire moculobis masa tolia Sdxdm ρ=  sididis, sadac 

ρ aris im masalis masuri simkvrive, romlisganac Reroa damzadebuli. 

realuri Reros modeli wrfea, amitom unda CavTvaloT, rom realuri 

Rerosa da misi modelis masebi erTnairia. aRvniSnoT cρ -Ti Rero-

modelis masis wrfivi simkvrive, maSin dx  elementis masa tolia 

dxdm cρ=  sididis. amrigad, cρ -s gansasazRvravad viRebT Tanadobas 

samganzomilebiani ρ  simkvrivis saSualebiT: 

SSdxdxdm cc ρρρρ === . 

warmovidginoT, rom Reros marjvena mxare daviWireT xelSi, gavWi-

meT igi x  RerZis gaswvriv da Semdeg xeli gavuSviT. naTelia, rom 

Reros wertilebi movlen moZraobaSi da isini rxevas daiwyeben x  Rer-

Zis gaswvriv. Reros aseT rxevas ewodeba gaswvrivi rxevebi. imisaTvis, 

rom Reros rxeva aRvweroT, SemovitanoT ori cvladis ),( txu  funqcia, 

romelic aRwers Reros x  koordinatis mqone wertilebis gadaadgile-

bas drois t  momentisaTvis Reros RerZis gaswvriv. Reros moZraobisas 

drois t  momentSi ganivi AB kveTa gadainacvlebs RerZis gaswvriv 

),( txu  manZilze, ase rom, misi koordinati iqneba ),( txux+ . Reros 

CD  ganivi kveTac agreTve gadaadgildeba da misi koordinata iqneba:  

dx
x

u
txudxxtdxxudxx

∂
∂+++=+++ ),(),( . 

Reros AB da CD  kveTebs Soris manZili drois t  momentSi iqneba: 

[ ] dx
x

u
txuxdx

x

u
dxtxux 





∂
∂+=+−





∂
∂+++ 1),(),( . 

Reros gaswvrivi deformacia ewodeba Reros usasrulod mcire mo-

nakveTebis sigrZis fardobiT cvlilebas. Cvens SemTxvevaSi AB da CD  
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kveTebs Soris dx  sigrZis nazrdi, ukanaskneli formulis Tanaxmad, 

tolia: 

x
u

dx

dxdx
x

u

tx
∂
∂=








 −







∂
∂+

=
1

),(ε  

sididis.  

gamoviyvanoT Reros moZraobis gantoleba. Reros ),( dxxx +  ele-

mentze moqmedebs daZabulobis ),( tdxxT +


, ),( txT


−  Zalebi da gare 

masuri Zala, romelic ganawilebulia Reros sigrZis Sesabamisad da 

icvleba droSi. itxTT


),(=  sidide aris iseTi gazrdili Zalis mo-

deli, romelic moqmedebs Reros im nawilze, romelic moTavsebulia 

x koordinatis mqone wertilis marjvniv Reros im nawilze, rome-

lic mdebareobs x  koordinatis mqone wertilis marcxniv. MaseTi 

Zalis simkvrive drois t  momentSi x  wertilis kveTaSi aRvniSnoT 

itxFF


),(= -iT. Tu 0),( >txT , maSin ),( txT -s ewodeba gaWimva, xo-

lo, Tu 0),( <txT , maSin _ SekumSva. Yyvela am Zalebis jami, niutonis 

kanonis Tanaxmad, toli unda iyos ganxiluli elementis masis namrav-

lisa aCqarebaze. yovelive zemoT Tqmulis safuZvelze vwerT: 


∂
∂=+−+

2

2

)()(),(),(),(
t

u
dxxSxdxtxFtxTtdxxT ρ  


∂
∂=+

∂
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u
dxxSxdxtxFdx

x

T ρ   (6) 

2

2

)()(),(
t
u

xSxtxF
x
T

∂
∂=+

∂
∂ ρ . 

ukanaskneli gantoleba Seicavs or ucnob, itxTT


),(= da ),( txu  fu-

nqciebs, amitom amocanis amosaxsnelad saWiroa damatebiTi pirobebi. Cven 

vixilavT mcire gaswvriv rxevas, amitom damatebiT pirobad CavTvliT 

hukis kanons, romlis Tanaxmad, Zala gadaadgilebis proporciulia: 

x

u
ESEStxT
∂
∂== ε),( ,  (7) 

sadac proporciulobis ES koeficients ewodeba Reros sixiste. (7) 

Tanadobas ewodeba ganmsazRvreli gantoleba an drekadobis Tanadoba, 
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romelic samarTliania mxolod drekadi Reros mcire ε  deformaciis 
SemTxvevaSi. CavsvaT (7) gamosaxuleba (6)-Si, miviRebT (5) gantolebas.  

membranis mcire ganivi rxevis gantoleba. membrana ewodeba Txel, 

brtyel, drekad, uWimav afsks. am paragrafSi gamoviyvanT membranis 

mcire ganivi rxevis Semdeg gantolebas: 

),()( 2
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2
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txF
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u
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u
T
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u
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∂
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∂
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∂
∂ρ , ),( 21 xxx = .  (8) 

Tu ρ simkvrive mudmivia, maSin membranis rxevis gantoleba miiRebs 

aseT saxes: 

),(2
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∂
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∂
∂

, 
ρ

02 T
v = , 

ρ
F

f = ,  (9) 

romelsac ewodeba organzomilebiani talRuri gantoleba.  

gamoviyvanoT (8) gantoleba. ganvixiloT iseTi membranis mcire ga-

nivi rxeva, romelSic gadaadgileba moxdeba membranis sibrtyis marTo-

bulad. membranis sibrtyis aRsaniSnavad gamoviyenebT Oxy sakoordi-

nato sibrtyes. davuSvaT, ),,( tyxu  gadaadgilebis sididea drois t  

momentSi ),( yx  wertilidan. rxevis simciris kriteriumad aviRebT:  

1
2

<<






∂
∂

x

u , 1
2

<<







∂
∂

y

u  

pirobebs. vTqvaT, ds  romelime rkalis elementia, am elementze moq-

medebs daZabulobis dsT


 Zala. membranis drekadobis pirobidan gamom-

dinareobs, rom daZabulobis T

 veqtori mdebareobs M  membranis mxeb 

sibrtyeSi da marTobulia ds  elementisa, xolo membranis gadaadgi-

lebis mimarT invariantulobidan ki gamomdinareobs, rom daZabuloba 

am wertilSi damokidebuli ar aris ds elementis mimarTulebaze. sim-

ciris pirobidan gamomdinareobs, rom: 1) daZabulobis T

 veqtoris prT  

proeqcia ),( yx  sibrtyeze tolia T -si, 2) T  daZabuloba damokide-

buli ar aris t  droze. marTlac, )cos(αTTpr = , sadac α  aris kuTxe 
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),( yx  sibrtyesa da T

 veqtors Soris. magram α  kuTxe ar aRemateba 

membranis mxeb sibrtyesa (romelSic Zevs T

 veqtori) da ),( yx  

sibrtyes Soris γ  kuTxes: γα ≤ . aqedan gvaqvs: 

1

1

1
)cos()cos(

22
≈









∂
∂+







∂
∂+

=≥

y

u

x

u
γα . 

maSasadame, 1)cos( ≈α  da amrigad, TTpr ≈ . ganvixiloT membranis 

SeuSfoTebeli ubani. misi farTobi 
S

dxdy -s tolia, xolo drois t  

momentSi am aris farTobi iqneba:  ≈
SS

dxdy
dxdy

)cos(γ
. es niSnavs, rom 

membranis fiqsirebuli aris farTobi droze damokidebuli ar aris, 

anu es ubani ar iweleba. Aamitom, hukis kanonis Tanaxmad, ar icvleba 

agreTve T . radgan T

 veqtori mimarTulia rkalis ds  elementis mar-

Tobulad, T  damokidebuli ar aris yx,  koordinatebze. ganvixiloT 

membranis iseTi elementi, romlisTvisac ),,( uyxN  Sua wertilia. am 

elementze, garda daZabulobis T

 Zalisa, moqmedebs agreTve zedapi-

ris erTeulovan farTobze ganawilebuli datvirTva ),,( tyxρ , rome-

lic membranis zedapiris marTobulia. Tanabrad moqmedi gare Zalebi 

toli iqneba dxdytyxq ),,(  sididis, xolo Tanabrad moqmedi daZabu-

lobis Zala iqneba: 

=
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u
Tdx
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u
Tdy  

dxdy
y

u
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u
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u
Tdxdx
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u
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∂
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2

2

. 

aRvniSnoT ),( yxρ -iT membranis zedapiruli simkvrive (simkvrive 

farTobis erTeulze). maSin membranis ganxiluli elementis masa iqneba 

dxdyyx ),(ρ . amrigad, niutonis kanonis Tanaxmad gveqneba gantoleba: 
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∂
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∂
∂

, ρTv = . 

v  sidides aqvs siCqaris ganzomileba. is axasiaTebs rxevis gavrce-

lebis siCqares. kerZo SemTxvevaSi SesaZlebelia 0),,( =tyxρ  tolo-

ba. am dros viRebT membranis Tavisufali rxevis Semdeg gantolebas: 
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∂
∂=

∂
∂
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2
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y

u

x

u

t

u

v
. 

yvela dahkvirvebia simis rxevas da icis, rom TiToeuli maTgani 

specifikur, gansxvavebul xmas gamoscems. es niSnavs, rom yoveli simi 

individualur midgomas moiTxovs. simis rxevis ramdenime maTematiku-

ri modeli arsebobs. isini erTmaneTisagan maTematikur modelSi Cade-

buli pirobebiT gansxvavdebian. zemoT miRebuli gantoleba yvelaze 

martivi da, amave dros, universaluria, radgan aRwers mcire rxeviTi 

procesebis sakmaod farTo klass. maT Soris: Txeli Reros ganiv da 

grexviT rxevebs, eleqtrul rxevebs wredSi, erTgvarovan garemoSi 

eleqtromagnitur rxevebs, mcire talRebs siTxeSi da wylis zedapir-

ze. am CamonaTvaliT ar amoiwureba is fizikuri procesebi, romlebic 

talRuri gantolebiT aRiwereba.  

simis rxevis gantolebis gamoyvanis dros davuSviT, rom rxeva 

mcirea, rac gamoixateba daaxloebiT tolobaSi: αα tg≈sin . bunebri-

via vikiTxoT, rodis aris SesaZlebeli aseTi miaxloebis daSveba? Se-

gaxsenebT, rom α  aris is kuTxe, romelsac simis mxebi adgens hori-

zontalur RerZTan. gamoviyenoT formula: 







 +≈+= ααααα 22

2

1
1sin1sin tgtgtg . 

rodesac 
20

πα = , rac Seesabameba 
8 , gvaqvs: 01.0

202

1 2 =





 πtg , gar-

da amisa, 
8 -ze naklebi kuTxeebisaTvis utolobaSi 1

2

1
1 2 ≈+ αtg  Sec-
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doma ar aRemateba erT procents. praqtikaSi wrfivi miaxloeba iTv-

leba damakmayofileblad 
16 -ze naklebi kuTxeebisaTvis. musikalur ins-

trumentebSi gadaxris kuTxe gacilebiT naklebia zemoT miTiTebul da-

saSveb sidideze, amitom musikaluri instrumentebis simis rxevis Teo-

ria dafuZnebulia talRur gantolebaze. talRuri gantoleba sakmaod 

efeqturad gamoiyeneba SaxtebSi liftebis amwevi trosebis rxevis 

Sesaswavladac.  

amrigad, simis (4) (erTganzomilebian SemTxvevaSi) da membranis (8) 

(organzomilebian SemTxvevaSi) rxevis gantolebebs erTi da igive saxe 

aqvT da isini (1) zogadi gantolebis kerZo SemTxvevebia. (4) da (8) 

gantolebebi hiperboluri tipis gantolebebia. isini Cawerilia kano-

nikuri saxiT. rogorc viciT, hiperbolur gantolebebs ori SesaZlo 

kanonikuri saxe aqvT. (4) da (8) erTi da imave saxisaa (isini ar Sei-

caven Sereul warmoebulebs). am saxis hiperbolur gantolebebs, miRe-

bulia, ewodos talRis gantolebebi. talRis gantolebis ganzomileba 

ganisazRvreba masSi Semavali `sivrciTi~ cvladebis raodenobis mixe-

dviT (droiTi ݐ cvladi calkea gamoyofili). amrigad, (4) da (8), 

Sesabamisad, arian erT- da organzomilebiani talRis gantolebebi.  

16.2. usasrulo simi 

davadgineT talRis _  

 

gantolebis tipi da aRvniSneT, rom igi meore rigis kvaziwrfivi ker-

Zowarmoebulebiani gantolebis klasifikaciis mixedviT aris hiperbo-

luri. wina paragrafis aRniSvnebiT: ܣ = ܥ ,1 = −మଶ ܤ , = 0, amitom ܥܣ − ଶܤ = −మଶ < 0. axla vnaxavT, rom misi amonaxsni:  

  (1) 

moicema ori nebismieri  funqciebis jamis saxiT, romelsac dalam-

beris formula ewodeba. gantolebis amonaxsnis ganmartebis Tanaxmad, 

misi CasmiT gantolebaSi unda miviRoT igiveoba, magram dalamberis 

formuliT mocemuli amonaxsnis Casasmelad talRur gantolebaSi sa-

xxtt uau 2=

)()(),( atxatxtxu −++= ψϕ

ψϕ,
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Wiroa, rom  iyos orjer uwyvetad warmoebadi, rac, Tavis mxriv, 

 funqciebisaTvis am pirobis dakmayofilebas niSnavs. miuxedavad 

amisa, dalamberis formulas azri aqvs araaucileblad warmoebadi 

funqciebisaTvis. am SemTxvevaSi  iqneba 

e.w. ganzogadebuli amonaxsni. amgvari amonaxsni zogjer saWiroa rea-

luri procesebis aRweris dros.  

dalamberis formulidan simis rxevis gantolebis mravali amonax-

sni miiReba  funqciebis SerCevis xarjze. realuri amocanis amo-

xsnis dros ki mxolod erTi amonaxsnia saWiro. imisaTvis, rom amona-

xsnTa usasrulo simravlidan konkretuli amonaxsni iqnes gamoyofi-

li, saWiroa, amonaxsns davadoT damatebiTi pirobebi, romlebic aseve 

mravalia amocanis fizikuri bunebidan gamomdinare. maTematikurad yve-

laze martivia amocana sawyisi pirobiT, romelsac sxvanairad koSis 

amocanac ewodeba da ase gamoiyureba: 

, , .  (2) 

zemoT moyvanil sasazRvro pirobebSi  da  funqciebi iTvle-

bian cnobilad. amasTan, ݐ-s ewodeba sawyisi gadaxra, xolo ݃-s ki saw-
yisi siCqare. isini asaxaven simis mdgomareobas da yoveli wertilis 

siCqares drois sawyis momentSi. koSis amocanis dasma gamarTlebulia, 

Tu simi sakmaod grZelia da rxeva Seiswavleba sadRac SuaSi. amrigad, 

igulisxmeba, rom simis boloebi rxevis procesze gavlenas ver axde-

nen. koSis amocanis amonaxsni iwereba mocemuli  da  funqciebis 

saSualebiT. radgan saZiebeli funqcia akmayofilebs simis rxevis gan-

tolebas, amitom igi SesaZlebelia (1) saxis tolobiT iqnes warmod-

genili. gamovTvaloT misi kerZo warmoebuliT, ݐ-Ti: 
, 

Semdeg am ukanasknelsa da (1)-Si CavsvaT . gamoviyenoT (2)-is da-

matebiTi pirobac da miviRebT: 

, . 

),( xtu

ψϕ,

)()(),( atxatxtxu −++= ψϕ

ψϕ,

2
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∂
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ukanaskneli toloba gadavweroT Semdegi saxiT: 

, . 

sabolood miviRebT:  

, , 

saidanac ganisazRvrebian ߮ da ߰ funqciebi: 
1 1

2
f G

a
ϕ = + 

 
 

, 
1 1

2
f G

a
ψ = + 

 
 

. 

CavsvaT miRebuli gamosaxulebebi dalamberis (1) formulaSi da 

gveqneba: 

.  (3) 

am tolobaSi ukanaskneli sxvaoba aris  funqciis  pir-

velyofilis nazrdi, romelic SesaZlebelia niuton-leibnicis formu-

liT gamovsaxoT, rogorc gansazRvruli integrali (e.i. ݔ)ܩ + (ݐܽ ݔ)ܩ− − − (ݐܽ =  ௫ା௧௫ି௧ݏ݀(ݏ)݃ ) da miviRebT: 

.  (4) 

amonaxsnis amgvar warmodgenas ewodeba dalamber-eileris formula. 

es formula miRebulia koSis amocanis amonaxsnis arsebobis daSvebi-

dan. Tu arsebobs koSis amocanis meore amonaxsnic, maSin isic auci-

leblad (4) saxiT warmoidgineba. imis Sesamowmeblad, rom (4) formu-

liT mocemuli funqcia marTlac warmoadgens (2) amocanis amonaxsns, 

saWiroa ݐ)ݑ,  CavsvaT gantolebaSi da (gansazRvruli (4) formuliT) (ݔ

SevamowmoT sasazRvro pirobebi, risi gakeTebac Zneli ar aris. aRmoC-

ndeba, rom -s unda movTxovoT orjer uwyvetad diferencirebadoba, 

xolo -s ki _ uwyvetad diferencirebadoba.  

)(
1

)()( xG
a

xx =−ψϕ = dxxgxG )()(

)()()( xfxx =+ψϕ )(
1

)()( xG
a

xx =−ψϕ

[ ] [ ])()(
2

1
)()(

2

1
),( atxGatxG

a
atxfatxfxtu −−++−++=

)(xg )(xG

[ ] 
+

−

+−++=
atx

atx
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a

atxfatxfxtu )(
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1
)()(

2

1
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ganmarteba:  funqcias ewodebaa (2) koSis amocanis klasi-

kuri amonaxsni, Tu mas aqvs uwyveti pirveli da meore rigis kerZo 

warmoebulebi  areSi da -ze akmayofi-

lebs simis rxevis gantolebas. garda amisa, uwyveti da uwyvetad di-

ferencirebadia -s mimarT  Caketil simravleze da akmayofilebs 

sasazRvro pirobebs.  

am ganmartebis gaTvaliswinebiT zemoT moyvanili msjeloba Sejame-

bulia Semdeg TeoremaSi. 

Teorema 1. davuSvaT, orjer uwyvetad diferencirebadia nebis-

mieri -saTvis, xolo uwyvetadAdiferencirebadia. maSin koSis 

(2) amocanas aqvs erTaderTi klasikuri amonaxsni. es amonaxsni moi-

cema dalamber-eileris (4) formuliT.  

amocana 1. amovxsnaT koSis amocana: 

, , . 

amoxsna: aq , amitom (12) formula miiRebs 

saxes:  

. 

miviReT parabolebis ojaxi. simis mdgomareoba drois  mo-

mentebisaTvis gamosaxulia nax. 1-ze. SevniSnoT, rom parabolis wveros 

aCqarebul moZraobas aqvs adgili -s gazrdasTan erTad. aseTi yofa-

qceva damaxasiaTebelia magrad moWimuli mSvildis larisaTvis.  

 
nax. 1 

),( xtu

{ } 21,0|),( RR ⊂∈>=Ω xtxt Ω

t Ω

)(xf
1R∈x )(xg

xxtt uu = 2
0| xu t == 0| 0==ttu

0)(,)(,1 2 === xgxxfa

[ ] 2222 )()(
2

1
),( txtxtxxtu +=−++=

3,2,0=t

t
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amocana 2. amovxsnaT koSis amocana: 

, , . 

amoxsna: am SemTxvevaSi . aqedan . 

gamosaxuleba (12)-dan vRebulobT amocanis amonaxsns: 

. 

es ukanaskneli aris  parametrze damokidebuli wrfeTa ojaxi. 

simis mdgomareoba drois sxvadasxva momentisaTvis  gamosaxu-

lia nax. 2-ze. simi brunavs koordinatTa saTavis garSemo, rogorc 

myari tani.  

 

nax.2 

amocana 3. amovxsnaT koSis amocana: 

, , . 

amoxsna: am amocanisaTvis  da (3) for-

mula mogvcems:  

. 

simis nawili drois sxvadasxva momentisaTvis,   naCve-

nebia nax.3-ze. naxazidan Cans, rom simis rxeva eTanadeba adamianis war-

mosaxvas simis rxevaze. 

xxtt uu 4= 0| 0==tu xu tt ==0|

xxgxfa === )(,0)(,2
2

)(
2x

xG =

[ ] xttxtxxtu =−−+= 22 )2()2(
8

1
),(

t
3,2,1=t

xxtt uu = xu t sin| 0== 0| 0==ttu

0)(,sin)(,1 === xgxxfa

[ ] txtxtxxtu cossin)sin()sin(
2

1
),( =−++=

,0=t ,2=t
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nax. 3 

amocana 4. amovxsnaT koSis amocana: 

, , . 

amoxsna: aq , amitom . (3) 

formulis Tanaxmad gvaqvs: 

. 

argumenti  miuTiTebs imaze, rom geometriulad (nax. 4.  

) moxda funqciis Zvra  RerZis gaswvriv -s toli sididiT.  

 

nax.4 

amrigad, simi gadaadgildeba  RerZis gaswvriv da qmnis morbe-

nali talRis imitacias.  

sasargebloa naxoT zemoT moyvanili procesebis dinamikuri suraTi 

Maple-s gamoyenebiT. magaliTad, morbenal talRas miiRebT Maple-ze 

Semdegi erTstriqoniani programis gaSvebiT (programa faqtobrivad 

erTi brZanebaa _ animate):> animate(plot,[sin(x+t),x=-5..5],t=0..5). 

xxtt uu = xu t sin| 0== xu tt cos| 0==

xxgxxfa cos)(,sin)(,1 === xxG sin)( =

[ ] [ ] )sin()sin()sin(
2

1
)sin()sin(

2

1
),( txtxtxtxtxxtu +=−−++−++=

tx+ ,0=t

2=t Ox t

Ox
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16.3. morbenali talRa 

ganvixiloT: ݑ௧௧ = ܽଶݑ௫௫ 
simis rxevis gantolebis geometriuli struqtura. rogorc aRvniSneT, 

am gantolebis zogadi amonaxsni aseTia: ݐ)ݑ, (ݔ = ݔ)߮ + (ݐܽ + ݔ)߰ −  (1)  ,(ݐܽ

sadac ߮ da ߰ nebismieri funqciebia. 
ganvixiloT ukanaskneli ߰(ݔ − ݔ Sesakrebi. igi damokidebulia (ݐܽ −  damoukidebeli cvladebisagan ݐ da ݔ	− sidideze, romelic ori ݐܽ

Sedgeba. Tu mas mudmivad CavTvliT, e.i., Tu ݔ − ݐܽ = ܿ, sadac ܿ nebis-
mieri mudmivia, maSin (ݔ,  ܿ .sibrtyeze miviRebT wrfis gantolebas (ݐ
mudmivis sxvadasxva mniSvnelobisaTvis gveqneba wrfeTa ojaxi (nax.1).  

 

nax. 1 

fiqsirebul ݔ − ݐܽ = ܿ wrfeze ߰ funqcia mudmivia, radgan ߰(ݔ − (ݐܽ = ߰(ܿ).Aeseni arian simis rxevis gantolebis maxasiaTebeli 

wrfeebi. maTi saSualebiT martivad xdeba ߰(ݔ − ,߰ grafikis ageba (cvladis ݐ da ݔ	− ori) funqciis (ݐܽ ,ݔ  sakoordinato sistemis mqone ݐ
samganzomilebian sivrceSi (romelic, cxadia, iqneba zedapiri). CavTva-

loT, rom, rodesac ݐ = 0, cnobilia ߰(ݔ) funqciis grafiki. davafiqsi-
roT ݔ = ܿ da gavataroT masze (ݔ, ݔ sibrtyeSi gantolebis (ݐ − ݐܽ = ܿ 
maxasiaTebeli wrfe. Aam wrfis gaswvriv ߰ funqcia mudmivia, rac niS-
navs, rom ߰(ݔ −  zedapirze mdebareobs wrfe, romelic Sesabamis (ݐܽ
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maxasiaTebel wrfeze proeqtirdeba, anu ߰(ݔ)-is grafiki gadaitaneba 
aRniSnuli wiris gaswvriv, rogorc myari konstruqcia, romelic for-

mas ar icvlis (es SemTxveva ganvixileT wina paragrafis magaliTebSi). 

amis gamo, miRebulia Semdegi saxelwodebebi: ߰(ݔ − -s ewodeba pir-(ݐܽ
dapiri talRa, ݔ − ,ݔ) ,s _ talRis faza, ܽ-s _ fazuri siCqare-ݐܽ  (ݐ
sibrtyes ki _ fazuri sibrtye. 

naTelia, rom zemoT moyvanili msjeloba samarTliania ߮(ݔ +  (ݐܽ
SesakrebisaTvis. ݔ + ݐܽ = ܿ maxasiaTebeli wrfe ܿ-s sxvadasxva mniSv-
nelobisaTvis moyvanilia nax. 2-ze. 

 

Nnax. 2 ߮(ݔ + -s ewodeba Sebrunebuli talRa, radgan igi gadaadgil-(ݐܽ

deba marcxniv (formis Seucvlelad) ܱݔ RerZis gaswvriv (ݐ-s cvli-

lebis dros. ixile nax.3).  

 
nax. 3 
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yovelive zemoT Tqmuli msjeloba mivusadagoT dalamberis for-

mulas, romelic, rogorc aRvniSneT, koSis amocanis amonaxsnia simis 

gantolebisaTvis. fazur sivrceSi davafiqsiroT ݔ)ܯ,  .) wertiliݐ

am wertilSi gaivlis ݔ − ݐܽ = ܿଵ, ݔ + ݐܽ = ܿଶ   (2) 

maxasiaTebeli wrfeebi, romlebic ܱݔ RerZs gadakveTen Pܲ da ܳ wer-
tilebSi. ܲܳܯ samkuTxeds, romelic SemosazRvrulia (2) gantole-

biT mocemuli wrfeebiT da ܱݔ RerZis nawiliT, ewodeba maxasiaTebe-

li, ܲܳ monakveTs ki _ (ݔ,   .) wertilis damokidebulebis monakveTiݐ

  
nax. 4 ܲ da ܳ wertilebis koordinatebis sapovnelad vawarmooT 

Semdegi msjeloba. ܯ wertili (2) wrfeebis gadakveTis wertilia, 

amitom misi koordinatebi akmayofileben orives (2) gantolebebidan: ݔ − ݐܽ = ܿଵ, ݔ + ݐܽ = ܿଶ, rac migviyvans gantolebebamde: ݔ − ݐܽ = ݔ − ,ݐܽ ݔ + ݐܽ = ݔ +  .   (3)ݐܽ

Tu (3)-Si CavsvamT ݐ = 0, miviRebTPܲ da ܳ wertilebis koordi-

natebs: ܲ(ݔ, 0) = ݔ) − ,ݐܽ 0), ,ݔ)ܳ 0) = ݔ) + ,ݐܽ 0). 
aqedan, dalamberis formulis gamoyenebiT viRebT (ݔ, -) wertilݐ

Si ݔ)ݑ, ,ݔ)ݑ :) funqciis mniSvnelobasݐ (ݐ = 12 ൫݂(ݔ + (ݐܽ + ݔ)݂ − )൯ݐܽ + 12ܽන ௫బା௧బ௫బି௧బݏ݀(ݏ)݃ . 
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CavsvaT am formulaSi sibrtyis wertilebi maTi koordinatebis 

nacvlad da integrali aviRoT ܲܳ monakveTze: 
(ܯ)ݑ = 12 ൫݂(ܲ) + ݂(ܳ)൯ + 12ܽන ொݏ݀(ݏ)݃ . 

amrigad, imisaTvis, rom miviRoT koSis amocanis amonaxsni simis 

rxevis gantolebisaTvis fiqsirebul ܯ wertilSi, sakmarisia ݂(ݔ) 
funqciis mniSvnelobebis codna or _ ܲ da ܳ wertilebSi, xolo ݃(ݔ)-isa ki ܲܳ monakveTze. amasTan, ܲ da ܳ wertilebi arian ܯ wer-

tilze gamavali maxasiaTebeli wrfeebis ܱݔ RerZTan gadakveTis wer-
tilebi.  

zemoT moyvanili geometriuli suraTi saSualebas iZleva grafiku-

lad amovxsnaT simis rxevis gantoleba. gantolebis amoxsnis am gzas 

morbenali (mrboli) talRis meTodi ewodeba. 

davuSvaT, mocemulia ψ(x) funqcia. ψ(x − at) funqciis grafiki 
fiqsirebuli drois t momentSi miiReba ψ(x) funqciis grafikis ZvriT 
marjvniv Ox RerZis gaswvriv at sididiT. analogiurad, φ(x + at) 
funqciis grafiki miiReba φ(x) funqciis grafikis ZvriT at sididiT Ox RerZis gaswvriv marcxniv. ZvrebiT miRebuli orive grafikis jami 

aris simis rxevis gantolebis amonaxsni, romelic Seesabameba (1) for-

muliT miRebul amonaxsns. realuri amonaxsnis asagebad saWiroa Semo-

vifargloT drois calkeuli momentebisaTvis.  

imisaTvis, rom visargebloT morbenali talRis meTodiT, aucile-

belia sawyisi φ(x) da ψ(x) funqciebis codna. gavixsenoT, rom: 
φ(x) = ଵଶ ቀf + ଵୟ Gቁ, ψ(x) = ଵଶ ቀf − ଵୟ Gቁ, G(x) =  g(s)ds୶ .   (4) 

es formulebi martivdeba, rodesac erT-erTi mocemuli funqci-

idan, magaliTad, g(x) igivurad nulia. miviRebT φ(x) =ψ(x) = ଵଶ f(x). 
xolo, rodesac f(x) ≡ 0, gveqneba φ(x) = ଵଶୟ G(x) = −ψ(x). 

gavaerTianoT zemoT moyvanili argumentebi Semdegi procedurebis 

mimdevrobaSi da CamovayaliboT morbenali talRis meTodi algoriT-

mis saxiT. pirvel rigSi, gamovTvaloT φ(x) da ψ(x) funqciebi (4) 
formulebis gamoyenebiT. davafiqsiroT t da movaxdinoT φ(x) fun-
qciis marcxniv Zvra Ox RerZis gaswvriv at sididiT. ψ(x) funqciis 
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Zvra movaxdinoT marjvniv Ox-is gaswvriv at sididiT. miviRebT 

φ(x + at) da ψ(x − at) funqciebis grafikebs, romlebsac SevkrebT. 

Sedegad ki miviRebT drois fiqsirebul t momentSi saZiebeli	u(x, t) 
funqciis grafiks.  

moyvanili konstruqcia gansakuTrebiT sasargebloa maSin, rode-

sac sawyisi monacemebi grafikuladaa mocemuli. 

amocana 1. amovxsnaT koSis amocana: ݑ௧௧ = ௧ୀ|ݑ ,௫௫ݑ = ,(ݔ)݂ ௧|௧ୀݑ = 0, 
sadac ݂(ݔ) mocemulia nax. 5-ze. 

 

nax. 5 

amoxsna: radgan ݃ = 0, amitom ߮ = ߰ = ଵଶ ݂. SesaZlo amonaxsnis 

grafikebi mocemulia nax.6. da nax. 7-ze.  

 
nax. 6 
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nax. 7 

16.4. SemosazRvruli simis rxeva 

koSis ukve ganxiluli amocana simis gantolebisaTvis dasmuli 

iyo im daSvebiT, rom simi usasrulod grZelia. realurad saWiroa Ses-

wavlil iqnes sasruli sigrZis simis rxeva. magaliTad, Tu simis bo-

loebi damagrebulia da igi  RerZis gaswvriv  monakveTs ika-

vebs, maSin simis Tavisufali rxevis amocana aris: 

xxtt uau 2= , lx <<0 , 0>t ,    (1) 

)(| 0 xfu t == , 0| ( )t tu g x= = , lx ≤≤0 ,  (2) 

0| 0==xu , 0| ==lxu , 0≥t .   (3) 

(2) pirobas ewodeba sawyisi, xolo (3)-s ki _ sasazRvro. sazoga-

dod, (1)-(3) ewodeba Sereuli amocana. am amocanis amosaxsnelad damu-

Savebulia specialuri meTodi, romelic misi pirvelaRmomCenis furies 

meTodis saxeliTaa cnobili. furies meTodis sxvagvari saxelwodebaa 

cvladTa gancalebis meTodi. meTodis arsi mdgomareobs amonaxsnis 

warmodgenaSi ori funqciis namravlis saxiT, romelTagan TiToeuli 

erTi cvladis funqciaa: .  

vipovoT  da  kerZo warmoebulebi. 

CavsvaT isini simis (1) gantolebaSi da miviRebT: 

. 

Ox ],0[ l

)()(),( xXtTxtu =

)()(// xXtTutt = )()( // xXtTuxx =

)()()()( //2// xXtTaxXtT =
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am gantolebis orive mxare gavyoT  da gveqneba: 

.  (4) 

(4) tolobis marcxena mxareSi aris -ze damokidebuli funqcia, 

xolo marjvena mxareSi ki _ -ze damokidebuli.  

lema 1. toloba , sadac  damoukidebeli cvlade-

bia, romlebic icvlebian, Sesabamisad,  da  intervalebze, 

xolo  TavianTi argumentebis uwyveti funqciebia, sruldeba ma-

Sin da mxolod maSin, rodesac orive funqcia raime erTisa da imave 

mudmivis tolia.  

damtkiceba elementarulia. marTlac, davafiqsiroT , vTqvaT . 

miviRebT . analogiurad, Tu davuSvebT, rom , 

miviRebT , amiT lema damtkicebulia.  

davubrundeT (4) tolobas. gamoviyenoT zemoT moyvanili lema da 

es mudmivi aRvniSnoT . amrigad:  

,  

tolobebidan miviRebT or gantolebas: 

,  (5) 

.  (6) 

amrigad, cvladebis gancalebis Semdeg, erTi kerZowarmoebulebiani 

diferencialuri gantolebis magivrad miviReT ori damoukidebeli, 

erTsa da imave parametrze damokidebuli Cveulebrivi diferencialuri 

gantoleba. parametri, romelsac gantolebebi Seicaven, ucnobia da di-

ferencialuri gantolebebis amonaxsnTan erTad saWiroa misi povnac.  

gavixsenoT (3) sasazRvro piroba. CavsvaT masSi dasaSvebi struq-

turis mqone  amonaxsni. miviRebT Semdeg tolobebs: 

,  (7)   

.   (8) 

)()(2 xXtTa

)(

)(

)(

)(1 ////

2 xX

xX

tT

tT

a
=

t
x

)()( xt ψϕ = xt,

],0[ τ ],0[ l

ψϕ,

x 0=x

constt == )0()( ψϕ 0=t

constx == )0()( ϕψ

2λ−

2
//

2 )(

)(1 λ−=
tT

tT

a
2

//

)(

)( λ−=
xX

xX

0)()( 2// =+ xXxX λ

0)()( 22// =+ tTatT λ

)()(),( tXtTxtu =

0)0()(|)()(| 00 === == XtTxXtTu xx

0)()(|)()(| === == lXtTxXtTu lxlx
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toloba (7) sruldeba mxolod maSin, rodesac , xolo (8) 

ki, rodesac , radgan winaaRmdeg SemTxvevaSi miviRebT, rom 

, rac amocanis pirobas ewinaaRmdegeba. amrigad, (5) diferenci-

alur gantolebas vumatebT sasazRvro pirobebs  da . 

ase rom, sabolood vRebulobT sasazRvro amocanas sakuTrivi mniSvne-

lobisaTvis: 

, ,  (9) 

aseTi amocanis amoxsnis meTodi CvenTvis ukve cnobilia. (9) dife-

rencialuri gantolebis maxasiaTebel gantolebas  aqvs ori 

warmosaxviTi fesvi da diferencialuri gantolebis zogad amonaxsns 

aqvs saxe: , sadac  nebismieri mudmi-

vebia. gamoviyenoT  sasazRvro piroba da miviRebT . ase 

rom, gvrCeba mxolod erTi Sesakrebi , romlis Casmis 

Semdeg  sasazRvro pirobaSi mivdivarT  gantolebamde. 

aqedan vpoulobT ,  romelTa kvadratebi adgenen 

(9) amocanis speqtrs. -is yovel mniSvnelobas Seesabameba amonaxs-

nebi ,  romlebic damokidebulni arian 

nebismier  mudmivebze. gadavideT (6) gantolebaze. isic analogiurad 

ixsneba. maxasiaTebeli  gantolebis fesvebia , xo-

lo zogadi amonaxsni warmoidgineba  saxiT. 

 parametris mniSvneloba Cven ukve vipoveT da viciT, rom . 

CavsvaT igi  funqciaSi da miviRebT amonaxsnTa Tvlad raodenobas: 

,  . 

amrigad, Cven vipoveT (5) da (6) diferencialuri gantolebebis 

amonaxsnTa Tvladi simravle. cvladTa gancalebis meTodis Tanaxmad, 

(1) amocanis amonaxsnebi moicema am amonaxsnTa namravlis saSualebiT: 

. 

0)0( =X

0)( =lX

0)( ≡tT

0)0( =X 0)( =lX

0)()( 2// =+ xXxX λ 0)0( =X 0)( =lX

022 =+ λk

xCxCxX λλ cossin)( 21 += 21,CC

0)0( =X 02 =C

xCxX λsin)( 1=

0)( =lX 0sin =lλ
lnn πλ = ...,3,2,1=n

nλ
lnxCxX nn /sin)( π= ...,3,2,1=n

nC

0222 =+ λak aik λ±=2,1

taBtaAtT λλ sincos)( +=

λ lnπλ =
)(tT

l

nat
B

l

nat
AtT nnn

ππ
sincos)( += ...3,2,1=n

x
l

n

l

nat
b

l

nat
axXtTxtu nnnnn

πππ
sinsincos)()(),( 





 +==
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naTelia, rom yoveli  funqcia usasrulod diferencire-

badia  Caketil simravleze  mudmivebis nebi-

smieri mniSvnelobisaTvis. pirdapiri CasmiT SegviZlia davrwmundeT, 

rom  funqciebi akmayofileben (1) gantolebas da (3) sasaz-

Rvro pirobebs  areze. amrigad, samarTliania Semdegi debuleba. 

debuleba 1. simis rxevis gantolebas aqvs amonaxsnebis Tvladi ra-

odenoba. TiToeuli amonaxsni akmayofilebs (3) sasazRvro pirobebs 

da arian usasrulod diferencirebadi funqciebi  

simravleze.  

furies meTodis daskvniT etaps warmoadgens simis rxevis ganto-

lebis wrfivobis Tvisebis (superpoziciis principis) gamoyeneba. Tu 

napovnia erTgvarovani wrfivi gantolebebis ramdenime amonaxsni, maSin 

maTi jami agreTve amonaxsnia. debuleba 1-is Tanaxmad, simis rxevis gan-

tolebas aqvs amonaxsnTa Tvladi raodenoba, amitom maTi jamic iqneba 

am gantolebis amonaxsni. sxva sityvebiT:  

 (10) 

mwkrivi aris damagrebuli boloebis mqone simis Tavisufali rxevis 

gantolebis amonaxsni, romelsac amonaxsnis furies formiT warmod-

gena ewodeba.  

gamovTvaloT  funqciis kerZo warmoebuli -Ti da davuS-

vaT, rom miRebuli:  

 

mwkrivic krebadia. gavixsenoT (2) sawyisi piroba. CavsvaT masSi  

da  funqciebi da miviRebT: 

, (11) 

. (12) 

),( xtun
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davuSvaT, cnobilia  intervalze  da  funqciebis 

daSla furies mwkrivad ,  funqciebis saSualebiT. 

gavixsenoT, rom  da  funqciebis furies koeficientebi ga-

moiTvleba:  

 (13) 

formulebis saSualebiT, xolo furies mwkrivs am funqciebisaTvis aqvs 

Semdegi saxe: 

,  (14) 

.  (15) 

erTi da igive  funqcia Cven warmodgenili gvaqvs ori – (11) 

da (14) mwkrivis saxiT, amitom am mwkrivebis koeficientebi erTmaneTs 

emTxveva: . analogiurad,  funqciisaTvis gvaqvs misi mwkri-

vis saxiT (12) da (15) gamosaxulebebi, rac niSnavs, rom , 

saidanac , sadac . -sa da -is napovni mniS-

vnelobebi CavsvaT (10) mwkrivSi da miviRebT simis rxevis (1)-(3) amo-

canis amonaxsns.  

zemoT Tqmuli SevajamoT Semdeg debulebaSi. 

debuleba 2. imisaTvis, rom amovxsnaT boloebdamagrebuli simis 

Tavisufali rxevis gantoleba furies meTodis gamoyenebiT, saWiroa 

gamovTvaloT mocemuli  da  funqciebis furies koeficien-

tebi (13) formuliT, ganvsazRvroT  da  koefi-

cientebi da SevitanoT es mniSvnelobebi zogad (10) amonaxsnSi.  

amocana 1. amovxsnaT Ria intervalze Semdegi Sereuli amocana 

talRuri gantolebisaTvis:  

, , , 

, , . 
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amoxsna: am amocanis Sedareba zogad (1)-(3) amocanasTan gvaZlevs, 

rom , , , . gamovTvaloT  da  funq-

ciebis furies koeficientebi (13) formulebis saSualebiT: 

 

,  . 

amonaxsni warmoidgineba mwkriviT: 

8 1
( , ) cos (2 1) sin (2 1)3 31 (2 1)

u t x k t k x
k k

π π
π

∞−
= − −

= −
 (16) 

gamovikvlioT am mwkrivis krebadoba. (16)-is maJorantuli mwkri-

via . vaierStrasis Teoremis Tanaxmad, (16) funqci-

onaluri mwkrivi Tanabrad krebadia  simravleze da 

warmoadgens ori cvladis uwyvet funqcias.  funqciis kerZo 

warmoebulebis  da  maJorants warmoadgens ricxviTi mwkrivi 

, amitom isinic uwyveti funqciebia. Mmeore kerZo 

warmoebulebi warmoidginebian mwkrivis saxiT: 

, (17) 

romelsac -ze ar aqvs krebadi ricxviTi maJorantuli mwkrivi. (17) 

mwkrivi krebadia wyvetili funqciisaken. marTlac, (17)-Si CavsvaT 

 da miviRebT: 

. 

gamoviyenoT cnobili daSla  
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da miviRebT: 

 

am ukanasknelidan Cans, rom  funqcia ganicdis wyvetas 

segmentis boloebSi. (17) warmodgenidan gamomdinareobs, rom  

periodulia -s mimarT periodiT 2, ris gamoc aqvs wyvetis werti-

lebi  segmentis boloebSi yoveli ݐ = 2݉-saTvis, ݉ = 0,1,2, ….  
(16) amonaxsnis moyvanili Tviseba SevadaroT sawyis-sasazRvro 

amocanis klasikuri amonaxsnis ganmartebas.  

ganmarteba. davuSvaT,  monakveTze mocemulia uwyveti  da 

 funqciebi.  funqcias ewodeba (1)-(3) Sereuli amocanis 

klasikuri amonaxsni, Tu igi aris simis rxevis gantolebis klasi-

kuri amonaxsni  areze. e.i. -ze aqvs pirveli da 

meore rigis uwyveti kerZo warmoebulebi da akmayofilebs  

gantolebas. garda amisa, gansazRvruli da uwyvetia  aris  Ca-

ketvaze Tavis  kerZo warmoebulTan erTad da akmayofilebs sawyis 

da sasazRvro (2)-(3) pirobebs.  

davubrundeT axla Cvens magaliTs. Zneli Sesamowmebelia, (17) mwkri-

viT warmodgenili  da  funqciebi uwyvetebi arian Tu ara 

Ω = ݐ} > 0,0 < ݔ < 1} areze. Cven mxolod is SevamowmeT, rom ݑ௧௧ 
wyvetas ganicdis monakveTis boloebSi. amitom vilaparakebT mxolod 

ganzogadebul amonaxsnze. ganvixilavT ganzogadebul amonaxsns, miuxe-

davad imisa, rom sawyisi da sasazRvro pirobebi sruldeba klasikuri 

azriT da  da  funqciebi uwyvetebi arian Caketil 

Π = ݐ} ≥ 0,0 ≤ ݔ ≤ 1} simravleze. 

amocana 2. amovxsnaT boloebdamagrebuli simis rxevis (1) ganto-

leba, rodesac , Semdeg sawyis da sasazRvro pirobebSi: 

, , 

, . 
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amoxsna: es amocana SesaZlebelia furies meTodiT amoixsnas. mag-

ram mis amosaxsnelad dalamberis formuliTac SegviZlia visargeb-

loT. Cven amocanis amoxsnis am gzas avirCevT. saWiroa simis rxevis 

gantolebis integreba:  

,  

sawyis da  

,  

sasazRvro pirobebSi. pirvel rigSi gavagrZeloT  da , ro-

gorc kenti funqciebi  segmentze, xolo Semdeg ki mTel namdvil 

ricxvTa RerZze, rogorc perioduli funqciebi. Sedegad miviRebT: 

, , , 

romlebic mocemul funqciebs emTxvevian -ze. CavsvamT ra  

da  funqciebs dalamberis formulaSi, miviRebT simis rxevis 

gantolebis amonaxsns: 

, 

anu 

. 

amocana 3. amovxsnaT boloebdamagrebuli, e.i. 0)ݑ, (ݐ = ,݈)ݑ (ݐ = 0, 
simis rxevis gantoleba 

డమ௨డ௧మ = ܽଶ డమ௨డ௫మ Semdegi sawyisi pirobebiT ݔ)ݑ, 0) = (ݔ)݂ = డ௨డ௧ ,ݔଷ݊݅ݏ |௧ୀ = (ݔ)݃ = 0. 
am paragrafSi Cven miviReT amocanis amonaxsnisaTvis gamosaxuleba 

(formula (10)): 

. 
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݊݅ݏ గ ݊ ,ݔ = 1,2, …. bazisSi ܽ koeficientebi gamoiTvleba debu-

leba 1-dan da miviRebT, rom mxolod ori −	ܽଵ da ܽଷ koeficientia 
0-sagan gansxvavebuli, yvela sxva koeficienti ki 0-ia. sabolood 

gvaqvs: ݂(ݔ) = ݔଷ݊݅ݏ = 34 ݔ݊݅ݏ − 14  .ݔ3݊݅ݏ
(saskolo kursis trigonometriidan kargad cnobili formula− 
gasammagebuli kuTxis sinusis gamosaxva kuTxis sinusis saSualebiT: ݔ3݊݅ݏ =  .(ݔଷ݊݅ݏ4−ݔ݊݅ݏ3

amrigad, amocanis amonaxsni iqneba funqcia ݔ)ݑ, (ݐ = 34 ݊݅ݏ ݔ݈ߨ ݏܿ ߨ݈ܽ ݐ − 14 ݊݅ݏ ݈ݔߨ3 ݏܿ ݈ߨ3ܽ  .ݐ
rogorc vxedavT, mwkrivi am SemTxvevaSi sasruli jamia. 

16.5. marTkuTxa membranis rxeva 

mravali sainJinro amocanis amosaxsnelad aucilebelia brtyeli er-

Tgvarovani nakeTobis dinamikis Seswavla masze gare Zalebis moqmede-

bis dros. es nakeTobebi idealizaciis Semdeg SegviZlia wamovidginoT 

rogorc membranebi. membranis qveS Cven vgulisxmobT drekad, Tavisuf-

lad Runvad, gaWimul afsks. davuSvaT, wonasworul mdgomareobaSi 

myofi membrana ikavebs xOy sibrtyis D  ares, xolo wonasworobidan 

gamoyvanis Semdeg, vTqvaT, igi iwyebs rxevas ise, rom misi wertilebi 

moZraoben xOy sibrtyis perpendikularulad (membranis ganivi rxeva). 

xOy sibrtyidan membranis wertilebis gadaxra aRvniSnoT u -Ti. gada-

xris sidide damokidebulia ),( yx  wertilze da t  droze. ),,( tyxu  

funqcia iqneba saZiebeli funqcia. fiqsirebuli yx, -saTvis is iZleva 

membranis ),( yx  wertilis rxevis kanons. amasTan, tu ∂∂  da 
22 tu ∂∂  

kerZo warmoebulebi aRweren moZravi wertilis siCqaresa da aCqare-

bas. Tu t -s davafiqsirebT, ),,( tyxuu =  zedapiri Seesabameba membra-

nis formas drois t  momentSi da t  cvlilebasTan erTad es formac 

Seicvleba.  
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gaWimuli simis rxevis gantolebis gamoyvanis dros warmoebuli 

msjelobis analogiuri analiziT SesaZlebelia vaCvenoT, rom zemoT 

moyvanil pirobebSi membranis Tavisufali rxeva aRiwereba organzomi-

lebiani talRis gantolebiT: 









∂
∂+

∂
∂=

∂
∂

2

2

2

2
2

2

2

y

u

x

u
a

t

u
, Dyx ∈),( , 

romelic xSirad ufro kompaqturi formiT Semdegnairad iwereba:  

uautt Δ= 2
, yyxx uuu +=Δ .   (1) 

am gantolebas amonaxsnTa usasrulo simravle aqvs. erTi amonaxs-

nis gamoyofis mizniT saWiroa damatebiTi pirobebis moTxovna. ganvi-

xiloT umartivesi SemTxveva. davuSvaT, membranis kideebi damagrebu-

lia. es Seesabameba sasazRvro pirobas: 

0| =Su ,  (2) 

sadac S  aris D  aris sazRvari. davuSvaT, membranis wertilebisaT-

vis mocemulia sawyisi gadaxra da sawyisi siCqare. es niSnavs, rom 

mocemulia:  

),(| 0 yxfu t == , ),(| 0 yxgu tt ==   (3) 

D areze gansazRvruli funqciebi. (1)-(3) gantolebaTa sistemas ewo-

deba membranis rxevis sasazRvro-sawyisi an Sereuli amocana. daw-

vrilebiT ganvixiloT SemTxveva, rodesac membranas wonasworobis 

mdgomareobaSi aqvs marTkuTxedis forma, romelic SemosazRvrulia 

myylxx ==== ,0;,0  wrfeebiT. aseTi membranis rxevis gantoleba 

dawvrilebiT ase Caiwereba : 

)(2
yyxxtt uuau += , Dyx ∈),( ,     (4) 

0| 0==xu , 0| ==lxu , 0| 0==yu , 0| ==myu ,  (5) 

),(| 0 yxfu t == , ),(| 0 yxgu tt == .     (6) 
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dasmuli amocanis amosaxsnelad gamoviyenebT cvladebis gancalebis 

meTods. radgan cvladebis raodenoba samia, amitom amonaxsns veZebT 

sami funqciis namravlis saxiT: 

)()()(),,( yYxXtTyxtu = .   (7) 

(5) pirobebis pirveli gantolebidan gamodis, rom 0)()0()( =yYXtT . 

radgan Cven aranulovani amonaxsni gvainteresebs, amitom 0)0( =X  

pirobis Sesruleba unda moviTxovoT. analogiur Tvisebas movTxovT 

)(),( yYxX  funqciebsac da miviRebT, rom aratrivialuri amonaxsnis 

arsebobisaTvis aucilebelia: ܺ(0) = 0, ܺ(݈) = 0, ܻ(0) = 0, ܻ(݉) = 0   (8) 

tolobebis Sesruleba. 

(4) gantolebaSi SevitanoT XYTutt
//= , YTXuxx

//= , //TXYuyy =  

gamosaxulebebi da miviRebT: 

//2//2// TXYaYTXaXYT += ,  

romlis TXYa2
-ze gayofiT gveqneba: 

)(

)(

)(

)(

)(

)( ////

2

//

yY

yY

xX

xX

tTa

tT += .  (9) 

(9) tolobis marjvena da marcxena mxare sxvadasxva argumentze 

damokidebuli funqciebia, romelTa toloba mxolod im SemTxvevaSia 

SesaZlebeli, rodesac isini erTmaneTis toli mudmivebia. es mudmivi 

sidide aRvniSnoT 
2μ− -iT. am aRniSvnis Semdeg (9) gantoleba SesaZle-

belia gadaiweros ori gantolebis saxiT: 

0)()( 22// =+ tTatT μ , (10) 

2
////

)(

)(

)(

)( μ−=+
yY

yY

xX

xX
. (11) 

analogiurad zemoT moyvanili argumentisa, (11) gantolebis TiTo-

euli Sesakrebi mudmivi unda iyos. es mudmivebi aRvniSnoT 
2λ− -iT da 
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2ν− -iT. isini uaryofiTi sidideebi unda iyvnen, radgan, winaaRmdeg 

SemTxvevaSi, )(),( yYxX  funqciebi (8) sasazRvro pirobas ver daakmayo-

fileben. amrigad: 

2
//

)(

)( λ−=
xX

xX
, 2

//

)(

)( ν−=
yY

yY
. (12) 

am gantolebebis gaerTmniSvnelianebis Semdeg, mivuwerT ra Sesabamis 

gantolebas sasazRvro pirobebs, miviRebT: 

0)()( 2// =+ xXxX λ , 0)0( =X , 0)( =lX , (13) 

0)()( 2// =+ yYyY ν , 0)0( =Y , 0)( =mY .  (14) 

rogorc wina paragrafebSi davadgineT, (13)-(14) Sturm-liuvilis 

amocanas aqvs amonaxsnTa Tvladi raodenoba, romlebic moicemian fo-

rmulebiT: 

l

kx
xX k

π
sin)( = , 

l

k
k

πλ = , ,...,2,1=k  

m

ny
yYn

π
sin)( = , 

m

n
n

πν = , ,...2,1=n  . 

(11) da (12) gamosaxulebebis erTdrouli analiziT vaskvniT, rom 
222 νλμ += . radgan λ  da ν  ricxvebisaTvis miiReba sakuTriv ricxvTa 

lkk πλ =  da mnn πν =  Tvladi raodenobebi, amitom 
2
knμ  ricxvebi-

saTvis gvaqvs: 

22
222 






+






=+=

m

n

l

k
nkkn

ππνλμ , ,...3,2,1, =nk   

(10) diferencialuri gantoleba saWiroa amoixsnas mxolod zemoT 

amowerili 
2
knμ  ricxvebisaTvis, anu, saWiroa:  

0)()( 22// =+ tTatT knμ , ,...3,2,1, =nk  

gantolebebis Tvladi raodenobis amonaxsnebis povna. es gantoleba 

gadavweroT misi ekvivalenturi formiT:  

0)()( 2// =+ tTtT knω , 







+=

2

2

2

2
222

m

n

l

k
akn πω , 
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saidanac miviRebT: 

tbtatT knknknknkn ωω sincos)( += , ,...3,2,1, =nk  . 

miRebul knω  ricxvebs ewodebaT membranis rxevis sakuTrivi six-

Sireebi.  

amrigad, membranis rxevis gantoleba gardavqmeniT sam Cveulebriv 

diferencialur gantolebad, vipoveT TiToeuli maTganis amonaxsnebis 

Tvladi raodenoba ܺ(ݔ), ܻ(ݔ) da ܶ(ݐ). membranis gantolebis amo-

naxsnis sapovnelad, (7)-is Tanaxmad, saWiroa am funqciebis namravli 

ganvixiloT: 

( , , ) ( cos cos )sin sin ,
kx ny

u t x y a t b tkn kn kn kn kn l m

π πω ω= +  (15) 

sadac ,...3,2,1, =nk . pirdapiri CasmiT SeiZleba davrwmundeT, rom knu  

funqciebi marTlac akmayofileben marTkuTxa membranis rxevis ganto-

lebas.  

yovelive zemoT Tqmuli SevajamoT Semdeg TeoremaSi. 

Teorema 1. marTkuTxa membranis rxevis (4) gantolebas aqvs (15) ga-

mosaxulebiT mocemul amonaxsnTa Tvladi raodenoba, romelic akmayo-

filebs (5) sasazRvro pirobebs.  

superpoziciis principis Tanaxmad, (4) gantolebis zogadi amona-

xsni moicema yvela kerZo amonaxsnis jamiT, romelic Semdegi ormagi 

jamia: 


∞

−

∞

=

+=
1 1

sinsin)sincos(),,(
k n

knknknkn m

ny

l

kx
tbtayxtu

ππωω . (16) 

(16)-s ewodeba (4) gantolebis amonaxsni furies formiT (5) sa-

sazRvro pirobebis SemTxvevaSi, im daSvebiT, rom (16) krebadia, ro-

gorc ricxviTi mwkrivi yoveli 0≥t , ],0[ lx∈  da ],0[ my∈ .  

axla vaCvenoT, rom (16) zogadi amonaxsnidan miiReba Cveni amocanis 

kerZo amonaxsnebi, romlebic akmayofileben sawyis pirobebs. zogad 

amonaxsnSi CavsvaT 0=t  da Sedegi gavutoloT f -s. (6) sawyisi pi-

robis Tanaxmad miviRebT: 
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),(sinsin
1 1

yxf
m

ny

l

kx
a

k n
kn =

∞

−

∞

=

ππ
. 

davweroT mocemuli ),( yxf funqciis furies ormag mwkrivad daS-

la sinusebis saSualebiT ].0[],0[ ml ×  marTkuTxedSi: 

),(sinsin
1 1

yxf
m

ny

l

kx
f

k n
kn =

∞

−

∞

=

ππ
. 

bolo ori tolobis SedarebiT miiReba, rom knkn fa = . furies or-

magi mwkrivis koeficientebis gamosaTvleli formula aseTia: 

 =
l m

kn dxdy
m

ny

l

kx
yxf

lm
f

0 0

sinsin),(
4 ππ

. (17) 

gamovTvaloT (16) zogadi amonaxsnis kerZo warmoebuli t -s mimarT 
im daSvebiT, rom SesaZlebelia mwkrivis wevrobrivi gawarmoeba. mivi-

RebT: 


∞

−

∞

=

+−=
1 1

sinsin)cossin(
k n

knknknknknknt m

ny

l

kx
tbtau

ππωωωω . 

am gamosaxulebaSi SevitanoT 0=t  mniSvneloba da Sedegi, (6) 

sawyisi pirobis Tanaxmad, gavutoloT ),( yxg -s: 

),(sinsin
1 1

yxg
m

ny

l

kx
b

k n
knkn =

∞

−

∞

=

ππω . 

aqedan, (17) formulis analogiurad miiReba, rom knknkn gb =ω , 

sadac 

 =
l m

kn dxdy
m

ny

l

kx
yxg

lm
g

0 0

sinsin),(
4 ππ

. (18) 

debuleba 1. imisaTvis, rom furies meTodiT amoixsnas (4)-(6) 

sawyisi-sasazRvro amocana membranis rxevis gantolebisaTvis, saWiroa 

gamoiTvalos furies koeficientebi mocemuli f da g  funqciebisaTvis 

(17), (18) formulebiT; napovni iqnes knkn fa = , knknkn gb ω=  ricxvebi 

da Setanil iqnes zogad (16) amonaxsnSi. 
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SevniSnoT, rom miRebuli ormagi mwkrivis krebadobisa da difere-

ncirebadobis sakiTxi yoveli konkretuli amocanisTvisaa Sesaswavli.  

savarjiSoebi damoukidebeli muSaobisaTvis 

1. dalamberis formulis gamoyenebiT amoxseniT koSis amocana: డమ௨డ௧మ = ܽଶ డమ௨డ௧௫మ, −∞ < ݔ < ∞, 0 < ݐ < ,ݔ)ݑ ,∞ 0) = cos డ௨(௫,)డ௧ ,ݔ = ݁ି௫. 
pasuxi: ݔ)ݑ, (ݐ = cos ݔ cos ݐ + ݁ି௫  	ݐℎݏ

2. amoxseniT Sereuli amocana: ݑ௧௧ = ௫௫; 0ݑ9 < ݔ < 4, ݐ > ,௫(0ݑ ;0 (ݐ = 0, ,4)ݑ (ݐ = ,ݔ)ݑ ;0 0) = 0, ,ݔ)௧ݑ 0) = 16 −  .ଶݔ
pasuxi: ݔ)ݑ, (ݐ = ∑ ଶହ(ିଵ)ೖଷቀ(ାభమ)గቁర sin ଷ(ାభమ)గ௧ସஶୀ cos (ାభమ)గ௫ସ . 
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paraboluri gantolebebi 

17. siTbogamtareblobis gantoleba RerosaTvis 

17.1. usasrulo ReroSi siTbos gavrceleba 

Tu sxeulis sigrZe gacilebiT aRemateba mis sxva zomebs, maSin 

sxeuls Rero ewodeba da SegviZlia igi  RerZTan gavaigivoT.  

siTbogamtareblobis:  

,   (1) 

gantoleba am SemTxvevaSi miiRebs  saxes da aris parabo-

luri tipis gantoleba. gavixsenoT, rom simis rxevis  gan-

tolebis SemTxvevaSi Cven vipoveT zogadi amonaxsni. garegnulad misi 

msgavsi siTbogamtareblobis gantolebis amonaxsnis dawera elementa-

ruli saxiT SeuZlebelia. analogiur SemTxvevebSi Cveulebriv Semoi-

sazRvrebian xolme parametrze damokidebuli specialuri amonaxsnis 

ZiebiT. marTlac davrwmundeT, rom Reros siTbogamtareblobis ganto-

lebas akmayofilebs sakmaod specifikuri funqcia, romelsac siTbo-

gamtareblobis erTganzomilebiani gantolebis fundamenturi amonaxsni 

ewodeba da moicema gamosaxulebiT: 

, ,  (2) 

sadac  da  parametrebia. gamovTvaloT (2)-is kerZo warmoebulebi: 

, 

, 
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t

u Δ=
∂
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. 

aqedan Cans, rom , risi Cvenebac gvindoda.  

Teorema 1 (superpoziciis principis integraluri forma). vTqvaT, 

mocemulia erTgvarovani gantoleba ,  da  

da misi amonaxsni parametrze damokidebuli  funqciaa. 

e.i. yoveli  fiqsirebuli mniSvnelobisaTvis sruldeba toloba 

. davuSvaT,  cnobili da uwyveti funqciaa. ganvi-

xiloT Semdegi arasakuTrivi integrali:  

  (3) 

da davuSvaT, rom igi absoluturad da Tanabrad krebadia  cvlade-

bis mimarT yovel Caketil  simravleze Tavis  

kerZo warmoebulebTan erTad.  

maSin  funqcia, warmodgenili (3) integraluri formiT, 

agreTve aris  gantolebis amonaxsni. 

marTlac, (3) integrali absoluturad da Tanabrad krebadia. ab-

soluturad da Tanabrad krebadia agreTve analogiuri integralebi ݑ௧, ,௫ݑ -௫௫ funqciebisaTvis, ris gamoc es warmoebulebi SegviZlia inݑ

tegralis niSnis qveS SevitanoT da gamovTvaloT integrali. amrigad, 

samarTliania toloba: ݑ௧ − ܽଶݑ௫௫ = න ௧ܩ) − ܽଶܩ௫௫)ஶ
ିஶ ߦ݀(ߦ)݂ ≡ 0, 

radgan ܩ௧ − ܽଶܩ௫௫ ≡ 0. amiT damtkiceba damTavrebulia. 

gamoviyenoT es Teorema (2) formuliT gansazRvruli  

funqciisaTvis. ufro zustad, SemovitanoT funqcia: 

,   (4) 

)(4

)(

2

5

0
2

22

2

3

0
2

2
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)]([4
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)]([2
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tta
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1 ,0 R∈>≥ xtt xxxt uuu ,,

),( xtu

02 =− xxt uau

),,( ξxtG

ξξ
π

ξ

dfe
ta

xtu ta

x

)(
4

1
),(

2

2

4

)(

2

−−∞

∞−
=



 

349 

romelsac puasonis integrali ewodeba. davuSvaT, (4) gamosaxulebaSi

 funqcia uwyveti da SemosazRvrulia nebismieri -saTvis -dan: 

. ganvixiloT puasonis integralisaTvis ,  cvla-

debis Semdegi gardaqmna: 

, , , , 

maSin (4) integrali miiRebs aseT saxes: 

, 

romelic uwyveti funqciaa ,  areze. davuSvaT , maSin  

. 

aq Cven gamoviyeneT toloba  ݁ି௬మ݀ݕ = ஶିஶߨ√ . zemoT Tqmuli Se-

vajamoT Semdeg TeoremaSi. 

Teorema 2. davuSvaT, uwyveti da SemosazRvrulia -ze, maSin 

puasonis (4) integrali aris uwyveti  funqcia ,  

areSi da igi akmayofilebs  gantolebas am areze.  garda 

amisa, rodesac , samarTliania toloba . sxva sity-

vebiT,  aris:  

 ( , ),  ( ) 

koSis amocanis klasikuri amonaxsni.  

17.2. sasruli sigrZis ReroSi siTbos gavrceleba 

Tu Reros sigrZe didi ar aris, maSin siTbos gavrcelebis dros 

misi boloebis gavlena siTbos gavrcelebaze mxedvelobaSi unda mivi-

RoT. amisaTvis ki saWiroa temperaturis cvlilebis kanoni iqnes mo-

cemuli boloebSi. movaTavsoT Rero  RerZis  monakveTze da 

)(ξf ξ R
Mf ≤)(ξ 0>t R∈x

y
ta

x =−
2

ξ
ytax 2+=ξ dytad 2=ξ ),( ∞−∞∈y

dyytaxfextu y )2(
1

),(
2

+= 
∞

∞−

−

π

0≥t R∈x 0=t

)()(
1

),0(
2

xfxdyfexu y == 
∞

∞−

−

π

)(xf R
),( yxu 0≥t R∈x

02 =− xxt uau

0=t )(),0( xfxu =
),( yxu

xxt uau 2= 0≥t R∈x )(),0( xfxu = R∈x

Ox ],0[ l
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davuSvaT, rom Reros boloebSi nulovani temperaturaa. maTematikuri 

amocana maSin Semdegi saxiT daismeba: 

, , ,   (1) 

 .    (2) 

am gantolebaTa sistemisaTvis gamoviyenoT furies meTodi. es ki ni-

Snavs, rom amonaxsni iZebneba ori funqciis namravlis saxiT, romelTa-

gan TiToeuli damokidebulia mxolod erT cvladze: . 

CavsvaT es namravli siTbogamtareblobis (1) gantolebaSi da miviRebT 

tolobas: , romlis -ze gayofis 

Semdeg gveqneba: 

.  (3) 

(3) tolobis marcxena mxare damokidebulia mxolod  cvladze, 

xolo marjvena mxare ki _ -ze. cvladebi damoukideblebi arian, ami-

tom or sxvadasxva cvladze damokidebuli funqciebis toloba SesaZ-

lebelia mxolod maSin, rodesac isini damokidebulebi ar arian Ta-

vianT argumentebze, e.i. rodesac mudmivebi arian. es mudmivi aRvniS-

noT -iT. (3) tolobidan viRebT or mudmivkoeficientebian Cveuleb-

riv diferencialur gantolebas: 

, .  (4) 

pirveli gantolebisaTvis maxasiaTebeli Ffesvebia , saida-

nac misTvis zogadi amonaxsni iqneba: 

.  (5) 

am amonaxsnma unda daakmayofilos sasazRvro pirobebi:  

anu . Tu -s 0-sagan igivurad gansxvavebu-

lad CavTvliT, maSin mivalT  da  gantolebaTa sis-

temamde, amasTan, (5) tolobis gaTvaliswinebiT vRebulobT: 

, , 

xxt uau 2= lxt <<> 0,0 0| 0==xu 0| ==lxu

)(| 0 xfu t == lx ≤≤0

)()(),( xXtTxtu =

)()()()( //2/ xXtTaxXtT = )()(2 xXtTa

)(

)(

)(

1 ///

2 xX

xX

tT

T

a
=

t
x

2λ

0)()( 2// =+ xXxX λ 0)()( 22/ =+ tTatT λ

λik ±=

xCxCxX λλ sincos)( 21 +=

0|| 0 == == lxx uu

0)()()0()( == lXtTXtT )(tT

0)0( =X 0)( =lX

01 =C 0sincos 21 =+ lClC λλ
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saidanac gamomdinareobs, rom . Tu davuSvebT, rom , 

maSin miviRebT , rac Cveni amocanidan gamomdinare SeuZlebe-

lia, amitom davuSvaT, rom  da miviRebT tolobaTa Tvlad 

raodenobas , , saidanac . -is yovel mniS-

vnelobas Seesabameba ,  (4)-is pirveli ganto-

lebis amonaxsni. axla meore gantoleba ganvixiloT. misi maxasiaTebeli 

gantoleba ukve napovni -is gaTvaliswinebiT aseTia: , 

saidanac  da zogadi amonaxsni iqneba: . 

SevajamoT Sualeduri Sedegebi. siTbogamtareblobis gantoleba da-

viyvaneT or Cveulebriv diferencialur gantolebaze cvladebis ganca-

lebis saSualebiT, amovxseniT TiToeuli diferencialuri gantoleba. 

amis Semdeg ukve SesaZlebelia siTbogamtareblobis gantolebis kerZo 

amonaxsnebis povna: 

, , .   (6) 

(6) gamosaxulebis uSualo CasmiT (1) gantolebaSi mowmdeba, rom 

(6) marTlac aris gamosavali gantolebis amonaxsni. axla yovelive 

zemoT Tqmuli SevajamoT Semdeg TeoremaSi. 

Teorema 1. (1) sasazRvro amocanas aqvs amonaxsnTa Tvladi raode-

noba, romelic moicema gancalebad cvladebSi (6) tolobiT da yoveli 

maTgani damokidebulia Tavis ,  mudmivebze.  

SegaxsenebT, rom furies ideaa (1)-(2) amocanis amonaxsni moiZebnos:  

  (7) 

funqcionaluri mwkrivis saSualebiT. Tu (7) krebadia rogorc ricx-

viTi mwkrivi yoveli  da -saTvis, maSin mas ewodeba (1) 

amocanis furies formiT mocemuli zogadi amonaxsni. (1)-(2) Sereuli 

amocanis amosaxsnelad saWiroa (2) sawyisi pirobis dakmayofileba, 

risTvisac (7) zogadi amonaxsnis Casmaa saWiro (2) sawyis pirobaSi. 

Sedegad miiReba toloba: 

, ,   (8) 
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romelic warmoadgens mocemuli  funqciis daSlas  inter-

valze furies mwkrivad sinusis saSualebiT.  ricxvebis povna xdeba:  

,  (9) 

formulis saSualebiT. 

amrigad, sabolood miviReT: 

debuleba 1. imisaTvis, rom amovxsnaT (1)-(2) Sereuli amocana Re-

roSi siTbos gavrcelebis gantolebisaTvis furies meTodiT, saWiroa 

gamovTvaloT  intervalze furies koeficientebi mocemuli  

funqciisaTvis (9) formuliT da SevitanoT es mniSvnelobebi (7) zogad 

amonaxsnSi.  

amocana 1. vipovoT siTbogamtareblobis gantolebisaTvis Semdegi 

Sereuli amocanis amonaxsni: ݑ௧ = ,௫௫ݑ16 ݐ > 0, 0 < ݔ < 4, ௫ୀ|ݑ = ௫ୀସ|ݑ = 0  (10) 

      (11) 

amoxsna: SevadaroT Cveni amocana (1)-(2) amocanas. vxedavT, rom (2) 

sawyisi pirobiT mocebul  funqcias aqvs (11) saxe. imisaTvis, 

rom visargebloT (9) formuliT, mocemuli funqciis furies koefici-

entebis gamosaTvlelad, saWiroa integrali  monakveTze gavyoT 

or _  da  _ monakveTze gansazRvruli integralebis jamad: 

. 

TiToeuli Sesakrebis integrebiT miviRebT: 

, 
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saidanac sabolood gveqneba: 

, .  (12) 

CavsvaT gamoTvlili koeficientebi zogadi amonaxsnis (7) gamosa-

xulebaSi da miviRebT (10)-(11) amocanis amonaxsns: 

.   (13) 

(13)-is maJorantuli mwkrivia . amis gamo, (13) funqciona-

luri mwkrivi Tanabrad krebadia ,  Caketil areze da iq 

gansazRvravs ori cvladis uwyvet funqcias. rodesac , (13) mwkri-

vis wevrebi, agreTve im mwkrivebis wevrebi, romlebic miiRebian misgan 

 da  cvladebiT gawarmoebiT, iZenen swrafad qrobad  mam-

ravls, ris gamoc (13) mwkrivi gansazRvravs ori cvladis usas-

rulod diferencirebad funqcias. rodesac , (13)-dan miiReba 

, romelic (11) formuliT gansazRvrul funqcias 

emTxveva, radgan mis furies mwkrivs warmoadgens.  

amrigad, (13) mwkrivi aris ,  Ria areze usasrulod 

diferencirebadi funqcia da akmayofilebs siTbogamtareblobis (10) 

gantolebas. Caketil ,  areze (13) gansazRvravs uwyvet 

funqcias, romelic akmayofilebs (10) erTgvarovan sasazRvro pirobebs 

da (11) sawyis pirobas. zemoTqmuli niSnavs, rom (13) mwkriviT war-

modgenili  funqcia aris (10)-(11) amocanis klasikuri amonaxsni. 

xazi gavusvaT im garemoebas, rom, Tu , maSin (13) mwkrivi Zalze 

swrafad ikribeba da mraval amocanaSi SesaZlebelia davkmayofildeT:  

,  

miaxloebiT.  

debuleba 1 gviCvenebs, rom sasruli RerosaTvis Sereuli amoca-

nis amonaxsni aris arcTu ise martivi maTematikuri obieqti – (7) fun-

qcionaluri mwkrivi. pirvel rigSi aucilebelia miRebuli mwkrivis 
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krebadoba SeviswavloT, rac sakmaod rTul maTematikur aparats da 

specifikur Cvevebs moiTxovs. praqtikaSi xSirad ufro martiv formu-

lebs iyeneben. es dasaSvebia maSin, rodesac miRebuli Teoriuli das-

kvnebi eqsperimentul monacemebs emTxveva. 

amocana 2. ganvixiloT  temperaturamde Tanabrad gacxelebu-

li  sigrZis Reros gaciveba, im pirobiT, rom mis sazRvarze 0-ovani 

temperatura gvaqvs. maTematikurad amocana yalibdeba:  

, , ,  

gantolebisa da sasazRvro pirobebis saxiT.  

amoxsna: amocana 1-is analogiurad, (1)-(2) amocanasTan Cveni amoca-

nis SedarebiT vRebulobT, rom . am funqciis daSla furies 

mwkrivad  monakveTze sinusebis saSualebiT kargad aris cnobi-

li da mas aqvs aseTi saxe: 

,  

xolo amocanis amonaxsni ki moicema mwkriviT: 

, , 

romelic pirobiTad krebadia. gamoyenebaSi saWiroa mxolod -s didi 

mniSvnelobebi, amitom sakmarisia SevinarCunoT mxolod erTi Sesakre-

bi. aseT pirobebSi amboben, rom damyarda regularuli reJimi. igi ga-

nisazRvreba formuliT: 

. 

amocana 3. davweroT siTbogamtareblobis gantoleba cilindri-

saTvis. 

amoxsna: mocemulia ܸ cilindri ℎ simaRliT da fuZis radiusiT ݎ. 
CavTvaloT, rom cilindris RerZi mimarTulia ܱݖ RerZis gaswvriv 
da misi fuZe mdebareobs ݕܱݔ sibrtyeze. aseT pirobebSi siTbogamta-
reblobis gantolebas aqvs aseTi saxe: 
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௧ݑ = ܽଶ∆ݑ∆ ,ݑ = ௫௫ݑ + ௬௬ݑ + ௭௭,   (1) 0ݑ ≤ ݎ < , 0ݎ < ݖ < ℎ, ݐ > 0. 
SemovitanoT cilindrul koordinatTa sistema: ݔ = ݕ ,߮	ݏܿݎ = ݖ ,߮	ݏܿݎ =  .ݖ
gveqneba toloba: ݑ௫௫ + ௬௬ݑ = ݑ + ݎ1 ݑ + ଶݎ1  ఝఝݑ

da (1) gantoleba gadaiwereba Semdegi saxiT: ݑ௧ = ܽଶ ൬ݑ + ݎ1 ݑ + ଶݎ1 ఝఝݑ +  (2)																										൰.	௭௭ݑ
amrigad, saZiebeli ݐ)ݑ, ,ݔ ,ݕ -aris oTxi cvladis funqcia da, ma (ݖ

Sasadame, (2) aris samganzomilebiani siTbogamtareblobis gantoleba 

cilindrul koordinatTa sistemaSi.  

vTqvaT, veZebT radialurad simetriul amonaxsns, e.i. iseT amonax-

sns, romelic damokidebuli ar aris ߮-ze. maSin ݑఝఝ ≡ 0 da, amrigad, 
(2) gantoleba miiRebs aseT saxes: ݑ௧ = ܽଶ ൬ݑ + ݎ1 ݑ + (3) 0																																				൰,	௭௭ݑ ≤ ݎ < , 0ݎ < ݖ < ℎ, ݐ > 0. 

amovxsnaT (3) gantoleba cvladTa gancalebis meTodiT.  

vTqvaT:  ݐ)ݑ, ,ݎ (ݖ = ,ݎ)ݒ(ݐ)ܶ  .(ݖ
CavsvaT es ukanaskneli (3)-Si da movaxdinoT gantolebis gardaqmna 

ukve cnobili meTodiT: 

ܶᇱݒ = ܽଶ ൬ݒ + ݎ1 ݒܶ + ൰	௭௭ݑܶ ⇒ 1ܽଶ ܶᇱܶ = ݒ + ଵ ݒ + ݒ௭௭ݒ 	. 
amis Semdeg orive mxare gavutoloT −ߣଶ da miviRebT or ganto-

lebas: ܶᇱ(ݐ) + ܽଶܶ(ݐ) + ଶߣ = ݒ (4)  ,0 + ݎ1 ݒ + ௭௭ݒ + ݒଶߣ = 0.																																						(5) 
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	(5)-is mimarT kvlav igive meTodi gamoviyenoT. davuSvaT, ݎ)ݒ, (ݖ = (ݖ)ܼ(ݎ)miiRebs aseT saxes: ܴᇱᇱ (5) .(ݖ)ܼ(ݎ)ܴ + ݎ1 ܴᇱ(ݎ)ܼ(ݖ) + (ݖ)ᇱᇱܼ(ݎ)ܴ + (ݖ)ܼ(ݎ)ଶܴߣ = 0. 
ukanaskneli tolobis yvela wevri gavyoT ܴ(ݎ)ܼ(ݖ)-ze. cvladTa 

gancalebis Semdeg orive mxare gavutoloT −߬ଶ da gadavweroT Cven-
Tvis xelsayreli saxiT: ܴᇱᇱ(ݎ)ܴ(ݎ) + ݎ1 ܴᇱ(ݎ)ܴ(ݎ) = −߬ଶ ⇒ ܴᇱᇱ(ݎ) + ݎ1 ܴᇱ(ݎ) + ߬ଶܴ(ݎ) = 0,													(6) 

−ܼᇱᇱ(ݖ)ܼ(ݖ) − ଶߣ = −߬ଶ ⇒ ܼᇱᇱ(ݖ) + ଶߣ) − ߬ଶ)ܼ(ݖ) = 0,																								(7) 
amrigad, miRebuli (4), (6), (7) gantolebebi parametrze damokide-

buli wrfivi Cveulebrivi diferencialuri gantolebebia. ߣ da ߬ ga-
nisazRvrebian Sesabamisi Sturm-liuvilis amocanidan (romelic, Tavis 

mxriv, gantolebis sawyisi da sasazRvro pirobebidan miiReba). (4) da 

(7) gantolebebi mudmivkoeficientebiani meore rigis Cveulebrivi di-

ferencialuri gantolebebia da maTi zogadi amonaxsni advilad iwe-

reba. (6) ki beselis gantolebaa, romlis zogadi amonaxsnia:  ܴ(ݎ) = ܿଵ0)ܬ, (ݎ߬ + ܿଶܻ(0,  (ݎ߬
funqcia, sadac 0)ܬ, ,da ܻ(0 (ݎ߬  Sesabamisad, beselis pirveli da ,(ݎ߬

meore gvaris funqciebia, xolo ߬ ki _ parametria. 
amocanebi damoukidebeli muSaobisaTvis 

1. ipoveT koSis amocanis amonaxsni: 

1) 4 డ௨(௧,௫)డ௧ = డమ௨(௧,௫)డ௫మ ௧ୀ|ݑ , = ݁ଶ௫ି௫మ.  
pasuxi: ݐ)ݑ, (ݔ = (1 + భమ݁మೣషೣమశభశି(ݐ . 

2) 
డ௨(௧,௫)డ௧ = డమ௨(௧,௫)డ௫మ ௧ୀ|ݑ , =   .௫మି݁ݔ
pasuxi: ݐ)ݑ, (ݔ = 1)ݔ + యమ݁ି(ݐ4 ೣమభశర. 
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3) 4 డ௨(௧,௫)డ௧ = డమ௨(௧,௫)డ௫మ ௧ୀ|ݑ , = sin ݔ ݁௫మ.  
pasuxi: ݐ)ݑ, (ݔ = (1 + భమି(ݐ sin ௫ଵା௧ ݁ିరೣమశర(భశ). 

2. amoxseniT Sereuli amocana: 

1) 
డ௨డ௧ = 9 డమ௨డ௫మ , 0 < ݔ < 5, ݐ > ,0)ݑ ;0 (ݐ = ,5)ݑ (ݐ = ,ݔ)ݑ ;0 (ݐ = 1. 
pasuxi: ݔ)ݑ, (ݐ = ∑ ଶగ ൫1 − (−1)൯݁ିቀయೖഏ ቁమ௧ sin గ௫ହஶୀଵ  

2) 
డ௨డ௧ = 4 డమ௨డ௫మ , 0 < ݔ < 3, ݐ > ,௫(3ݑ ;0 (ݐ = ,ݔ)ݑ ;0 0) =  .ݔ
pasuxi: ݔ)ݑ, (ݐ = ∑ (ିଵ)ೖቀାభమቁమగమ ݁ିరഏమቀೖశభమቁ

మవ ௧ sin (ାభమ)గ௫ଷஶୀ . 

3. koSis amocanis amonaxsni erTganzomilebiani siTbogamtareblobis ara-

erTgvarovni gantolebisaTvis: ߲߲ݐݑ = ܽଶ ߲ଶݔ߲ݑଶ + ,ݐ)݂ ,(ݔ ௧ୀ|ݑ =  ,(ݔ)ݑ
sadac ݂ da ݑ	mocemuli funqciebia, moicema formuliT: 

,ݐ)ݑ (ݔ = නݐߨ√12ܽ ஶ(ߦ)ݑ
ିஶ ݁ି(ೣష)మరೌమ ߦ݀ + න න ,ߦ)݂ ߬)2ܽඥݐ)ߨ − ߬) ݁ି (ೣష)మరೌమ(షഓ)݀߬݀ߦஶ

ିஶ
௧
 . 

am formulis gamoyenebiT amoxseniT koSis Semdegi amocanebi: 

1) 
డ௨(௧,௫)డ௧ = 4 డమ௨(௧,௫)డ௫మ + ݐ + ݁௧, ݑ|௧ୀ = 2.  
pasuxi: ݐ)ݑ, (ݔ = 1 + ݁௧ + ௧మଶ . 

2) 
డ௨(௧,௫)డ௧ = డమ௨(௧,௫)డ௫మ + ௧ୀ|ݑ ,ଶݐ3 = sin   .ݔ
pasuxi: ݐ)ݑ, (ݔ = ଷݐ + ݁ି௧ sin  .ݔ
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18. elifsuri gantolebebi 

18.1. laplasis gantoleba 

sxeulSi siTbos gavrcelebas ewodeba stacionaruli, Tu sxeulis 

yovel wertilSi temperatura damokidebuli ar aris  droze. am 

SemTxvevaSi  da siTbogamtareblobis  gantoleba gada-

dis  laplasis gantolebaSi. laplasis gantolebis amonaxsns 

harmoniuli funqcia ewodeba. gantoleba dros ar Seicavs, ami-

tom misTvis sawyisi piroba ar moicema. Tu  sxeulis  sazRvarze 

mudmivi temperaturaa SenarCunebuli, maSin sxeulis Siga nawilSi 

myardeba garkveuli temperaturuli wonasworoba. Sesabamis maTemati-

kur amocanas dirixles, anu pirveli sasazRvro amocana ewodeba da 

aqvs aseTi saxe: ; . Tu sxeulis zedapirze temperatura 

cnobili ar aris, magram mocemulia siTbos nakadi sxeulis zedapiris 

yovel wertilSi, romelic normalis gaswvriv warmoebulis propor-

ciulia, maSin amboben, rom mocemulia meore sasazRvro, anu neimanis 

amocana: , .  

laplasis gantoleba erT-erTi centraluri gantolebaa, ris ga-

moc unda daviwyoT zogadi SemTxveviT. ݊-ganzomilebian laplasis gan-

tolebas aqvs aseTi saxe: ߲ଶݔ߲ݑଵଶ + ߲ଶݔ߲ݑଶଶ + ⋯+ ߲ଶݔ߲ݑଶ = 0, 
sadac saZiebeli ݑ funqcia ݊ damoukidebel cvladzea damokidebuli. 

am gantolebas mravali amonaxsni aqvs. magaliTad, rodesac ݊ = 2 da ݂ kompleqsuri cvladis analizuri funqciaa ଵ݂(ݔ, ,ݔ)da ଶ݂ (ݕ -namd (ݕ
vili da warmosaxviTi nawilebiT, maSin orive akmayofilebs organzomi-

lebian laplasis gantolebas. amrigad, Tu raime SezRudvas ar davadebT 

gantolebis saZiebel amonaxsns, viRebT funqciaTa sakmaod farTo klass. 

rogorc aRvniSneT, amonaxsnTa am klasisaTvis specialuri saxelic ki 

arsebobs da maT harmoniuli funqciebi ewodebaT. dirixlesa da neimanis 

zemoT moyvanili pirobebi harmoniul funqciaTa klasidan gamoyofen 

erT konkretul harmoniul funqcias. ganvixiloT aseTi amocana: 

t
0=tu uut Δ=

0=Δu
0=Δu

V σ
f

0=Δu fu =σ|

0=Δu gnu =∂∂ σ|



 

359 

amocana. vipovoT laplasis gantolebis iseTi amonaxsni, romelic 

damokidebulia argumentis: ݎ = ඥݔଵଶ + ଶଶݔ + ⋯+ -ଶ sigrZeze da damokiݔ
debuli ar aris ݔଵ, ,ଶݔ … ,   koordinatebze. anu, gvainteresebs iseTiݔ
harmoniuli funqciis povna, romelic nebismier ݎ-radiusian sferoze 
mudmiv mniSvnelobas iRebs da es mniSvneloba icvleba ݎ-is cvlile-

basTan erTad.  

amrigad, saZiebeli funqcia erT ݎ cvladzea damokidebuli: ݔ)ݑଵ, ,ଶݔ … , (ݔ = -is meore rigis kerZo warmoebu-(ݎ)݂ vipovoT .(ݎ)݂
lebi: ߲݂(ݎ)߲ݔ = ݎ݀(ݎ)݂݀ ݔ݀ݎ݀ = ݎ݀(ݎ)݂݀ ݎݔ ⇒ ߲ଶ݂(ݎ)߲ݔଶ = ݀ଶ݂(ݎ)݀ݎଶ ଶݎଶݔ + ݎ݀ݎ(ݎ)݂݀ − ݎଷ݀ݎ(ݎ)ଶ݂݀ݔ . 

Sedegi CavsvaT laplasis gantolebaSi: 

ݔଶ
ୀଵ ቈ݀ଶ݂(ݎ)ݎଶ݀ݎଶ − ݎଷ݀ݎ(ݎ)݂݀  + ݊ ݎ݀ݎ(ݎ)݂݀ = 0 ⇒ ݀ଶ݂(ݎ)݀ݎଶ + ݊ − ݎ1 ݎ݀(ݎ)݂݀ = 0. 
miviReT Cveulebrivi diferencialuri gantoleba, romlis amoxsna 

da amonaxsnTa yofaqceva CvenTvis cnobilia: ݂(ݎ) = ܿଵ + ܿଶ݈݊ݎ, rodesac ݊ = 2 
da ݂(ݎ) = ܿଵ + ܿଶݎଶି, rodesac ݊ > 2. 

maSasadame, miviReT, rom: ݔ)ݑଵ, (ଶݔ = ܿଵ + ܿଶ݈݊ටݔଵଶ +  ଶଶݔ
da  ݔ)ݑଵ, ,ଶݔ … , (ݔ = ܿଵ + ܿଶ(ݔଵଶ + ଶଶݔ + ⋯+ ଶ)ଵିమݔ , 
nebismieri ݊ > 2-saTvis, sadac ܿଵ, ܿଶ nebismieri konstantebia.  

ZiriTadad, Cveni ganxilvis sagani iqneba organzomilebiani sasazR-

vro amocanebi laplasis gantolebisaTvis. am SemTxvevaSi ki mosaxer-

xebelia ara dekartul, aramed polarul koordinatTa sistemaSi mu-

Saoba, ris gamoc pirvel rigSi gadavweroT organzomilebiani lapla-

sis gantoleba polarul koordinatebSi. 
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es niSnavs, rom movaxdinoT cvladis gardaqmna (ݔ, (ݕ → 	 -for (,ݎ)
muliT ݔ = ,ݏܿݎ ݕ = , . maSin݊݅ݏݎ
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ori cvladis rTuli funqciis gawarmoeba axal koordinatebSi 

miiRebs Semdeg saxes: 
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meore rigis diferencialis gamosaTvlelad kidev erTxel gamovi-

yenoT rTuli funqciis gawarmoebis wesi, gveqneba: ߲ଶݔ߲ݑଶ = ݎ߲߲ ൬߲ݔ߲ݑ൰ ݔ߲ݎ߲ + ߲߲߮ ൬߲ݔ߲ݑ൰ ݔ߲߲߮ ,					߲ଶݕ߲ݑଶ = ݎ߲߲ ൬߲ݕ߲ݑ൰ ݕ߲ݎ߲ + ߲߲߮ ൬߲ݕ߲ݑ൰  	.ݕ߲߲߮
gamovTvaloT: 

డడ ቀడ௨డ௫ቁ da డడఝ ቀడ௨డ௫ቁ. ߲߲ݎ ൬߲ݔ߲ݑ൰ = ݎ߲߲ ൭ u u sin
cos

r r

φφ
φ

∂ ∂
−

∂ ∂
൱ = 	߲ଶݎ߲ݑଶ ϕcos + ߲ଶݎ߲߲߮ݑ ݎ߮݊݅ݏ + ߲߮ݑ߲ ଶݎ߮݊݅ݏ , 

߲߲߮ ൬߲ݔ߲ݑ൰ = ߲߲߮ ൭
r

sinu
cos

r

u ϕ
ϕ

ϕ
∂
∂−

∂
∂ ൱ = 

= ߲ଶ߲߮ݎ߲ݑ ϕcos − ݎ߲ݑ߲ ߮݊݅ݏ − ߲ଶ߲߮ݑଶ ݎ߮݊݅ݏ − ߲߮ݑ߲ ݎ߮ݏܿ , 
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amis Semdeg pirveli toloba gavamravloT 
డడ௫ = xolo meore ki డఝడ௬ ,߮ݏܿ = -ze, SevkriboT Sedegebi da SevaerToT msgavsi wevrebi, mivi-߮݊݅ݏ

RebT: ߲ଶݔ߲ݑଶ = ߲ଶݎ߲ݑଶ ଶφݏܿ − 2 ߲ଶݎ߲߲߮ݑ ݎ߮ݏܿ߮݊݅ݏ + 
+2 ߲߮ݑ߲ ଶݎ߮ݏܿ߮݊݅ݏ + ݎ߲ݑ߲ ݎଶ߮݊݅ݏ + ߲ଶ߲߮ݑଶ ଶݎଶ߮݊݅ݏ .																							(1) 

analogiuri msjelobiT miviRebT, rom: ߲ଶݕ߲ݑଶ = ߲ଶݎ߲ݑଶ ଶφ݊݅ݏ + 2 ߲ଶ߲߮ݎ߲ݑ ݎ߮ݏܿ߮݊݅ݏ − 
−2 ߲߮ݑ߲ sinφcosφݎଶ + ݎ߲ݑ߲ ݎଶ߮ݏܿ + ߲ଶ߲߮ݑଶ ଶݎଶ߮ݏܿ .																					(2) 

SevkriboT (1) da (2) tolobebi da miviRebT laplasis gantole-

bas polarul koordinatebSi: 

2 2

2 2 2

1 1
0.

u u u

r r r r ϕ
∂ ∂ ∂+ + =
∂ ∂ ∂

 

SeniSvna: ukanasknel gantolebas zogjer (TviTSeuRlebuli forma) 1ݎ ݎ߲߲ ൬ݎ ൰ݎ߲ݑ߲ + ଶݎ1 ߲ଶ߲߮ݑଶ = 0 
saxiTac weren. 

18.2. arakoreqtuli amocanebi.Aadamaris magaliTi 

Cveulebrivi diferencialuri gantolebebis analogiurad, kerZo-

warmoebulebian diferencialur gantolebaTa TeoriaSi ganixileba amo-

canis (diferencialuri gantoleba sawyis an sasazRvro (an orive er-

Tad) pirobebTan erTad) koreqtulobis sakiTxi. gavixsenoT, rom amo-

cana koreqtulia, Tu mas aqvs erTaderTi amonaxsni funqciaTa garkveul 

klasSi da es amonaxsni uwyvetadaa damokidebuli sawyis, sasazRvro 

pirobebze da koeficientebze (amocanis Sesabamisad). vaCveneT, rom 

koSis amocanas simis rxevis gantolebisaTvis aqvs erTaderTi amonax-
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sni. mtkicdeba, rom amonaxsni uwyvetadaa damokidebuli sawyis piro-

bebze da, amrigad, koSis amocana koreqtulia simis rxevis gantole-

bisaTvis. 

axla ganvixiloT koSis amocana laplasis gantolebisaTvis: ߲ଶݐ߲ݑଶ + ߲ଶݔ߲ݑଶ = 0, ݐ > 0,−∞ < ݔ < +∞,	 
௧ୀ|ݑ = 0, ݐݑ߲߲ |௧ୀ = 1݊  (1)																																															,ݔ݊݊݅ݏ

sadac ݊ naturaluri ricxvia. A 

am amocanis amonaxsnia: ݔ)ݑ, (ݐ = 1݊ଶ ݐ݊	ℎݏ sin ݔ݊ .																																										(2) 
radgan ฬ߲ݔ)ݑ, ݐ߲(0 ฬ = ฬ1݊ sin ฬݔ݊ ≤ 1݊, 

amitom sakmaod didi ݊-saTvis ݑ௧(ݔ, 0)-is absoluturi mniSvneloba 

ragind mcirea nebismieri ݔ-saTvis. meore mxriv, (1) amocanis (2) 

amonaxsnis absoluturi mniSvneloba ragind didia nebismieri sakmaod 

patara ݐ-saTvis, rodesac ݊ sakmaod didia. vTqvaT, vipoveT zemoT 
moyvanili laplasis gantolebis ݑ(ݔ, -amonaxsni Semdegi koSis amo (ݐ
canisaTvis: ݑ|௧ୀ = ߮ ݐݑ߲߲					, |௧ୀ = ߮ଵ,	 
maSin imave gantolebis amonaxsni: ݑ|௧ୀ = ߮ ݐݑ߲߲					, |௧ୀ = ߮ଵ + 1݊  ,ݔ݊݊݅ݏ
sawyisi pirobebis SemTxvevaSi iqneba:  ݔ)ݑ, (ݐ = ,ݔ)ݑ (ݐ + 1݊ଶ 	ݐ݊	ℎݏ ∙ sin  ݐ݊
funqcia, romelic sawyisi pirobebis mcire cvlilebis SemTxvevaSi 

ragind did mniSvnelobas iRebs ݐ = 0 wrfis maxloblobaSi. 

maSasadame, koSis amocana laplasis gantolebisaTvis ar aris ko-

reqtuli. 
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zemoT moyvanili magaliTi, romliTac vaCveneT laplasis gantole-

bisaTvis koSis amocanis arakoreqtuloba, ekuTvnis frang maTematikos 

J. adamars. 

adamaris magaliTi araa erTaderTi arakoreqtuli amocana. arako-

reqtulia agreTve sasazRvro amocana ݑ௫௬ = 0 hiperboluri gantole-

bisaTvis, romlis Tanaxmad, saZiebelia am gantolebis iseTi amonaxsni, 

romelic marTkuTxedis gverdebze mocemul (oTx) funqciebs emTxveva. 

mocemuli gantolebis amonaxsnia: ݔ)ݑ, (ݕ = (ݔ)݂ + ,݂ sadac ,(ݕ)݃ ݃ ne-
bismieri diferencirebadi funqciebia. ݑ௬ = ݃ᇱ(ݕ) da ݑ௫ = ݂ᇱ(ݔ) fun-
qciebma, Sesabamisad, marTkuTxedis ݔ = ݕ da ݐݏ݊ܿ =  sapirispiro ݐݏ݊ܿ
gverdebze unda miiRon toli mniSvnelobebi, rac imas niSnavs, rom 

marTkuTxedis gverdebze nebismierad mocemuli sasazRvro pirobebis 

SemTxvevaSi amocanas amonaxsni ver eqneba. e.i., aseTi saxiT dasmuli sa-

sazRvro amocana hiperboluri gantolebisaTvis koreqtuli ar aris. amo-

canas amonaxsni eqneba im SemTxvevaSi, Tu sasazRvro pirobebs dava-

debT saZiebel funqcias marTkuTxedis mxolod or mezobel gverdze. 

18.3. laplasis gantoleba rgolisTvis 

gamoyenebis TvalsazrisiT mniSvnelovania sibrtyeze:  

0=Δu  anu 0
2

2

2

2

=
∂
∂+

∂
∂

y

u

x

u
          (1)  

laplasis gantoleba, romlis amonaxsnebs harmoniuli funqciebi ewo-

deba. 

ganvixiloT rgolis msgavsi  are sibrtyeze, romelic, vTqvaT, 

SemosazRvrulia  da  radiusis mqone wrewirebiT, romelTa cen-

trebi koordinatTa saTaveSia. vigulisxmoT, rom ܴଵ < ܴଶ.  
ganvixiloT aseTi amocana:  

vipovoT  funqcia, romelic  rgolis SigniT akmayofi-

lebs laplasis (1) gantolebas.  

amocanis amosaxsnelad gadavideT polarul koordinatTa sistema-

ze: , .  rgoli axal koordinatTa sistemaSi 

moicema ,  martivi TanadobiT. saWiroa lapla-

K

1R 2R

),( yxu K

ϕcosrx = ϕsinry = K

21 RrR << πϕ 20 <≤
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sis operatoric gadaiweros axal koordinatebSi. laplasis  

gantoleba polarul koordinatebSi, rogorc aRvniSneT, aseTia: 

.   (2) 

gantolebis amosaxsnelad gamoviyenoT cvladTa gancalebis meTodi. 

amrigad, gantolebis amonaxsni veZeboT namravlis sa-

xiT, im daSvebiT, rom: , . CavsvaT  

funqcia (2) gantolebaSi da gveqneba: 

. 

am gantolebis orive mxare gavyoT  da Sedegi Cavwe-

roT Semdegi saxiT: 

.   (3) 

am gantolebis marcxena mxare mxolod  cvladzea damokidebuli, 

maSin, rodesac marjvena mxare _  cvladze. maSasadame, maTi toloba 

SesaZlebelia mxolod maSin, rodesac orive erTi da imave mudmivis 

tolia.AaRvniSnoT es mudmivi -iT. (3) gantolebidan miiReba ori Cve-

ulebrivi diferencialuri gantoleba, romelTa mcire gardaqmniT mivi-

RebT:  

, , ,  (4) 

, .   (5) 

(4) amocanaSi sasazRvro piroba aRniSnavs faqts, rom  fun-

qciis mniSvneloba yoveli -s Semdeg meordeba. sxva sityvebiT, iZeb-

neba perioduli amonaxsni. (4) amocanas vxsniT ukve cnobili sqemis 

saSualebiT. Tavidan CavTvaloT, rom  parametri dadebiTia. diferen-

cialuri gantolebis maxasiaTebeli gantolebidan vpoulbT 

maxasiaTebel fesvebs: , romliTac vagebT diferencialuri gan-
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tolebis zogad amonaxsns. CavsvaT igi sa-

sazRvro pirobebSi da miviRebT wrfiv algebrul gantolebaTa siste-

mas  da  mudmivebis mimarT: 

  (6) 

miRebuli sistema erTgvarovania, amitom aranulovani amonaxsnis 

arsebobisaTvis saWiroa sistemis determinanti nulis toli iyos, e.i.: 

, 

saidanac vRebulobT gantolebas , romelsac amonaxsnTa Tvla-

di raodenoba aqvs , sadac .  da  mudmivebis po-

vnis mizniT,  ukve napovni mniSvnelobebi CavsvaT (6) sistemaSi 

da miviRebT igiveobas , rac niSnavs, rom (6)-is amonaxsnebia ne-

bismieri ,  ricxvebi. xazi gavusvaT im garemoebas, rom es mudmi-

vebi icvlebian  parametrebis cvlilebasTan erTad, ris gamoc 

(4) amocanis amonaxsni daiwereba Semdegi saxiT: 

,  . 

axla davuSvaT . es SemTxveva gansakuTrebul Seswavlas mo-

iTxovs. (4) amocana miiRebs aseT saxes:  

, , . 

 diferencialuri gantolebis zogadi amonaxsni aseTia: 

. imisaTvis, rom am funqciam periodulobis piroba da-

akmayofilos, aucilebelia CavTvaloT, rom . amrigad, amonaxsni 

iqneba  mudmivi funqcia. miRebuli Sedegi xSirad gamoiye-

neba maTematikuri fizikis sxvadasxva amocanis amoxsnis dros, amitom 

CamovayaliboT igi Teoremis saxiT: 

λϕλϕϕ sincos)( 21 CC +=Φ
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Teorema 1. (4) periodul sasazRvro amocanas aqvs amonaxsnTa Tvla-

di ,  sakuTrivi ricxvebi da Tvladi sakuTrivi:  

, ,    (7) 

funqciebi. 

gadavideT axla (5) amocanis analizze. (5) diferencialuri ganto-

leba warmoadgens eileris gantolebas. eileris gantolebis amonaxsni, 

rodesac , saWiroa veZeboT  saxiT, romlis gantoleba-

Si Casmis da gamartivebis Semdeg mivdivarT algebrul gantolebamde:  

    . 

aqedan viRebT eileris gantolebis kerZo amonaxsnebs: ,  da 

zogad ,  amonaxsns. kvlav saWiroa calke gan-

vixiloT SemTxveva . am dros eileris gantolebas aqvs aseTi 

saxe: .  cvladis gardaqmnas mivyavarT pirveli 

rigis gantolebamde, romelic ixsneba cvladebis gancalebis meTodiT: 

    . 

aqedan , rac niSnavs, rom zogad amonaxsns aqvs 

aseTi saxe: . amrigad, (5) eileris gantolebis zogadi 

amonaxsnia: 

, rodesac , 

, rodesac . 

gavixsenoT, rom (4),(5) gantolebebi unda amoixsnas erTi da imave  

parametris mniSvnelobisaTvis. radgan perioduli amonaxsnebi (4) amo-

canisaTvis miRebulia mxolod -saTvis, amitom (5) amocanis amo-

naxsnebi saWiroa parametris am mniSvnelobisaTvis vipovoT, rac mogv-

cems funqciaTa Tvlad raodenobas: 

  (8) 
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(4)-(5) amocanebis amonaxsnebi, warmodgenili (7), (8) formule-

biT, CavweroT yoveli  nomrisaTvis: 

 

Zneli ar aris imis Semowmeba, rom zemoT amowerili funqciebis 

wyvil-wyvilad gadamravlebiT miviRebT laplasis gantolebis kerZo 

amonaxsnebs rgolisaTvis. es namravlebi gadavweroT Semdegi xelsayre-

li formiT: 

  (9) 

superpoziciis principis Tanaxmad, yvela (9) saxis kerZo amonax-

snebis jami mogvcems rgolSi laplasis gantolebis zogad amonaxsns 

im SemTxvevaSi, Tu:  

( )
0 0

1

( , ) ln

( )cos ( )sinn n n n
n n n n

n

u r a b r

a r b r n c r d r n

φ

φ φ
∞

− −

=

= + +

+ + + +
 (10) 

mwkrivi krebadia. am mwkrivis krebadobis sakiTxi Seiswavleba yovel 

konkretul SemTxvevaSi. gavixsenoT, rom (10)-is krebadoba uwyveti 

funqciisaken jer kidev ar iZleva imis garantias, rom es funqcia 

diferencirebadi iqneba. funqciis diferencirebadoba ki aucilebelia 

amonaxsnis Casasmelad laplasis gantolebaSi. amis gamo (10) mwkrivi 

amocanis ganzogadebuli amonaxsnia. cxadia, krebadobis sakiTxi ar da-

ismeba, Tu (9) kerZo amonaxsnebis sasrul jams ganvixilavT. yoveli 

aseTi sasruli jami laplasis gantolebis klasikuri amonaxsnia eg-

reT wodebul zRvrul rgolSi: 

, 

radgan arsebobs misi ara marto meore, aramed usasrulo rigis kerZo 

warmoebulebi. laplasis gantolebis klasikuri amonaxsnia, magaliTad:  

 

funqcia. misi grafiki mocemulia nax. 1-ze (r-sa da -s mniSvnelobe-

bi aRebulia -dan). 
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nax. 1 

18.4. dirixles amocana wreSi laplasis gantolebisaTvis 

ganvixiloT zemoT moyvanilis kerZo SemTxveva, rodesac rgoli ga-

dagvardeba wreSi, rac Seesabameba SemTxvevas, roca . rgolis 

didi radiusi aRvniSnoT	ܴ = ܴଶ-iT.  
, , sadac cnobili perioduli funqciaa, pe-

riodiT 2ߨ, warmoadgens laplasis gantolebisaTvis dirixles amoca-

nas wrewirze.  

polarul koordinatebSi amocana Caiwereba Semdegnairad: 

, , .  (1) 

gavixsenoT, rom rgolisaTvis am amocanis amonaxsni wina paragra-

fis (10) gamosaxulebiT moicemoda. (10) gamosaxulebaSi Semavali  

da  funqciebi wrewiris centrSi SemosazRvrulebi ar arian. fizi-

kuri mosazrebebidan gamomdinare iTvleba, rom aseTi amonaxsnebis rea-

lizeba ar SeiZleba, ris gamoc maT win mdgomi koeficientebi -s unda 

gavutoloT. amitom, wrisaTvis laplasis amocanis amonaxsni iqneba: 

.  (2) 

(2) gamosaxulebaSi  da  koeficientebis gamosaTvlelad vi-

sargebloT sasazRvro pirobebiT.  Casmis Semdeg (2) gavutoloT 

-s da miviRebT: 
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. 

davweroT  funqciis daSla furies mwkrivad  inter-

valze: 

. 

funqciis furies mwkrivad daSlis erTaderTobidan gamodis, rom:  

, , , , 

saidanac vpoulobT:  da . CavsvaT -sa da -s 

es mniSvnelobebi (2)-Si da gveqneba: 

.  (3) 

, ,  koeficientebi gamoiTvlebian kargad cnobili formu-

lebidan: 

,  , 

,    (4) 

debuleba 1. imisaTvis, rom wreSi dirixles amocana amovxsnaT 

laplasis gantolebisaTvis furies meTodiT, saWiroa gamoiTvalos mo-

cemuli  funqciis furies koeficientebi (4) formulebidan da 

Caisvas (3) gamosaxulebaSi. 

18.5. dirixles amocana wris gareT laplasis gantolebisaTvis 

ganvixiloT kidev erTi kerZo SemTxveva, rodesac rgoli wris gare 

areSi gadagvardeba, rac, bunebrivia, Seesabameba SemTxvevas . 

gare radiusi aRvniSnoT -iT. laplasis gantolebas emateba sasa-

zRvro piroba -radiusiani wrewiris sazRvarze. zogadi amonaxs-
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nis (10) formulaSi Semavali  da  funqciebi, rodesac , 

usasrulod izrdebian. amitom am funqciebis win mdgomi koeficiente-

bi dirixles amocanis amoxsnisas -s unda gavutoloT, rasac mivya-

varT laplasis gantolebis Semdeg amonaxsnamde:  

.  (1) 

(1) funqciisaTvis sasazRvro pirobebis Sesruleba niSnavs -is 

Casmas masSi da -saTvis gatolebas: 

, 

romlis Sedareba -is furies  

 

mwkrivTan gvaZlevs: 

, , , , 

saidanac viRebT: , . maTi CasmiT (1) zogad amonax-

snSi vRebulobT amocanis amonaxsns: 

, 

romlis koeficientebi gamoiTvlebian wina paragrafis (4) formulidan. 

18.6. dirixles amocana rgolSi laplasis gantolebisaTvis 

dirixles amocana rgolisaTvis yalibdeba Semdegnairad: 
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mis amosaxsnelad kvlav viyenebT zogad (10) formulas paragraf 

18.3-dan.  koeficientebi gamoiTvlebian:  

, ,   (2) 

gantolebaTa sistemebidan.  

18.7. puasonis gantoleba rgolSi 

araerTgvarovani laplasis  gantoleba puasonis gantole-

bis saxelwodebidaa cnobili. Cven SeviswavliT am gantolebas rgolSi, 

romelic SemosazRvrulia ori koncentruli –  da  radiusebis 

mqone wrewirebiT, centrebiT koordinatTa saTaveSi. vigulisxmoT, 

rom . davweroT puasonis gantoleba polarul koordinatebSi: 

.   (1) 

laplasis gantolebis analogiurad (1) gantolebis amonaxsni ve-

ZeboT: 

  (2) 

mwkrivis saxiT. 

davuSvaT, (2) mwrivi SesaZlebelia gavawarmooT wevrobrivad, maSin: 

, 

,   (3) 

. 

es tolobebi SevitanoT (1)-Si da Sedegi gadavweroT Semdegi sa-

xiT: 
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garda amisa, davweroT  funqciis furies mwkrivad daSla 

 cvladis mimarT da  CavTvaloT parametrad: 

.  

ukanaskneli tolobebis erTi da imave saxis koeficientebis gato-

lebiT miviRebT diferencialur gantolebaTa sistemas: 

, 

,  (4) 

. 

gavixsenoT furies koeficientebis formula da gamoviyenoT igi  

parametrze damokidebuli  funqciisaTvis  intervalze: 

, 

,    (5) 

,  

(4) diferencialur gantolebebs amonaxsnTa usasrulo simravle 

aqvT, erTi romelime amonaxsnis gamosayofad saWiroa damatebiTi pi-

roba. Cveulebriv, aseTi damatebiTi pirobebi moicema rgolis sazRva-

rze, e.i.  da  wrewirebze. am damatebiT pirobebs, rogorc 

viciT, sasazRvro piroba ewodeba. sasazRvro pirobebi mravalnairi 

SeiZleba iyos, magaliTisaTvis ganvixiloT Semdegi: 
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rac niSnavs, rom mcireradiusian wrewirze cnobilia TviTon  

funqcia, xolo did wrewirze mocemulia misi warmoebuli am wrewi-

ris normalis gaswvriv. aq igulisxmeba aris mimarT gare normali. 

geometriulad es niSnavs, rom normalis miTiTebuli mimarTuleba 

airCeva ise, rom igi emTxveodes  argumentis zrdis mimarTulebas. 

sxva sityvebiT, marTebulia toloba: . polarul ko-

ordinatTa sistemaze gadasvlis Semdeg (1), (6) amocana iRebs saxes: 

, ,  (7) 

, .  (8) 

gavixsenoT, rom (7) puasonis gantolebis amonaxsns veZebT (2) 

mwkrivis saxiT. CavsvaT am mwkrivSi  mniSvneloba da Sedegi gavu-

toloT -s (8) pirobis pirveli tolobis Tanaxmad: 

. 

davweroT agreTve -is furies mwkrivad daSla  inter-

valze: 
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ukanaskneli ori gamosaxulebis Sedareba gvaZlevs -saTvis 

Semdeg tolobebs: 
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analogiurad zemoT Tqmulisa, CavsvaT -Si, romelic (3) formu-

liTaa warmodgenili,  mniSvneloba da Sedegi gavutoloT -s, 

(8) sasazRvro pirobis meore tolobis Tanaxmad: 

. 

paralelurad amisa, warmovadginoT  furies mwkrivad  

intervalze: 

. 

kvlav ori ukanaskneli gamosaxulebis Sedareba -saTvis gvaZ-

levs tolobebs: 

, 

,   (10) 

,  . 

zemoT Tqmuli SevajamoT Semdeg debulebaSi: 

debuleba 1. imisaTvis, rom rgolSi (6) sasazRvro amocana amoix-

snas furies meTodiT, saWiroa igi gadavweroT polarul koordina-

tebSi, gamovTvaloT  funqciis furies koeficientebi  

intervalze (5) formuliT, gamovTvaloT agreTve  da  fu-

ries koeficientebi (9) da (10) gamosaxulebebidan, Semdeg amovxsnaT 

(4) Cveulebrivi diferencialuri gantoleba (9) da (10) Tanadobebi-

dan aRebul sasazRvro pirobasTan erTad da Sedegebi SevitanoT (2) 

zogad amonaxsnSi.  
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19. helmholcis gantoleba 

fiqsirebuli ω  sixSiris akustikuri rxeviT process 
nR -Si aR-

wers gantoleba: 

uu 2ω−=Δ ,  (1) 

romelic helmholcis gantolebis saxelwodebiTaa cnobili. Tu (1) 

gantolebis fizikur Sinaarss daviviwyebT, SegviZlia davuSvaT, rom ߱ = 0, maSin (1) gadadis laplasis gantolebaSi.  

gadavweroT (1) gantoleba koordinatebSi: 
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sadac ),...,,( 21 nxxxuu = . (2) (an, rac igivea, (1) gantoleba) aris 

elifsuri gantoleba, amitom misTvis ismeba yvela is sasazRvro amo-

cana (dirixles, neimanis), romelic, sazogadod, elifsuri gantole-

bebis SemTxvevaSi gvaqvs. wina paragrafebidan gamomdinare, bunebrivia, 

vifiqroT, rom (2) gantolebas (Sesabamis sasazRvro pirobebSi) 

garkveuli 0≠ω -saTvis eqneba amonaxsni. aseTi aranulovani amonaxsni 

iqneba laplasis operatoris sakuTrivi funqcia (marTlac, (1) ganto-

leba aseTia: (∆ + ߱ଶ)ݑ = 0). radgan arsebobs elifsuri gantolebe-

bis kvlevis zogadi Teoria da, maT Soris, amoxsnis meTodebi (rac 

nawilobriv ganvixileT), (2) gantolebac, rogorc kerZo SemTxveva, Se-

saZlebelia gamokvleul iqnes am meTodebiT. magram, zogjer, garkve-

uli SezRudvebis Semdeg, (2) gantoleba daiyvaneba Cveulebriv dife-

rencialur gantolebaze. qvemoT swored am SemTxvevaze SevCerdebiT.  

davuSvaT, )()( τvwrvu == , sadac wr=τ , xolo 
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ukanaskneli gamosaxulebis marjvena mxaris gamartivebis Semdeg mi-

viRebT: 
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amis Semdeg (1) gantoleba gadaiwereba Semdegnairad: 
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movaxdinoT ucnobi funqciis gardaqmna:  
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TanadobiT da gadavweroT (3) gantoleba axali ucnobi )(τy  funqciis 

mimarT. amisaTvis saWiroa vipovoT (4)-dan )(/ τv  da )(// τv :  





 −−=−+=

−
−

−

)(
2

1
)()(

1
)()( /

1
1

1
// τ

τ
τττ

τ
ττττ y

n
yy

r

n
yv r

nr

n

r

n

, 

1

/ / /

1 /
/ /

2

1 1
( ) ( ) ( )

2

1 ( ) ( )
( )

n

r

n

r

n n
v y y

r

n y y
y

r

ττ τ τ
τ τ

τ τ ττ τ
τ

−

−

− − = − +  
 − −+ − = 
 

 

=






 −+−−−+−−=
−

)(
4

)1()(1
)(

4

)1()(1
)(

2

2/

2

2/
//

1

τ
ττ

ττ
ττ

τττ y
ny

r

n
y

ny

r

n
yr

n

 








 −+−+−−=
−

)(
4

)1(
)(

4

)1(
)(

1
)(

22

2
///

1

τ
τ

τ
τ

τ
τ

ττ y
n

y
n

y
n

yr

n

. 



 

377 

CavsvaT )(τv , )(/ τv  da )(// τv  (3) gantolebaSi da miRebuli ga-

mosaxuleba gavyoT saerTo r

n−1

τ  mamravlze, miviRebT: 
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ukanaskneli gamosaxulebis gamartivebis Semdeg miviRebT ganto-

lebas: 
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τ y
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(5) aris beselis gantoleba da misi zogadi amonaxsni specialuri 

funqciebiT gamoisaxeba.  

amrigad, Tu SemovisazRvrebiT (1)-is )()( τvwrvu ==  saxis amo-

naxsnebis ZiebiT, anu, rogorc amboben, Tu gvainteresebs amocanis mxo-

lod sferulad simetriuli amonaxsnebi, maSin helmholcis gantoleba 

daiyvaneba beselis gantolebaze.  
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20. elifsur gantolebaTa sistemebi sibrtyeze 

wrfivi, pirveli rigis kerZowarmoebulebiani diferencialuri gan-

tolebaTa sistema ori cvladis ݔ)ݑ, ,ݔ)ݒ da (ݕ  funqciebisaTvis (ݕ
aseTia:  

ቐܽଵଵ డ௨డ௫ + ܽଵଶ డ௨డ௬ + ܾଵଵ డ௩డ௫ + ܽଵଶ డ௩డ௬ + ܽଵݑ + ܾଵݒ = ଵ݂,ܽଶଵ డ௨డ௫ + ܽଶଶ డ௨డ௬ + ܾଶଵ డ௩డ௫ + ܽଶଶ డ௩డ௬ + ܽଶݑ + ܾଶݒ = ଶ݂,   (1) 

sadac ܽ(ݔ, ,(ݕ ܾ(ݔ, ,(ݕ ܽ(ݔ, ,(ݕ ܾ(ݔ, ,(ݕ ݂(ݔ, -ori cvladis mocemu (ݕ

li funqciebia ܷ ⊂   areze. am funqciebs, iseve rogorc saZiebel܀

funqciebs, raime SezRudvebs ar davadebT (Tumca, aqve aRvniSnavT, rom 

gantolebaTa sistemis sruli analizisaTvis es mniSvnelovania).  

iseve rogorc erTi gantolebis SemTxvevaSi, gantolebaTa siste-

mis klasifikaciisaTvis gamoviyenoT Sesabamisi kvadratuli forma:  G = ଶݔ݀ܽ + ݕ݀ݔ2ܾ݀ +  ଶ,   (2)ݕ݀ܿ

sadac (ݔ, (ݕ = ܽଵଶܾଶଶ − ܽଶଶܾଵଶ
Δ

, 
,ݔ)ܾ (ݕ = −ܽଵଵܾଶଶ + ܽଵଶܾଶଵ − ܽଶଵܾଶଵ − ܽଶଶܾଵଵ2Δ , 

,ݔ)ܿ (ݕ = ܽଵଵܾଶଵ − ܽଶଵܾଵଵ
Δ

, 
Δ = (ܽଵଶܾଶଶ − ܽଶଶܾଵଶ)(ܽଵଵܾଶଵ − ܽଶଵܾଵଵ) − −ଵସ (ܽଵଵܾଶଶ + ܽଵଶܾଶଵ − ܽଶଵܾଶଵ − ܽଶଶܾଵଵ)ଶ. 

(1) sistemas vuwodoT elifsuri, Tu (2) forma dadebiTad gan-

sazRvrulia. es moxdeba maSin da mxolod maSin, rodesac ܽ > 0 da 
Δ > 0. Δ-s ewodeba gantolebaTa sistemis diskriminanti. qvemoT 

mxolod elifsur sistemebs ganvixilavT. am SemTxvevaSi ki diskrimi-

nanti dadebiTia, ris gamoc (1) SesaZlebelia gardaiqmnas SedarebiT 

martiv sistemad: 
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۔ۖەۖ
ݕ߲ݒ߲−ۓ + ܽଵଵ ݔ߲ݑ߲ + ܽଵଶ ݕ߲ݑ߲ + ܽଵݑ + ܾଵݒ = ଵ݂,߲ݔ߲ݒ + ܽଶଵ ݔ߲ݑ߲ + ܽଶଶ ݕ߲ݑ߲ + ܽଶݑ + ܾଶݒ = ଶ݂, 																					(3) 

romlis elifsuroba niSnavs ܽଵଵ > 0 da Δ > 0 pirobebis dakmayofi-
lebas. 

davuSvaT, rom ܽଵଶ = −ܽଶଵ, ܽଵଵ = ܽଶଶ, maSin ukanaskneli sistema, 

naTelia, miiRebs saxes: 

۔ۖەۖ
v∂y∂−ۓ + aଵଵ ∂u∂x + aଵଶ ∂u∂y + aଵu + bଵv = fଵ,∂v∂x − aଵଶ ∂u∂x + aଵଵ ∂u∂y + aଶu + bଶv = fଶ,  

romelic ܷ = ܽଵଵݑ da ܸ = ݒ + ܽଵଶݒ Casmis Semdeg mogvcems:  
۔ۖەۖ
ݔ߲ܷ߲ۓ − ݕ߲ܸ߲ + ଵܷܣ + ଵܸܤ = ݕ߲ܷ߲,݂ + ݔ߲ܸ߲ + ଶܷܣ + ଶܸܤ = ݃ 																																				(4) 

sistemas. (4)-s (3) sistemis kanonikuri forma ewodeba. 

sawyisi sistemis TiToeuli gantolebis mTavari nawilebisagan Sed-

genil sistemas gantolebaTa sistemis mTavari nawili ewodeba. Tu (4) 

sistemis marjvena mxare 0-ia, maSin mas erTgvarovani ewodeba. garda 

amisa, (4)-Si SesaZlebelia romelime koeficienti an yvela erTad igi-

vurad 0-is toli gaxdes. advili SesamCnevia, rom (4)-is Sesabamisi er-

Tgvarovani gantolebis mTavari nawili koSi-rimanis gantolebaTa sis-

temaa.Aamrigad, (4) aris koSi-rimanis gantolebaTa sistemis ganzogadeba.  

(1) saxis sistemebis amoxsnis meTodi da misi amonaxsnebis Tvise-

bebi koeficientTa sakmaod farTo klasisaTvis ekuTvnis i.vekuas. 

i.vekuam (4) sistema Cawera Semdegi kompleqsuri formiT: ߲ܹ߲̅ݖ + ܹܣ + ܤ ഥܹ =  (5)																																										,ܨ
sadac ܹ(ݖ, (̅ݖ = ,ݔ)ܷ (ݕ + ,ݔ)ܸ݅ ,ݖ)ܨ ,saZiebeli funqciaa (ݕ (̅ݖ =ଵଶ ൫݂(ݔ, (ݕ + ,ݔ)݃݅   .൯ ki – mocemuli kompleqsuri funqcia(ݕ
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̅ݖ߲߲ = 12 ൬ ݔ߲߲ + ݅  ൰ݕ߲߲
diferencirebis operatoria, xolo gantolebis koeficientebi (4) 

sistemiT mocemul funqciebs ukavSirdebian TanadobebiT:  ݖ)ܣ, (̅ݖ = 14 ,ݔ)ଵܣ) (ݕ − ,ݔ)ଶܤ (ݕ + ,ݔ)ଶܣ)݅ (ݕ + ,ݔ)ଵܤ  ,(((ݕ
,ݖ)ܤ (̅ݖ = 14 ,ݔ)ଵܣ) (ݕ + ,ݔ)ଶܤ (ݕ − ,ݔ)ଵܤ)݅ (ݕ − ,ݔ)ଶܣ  ,(((ݕ

ris Semdeg, i.vekuam, Sesabamisi singularuli integraluri gantole-

bis amonaxsnis arsebobis Sesaxeb Teoremis gamoyenebiT dawera (5) gan-

tolebis amonaxsni. (5) gantolebis amonaxsnis vekuas formulas samec-

niero literaturaSi msgavsebis principi ewodeba, xolo (5)-is Sesa-

bamisi erTgvarovani gantolebis amonaxsnebs, vekuas azriT, _ ganzo-

gadebuli analizuri funqciebi.  

naTelia, rom (1) saxis zogadi elifsuri sistemis kerZo SemTx-

vevaa  

۔ۖەۖ
ݔ߲ݑ߲ۓ − ܽ ݕ߲ݒ߲ + ෨ܾ ݔ߲ݒ߲ = ݕ߲ݑ߲,0 − ෨ܾ ݕ߲ݒ߲ + ܿ̃ ݔ߲ݒ߲ = 0 

sistema (koeficientebi isea aRebuli, rom sistema elifsuria), rome-

lic kompleqsur koordinatebSi gadaweris Semdeg miiRebs aseT saxes: ߲߲̅ݖݓ − ,ݖ)ݍ (̅ݖ ݖݓ߲߲ = 0. 
igi beltramis gantolebis saxeliTaa cnobili. mis amonaxsnebs kva-

zikonformuli funqciebi ewodeba. cxadia, rom es gantolebac koSi-

rimanis (romelic kompleqsur koordinatebSi ase gamoiyureba: 
డ௪డ௭̅ = 0) 

gantolebaTa sistemis ganzogadebaa. amis gamoa, rom analizur funq-

ciaTa Tvisebebis umravlesoba vrceldeba ganzogadebul analizur da 

kvazikonformul funqciebze. 

meore rigis wrfiv, kerZowarmoebulebian diferencialur ganto-

lebaTa sistema sibrtyeze aseTia: 
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,ݔ)ܣ (ݕ ߲ଶܷ߲ݔଶ + ,ݔ)ܤ2 (ݕ ߲ଶܷ߲ݕ߲ݔ + ,ݔ)ܥ (ݕ ߲ଶܷ߲ݕଶ + ,ݔ)ܧ (ݕ ݔ߲ܷ߲ ,ݔ)ܨ+ + (ݕ ݕ߲ܷ߲ + ,ݔ)ܦ ܷ(ݕ = ,ݔ)ܩ  (6)																																																		,(ݕ
sadac  ݔ)ܣ, (ݕ = ൫ܽ(ݔ, ൯,ୀଵ(ݕ

,ݔ)ܤ , (ݕ = ൫ܾ(ݔ, ൯,ୀଵ(ݕ
,ݔ)ܥ  , (ݕ = ൫ܿ(ݔ, ൯,ୀଵ(ݕ ,ݔ)ܧ , (ݕ = ൫݁(ݔ, ൯,ୀଵ(ݕ ,ݔ)ܨ  , (ݕ = ൫ ݂(ݔ, ൯,ୀଵ(ݕ ,ݔ)ܦ , (ݕ = ൫݀(ݔ, ൯,ୀଵ(ݕ
 

mocemuli kvadratuli matric-funqciebia.  ܷ(ݔ, (ݕ = ൫ݑଵ(ݔ, ,(ݕ … , ,ݔ)ݑ  ൯(ݕ
ucnobi da ݃(ݔ, (ݕ = ൫݃ଵ(ݔ, ,(ݕ … , ݃(ݔ, -൯ mocemuli veqtoruli fun(ݕ

qciaa.  

(6) sistemas ewodeba elifsuri ܷ ⊂ ,ݔ)ܣ)ଶ areze, Tu:  det܀ ଶߣ(ݕ + ,ݔ)ܤ2 ߣ(ݕ + ,ݔ)ܥ ((ݕ ≠ ,ݔ)ܣݐ݁݀ ,0 (ݕ ≠ ,ݔ)ܣs im mniSvnelobebs, romelTaTvisac: det൫-ߣ  .s nebismieri namdvili mniSvnelobisaTvis mocemul areSi-ߣ (7)     0 ଶߣ(ݕ + ,ݔ)ܤ2 ߣ(ݕ + ,ݔ)ܥ ൯(ݕ = 0 
sistemis maxasiaTebeli ricxvebi ewodeba. 

meore rigis elifsuri gantolebisaTvis dirixles amocana koreq-

tuli amocanaa. rac Seexeba (6) saxis sistemebs, maSinac ki, rodesac 

koeficientebi mudmivia, dirixles amocanas SeiZleba hqondes usasru-

lod bevri amonaxsni. aseTi amocanis pirveli magaliTi ekuTvnis qar-

Tvel maTematikos a. biwaZes. 

ganvixiloT (6) saxis sistema mudmivi koeficientebiT:  

۔ۖەۖ
ଶݔ߲ݑଶ߲ۓ − ߲ଶݕ߲ݑଶ − 2 ߲ଶݕ߲ݔ߲ݒ = 0,߲ଶݔ߲ݒଶ − ߲ଶݕ߲ݒଶ + 2 ߲ଶݕ߲ݔ߲ݑ = 0. 																																				(8) 
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es sistema elifsuria, radgan mis maxasiaTebel gantolebas (ߣଶ + 1)ଶ = 0 namdvili fesvebi ar aqvs. davsvaT misTvis dirixles 

Semdegi amocana: vipovoT ܦ = ଶݔ} + ଶݕ < ܴଶ} wreSi (8)-is iseTi amo-
naxsni, rom ܦ-s ܵଵ = ଶݔ} + ଶݕ = ܴଶ} sazRvarze igi 0-is toli gaxdes. 

gantolebaSi uSualo CasmiT mowmdeba, rom nebismieri naturaluri ݊-saTvis sistemis amonaxsnia: ݑ(ݔ, (ݕ = ቆݎିଵ − ାଵܴଶݎ ቇ cos(݊ − 1)߮, 
,ݔ)ݒ (ݕ = ቆݎିଵ − ାଵܴଶݎ ቇ sin(݊ − 1)߮ 

funqciebi, sadac (ݎ, -is polaruli koordinatebia. ro-ݕ is da-ݔ (߮

desac ݎ → ܴ, es funqciebi igivurad 0-is toli xdebian da amrigad, 

yvela maTgani warmoadgens dirixles amocanis amonaxsns. 

(8) gantolebaTa sistema biwaZis gantolebis saxeliTaa cnobili. 

igi elifsuri sistemebis Semdgomi klasifikaciis aucileblobis sti-

muli gaxda, radgan (6) saxis elifsur sistemaTa umravlesobisaTvis 

dirixles amocanas erTaderTi amonaxsni aqvs. ase sruli klasifika-

cia ekuTvnis i.vekuas mowafes, polonel maTematikos b.boiarskis. gan-

vixilavT SemTxvevas, rodesac ݊ = 2. boiarskim aCvena, rom sibrtyeze 
meore rigis wrfivi mudmivkoeficientebiani elifsuri sistemebis kla-

sifikacia (dirixles amocanis amonaxsnis erTaderTobis Tvalsazri-

siT) ori ucnobi funqciisaTvis ekvivalenturia: ܲ(ߣ) = ଶߣܣ + ߣܤ2 + ܥ = ൫ߙ(ߣ)൯,ୀଵଶ
          (9) 

meore rigis polinomialuri matricebis simravlis klasifikaciis, misi 

bmulobis komponentebis mixedviT. ufro zustad, ganvixiloT (9) po-

linomialuri matricebis simravle, romlebic (8) pirobebs akmayofi-

leben da vipovoT am simravlis bmuli komponentebis raodenoba. boi-

arskis Teoremis Tanaxmad, am simravles aqvs 6 bmulobis komponenti 

da isini Seesabamebian: ߯(ߣ) = (ߣ)ଵଵߙ + (ߣ)ଶଶߙ + (ߣ)ଶଵߙ)݅ −  0=((ߣ)ଵଶߙ
kvadratuli gantolebis ߣଵ da ߣଶ fesvebis Semdeg Tanadobebs: 

(ߣ)ܲݐ݁݀ (1 > 0, ଵߣ݉ܫ > 0, ଶߣ݉ܫ > 0; 
(ߣ)ܲݐ݁݀ (2 > 0, ଵߣ݉ܫ > 0, ଶߣ݉ܫ < 0; 
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(ߣ)ܲݐ݁݀	(3 > 0, ଵߣ݉ܫ < 0, ଶߣ݉ܫ < 0; 
(ߣ)ܲݐ݁݀ (4 < 0, ଵߣ݉ܫ > 0, ଶߣ݉ܫ > 0; 
(ߣ)ܲݐ݁݀ (5 < 0, ଵߣ݉ܫ > 0, ଶߣ݉ܫ < 0; 
(ߣ)ܲݐ݁݀ (6 < 0, ଵߣ݉ܫ < 0, ଶߣ݉ܫ < 0. 
meore rigis elifsur gantolebaTa sistema sibrtyeze, romelic 

akmayofilebs 1), 2) da 3) pirobebs, aRvniSnoT, Sesabamisad, ܧଵ, ܧଶ da ܧଷ-iT. magaliTad, laplasis gantolebaTa sistema: 

۔ۖەۖ
ଶݔ߲ݑଶ߲ۓ + ߲ଶݕ߲ݑଶ = 0,߲ଶݔ߲ݒଶ + ߲ଶݕ߲ݒଶ = 0 

ekuTvnis ܧଶ klass. biwaZis (8) sistema, agreTve sistema: 

۔ۖەۖ
ଶݔ߲ݑଶ߲ۓ − ߲ଶݕ߲ݑଶ + √2 ߲ଶݕ߲ݔ߲ݒ = 0,߲ଶݔ߲ݒଶ − ߲ଶݕ߲ݒଶ − √2 ߲ଶݕ߲ݔ߲ݑ = 0   :ଷ klasisaa, xoloܧ (10)																																

۔ۖەۖ
ଶݔ߲ݑଶ߲ۓ − ߲ଶݕ߲ݑଶ + 2 ߲ଶݕ߲ݔ߲ݒ = 0,߲ଶݔ߲ݒଶ − ߲ଶݕ߲ݒଶ − 2 ߲ଶݕ߲ݔ߲ݑ = 0 

sistema ekuTvnis ܧଵ klass. 

debuleba 1. Tu elifsuri sistema ܧଶ klasisaa, maSin misTvis di-

rixles amocana koreqtulia. 

rac Seexeba ܧଵ da ܧଷ klasis elifsur gantolebebs, maTTvis di-

rixles amocana SeiZleba koreqtulic iyos da arakoreqtulic. maga-

liTad, (10) sistemisaTvis dirixles amocanas aqvs mravali amonaxsni: ݔ)ݑ, (ݕ = 1 − ଶܴଶݎ ,ݔ)ݒ						, (ݕ = 1 −  ,ଶܴଶݎ
sadac ݔ ݎ-is da ݕ-is pirveli polaruli koordinatia, meore ߮ koor-
dinatze sistemis amonaxsni damokidebuli ar aris. es funqciebi igi-
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vurad 0-is tolia ܦ = ଶݔ} + ଶݕ < ܴଶ} diskis sazRvarze. sainteresoa 
imis garkveva, ramdenad bevria aseTi amocana. sxva sityvebiT, amocana 

mdgomareobs imis garkvevaSi, Riaa Tu ara koreqtuli amocanebis sim-

ravle ܧଵ da ܧଷ klasebSi. 

savarjiSoebi damoukidebeli muSaobisaTvis 

1. aCveneT, rom: 

22)(
),,(

yx

y
yxK

+−
=
ξ

ξ  

akmayofilebs laplasis gantolebas nebismieri ξ -saTvis. 

2. ipoveT 
)2(Cu ∈ , romelic akmayofilebs:  

0
2

2

2

2

=
∂
∂+

∂
∂≡Δ

y

u

x

u
u  

laplasis gantolebas da sasazRvro pirobebs: 

)(| 0 xfu y == , ∞→+ 22
|

yx
u  SemosazRvrulia, rodesac 

0, .y x≥ −∞ < < ∞  

miTiTeba: gamoiyeneT wina amocana da superpoziciis integraluri 

forma (Teorema 1 wina paragrafidan).  

pasuxi: 2 2

1 ( )
( , )

( )

f
u x y d

x y

ξ ξ
π ξ

−∞

∞

=
− + . 

3. amoxseniT rgolSi dirixles Semdegi amocana:  ∆ݔ)ݑ, (ݕ = 0, 4 < ଶݔ + ଶݕ < ௫మା௬మୀସ|ݑ ;9 = ௫మା௬మୀଽ|ݑ ,ݔ =  .ݕ
pasuxi: ݑ = ቀ− ସହ ݎ + ଷହ ଵቁିݎ cos ߮ + ቀଽହ ݎ − ଷହ ଵቁିݎ sin߮. 

4. amoxseniT wreSi dirixles Semdegi amocana:  ∆ݔ)ݑ, (ݕ = 0, ଶݔ + ଶݕ < ௫మା௬మୀସ|ݑ ;4 =  .ଶݔ
pasuxi: ݔ)ݑ, (ݕ = 2 + ௫మି௬మଶ . 
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5. ipoveT erTeulradiusiani wris (wrewiris centria koordinatTa 

saTave) SigniT ݑ(߮,   :harmoniuli funqcia, iseTi, rom (ݎ

,߮)ݑ (1 ୀଵ|(ݎ = cosଶ ߮. pasuxi: ݑ(߮, (ݎ = ଵଶ (1 + ଶݎ cos 2߮). 
,߮)ݑ	(2 ୀଵ|(ݎ = sinଷ ߮. pasuxi: ݑ(߮, (ݎ = ସ (3 sin߮	 − ଶݎ sin 3߮). 
,߮)ݑ (3 ୀଵ|(ݎ = cosସ ߮. pasuxi: ݑ(߮, (ݎ = ଷ଼ + మଶ cos 2߮	 − ర଼ cos 4߮). 

6. ipoveT ܴ radiusis mqone wris (wrewiris centria koordinatTa 
saTave) SigniT ݑ(߮,  :harmoniuli funqcia, iseTi, rom (ݎ

1) 
డ௨డ |ୀோ = ܣ cos߮.	pasuxi: ݑ(߮, (ݎ = ݎܣ cos߮ + ܿ. 

2) 
డ௨డ |ୀோ = ܣ sinଷ ߮	pasuxi: ݑ(߮, (ݎ = ଵସ ݎ3) sin߮ − యଷோమ sin 3߮) + ܿ. 

7. aCveneT, rom, Tu ݑ da ݒ akmayofileben koSi-rimanis gantolebaTa 

sistemas, maSin isini harmoniulebi arian. 
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21. gantolebaTa amoxsnis operaciuli meTodi 

21.1. integraluri gardaqmnebi 

uwyveti speqtris mqone operatorebis SemTxvevaSi maTematikuri fi-

zikis gantolebebis amosaxsnelad xSirad mosaxerxebelia integralu-

ri gardaqmnebis gamoyeneba. integraluri gardaqmnis dros mocemul 

)(xf  funqcias Seesabameba sxva funqcia, romelic miiReba mocemuli 

funqciisa da birTvis (romelic x -isa da raime parametris funqciaa) 

namravlis integrebiT. amasTan, integraluri gardaqmnebi SeiZleba iyos 

namdvili an kompleqsuri, imis Sesabamisad, ra mniSvnelobas iRebs pa-

rametri. 

davuSvaT, ),( sxK , ∞<< xa , ∞<< sb  mocemuli, Tavisi gansa-

zRvris areze uwyveti funqciaa. garda amisa, davuSvaT, A raime funq-

cionaluri sivrcea da Axf ∈)( . Tu:  


∞

=
a

dxxfsxKsF )(),()(      (1) 

integrali arsebobs, aseT dros amboben, mocemulia )(xf  funqciis 

)(sF  integraluri gardaqmna. amasTan, ),( sxK -s ewodeba integraluri 

gardaqmnis birTvi (an guli); x  cvladze damokidebul f  funqcias 

ewodeba originali, xolo s damoukidebeli cvladis F  funqcias ki 

transformanti. amrigad, (1) integraluri gardaqmna aris integraluri 

operatori A funqcionaluri sivrcidan B  funqcionalur sivrceSi, 

romelic yovel )(xf -s Seusabamebs )(sF  da es Sesabamisoba (1) gamo-

saxulebiTaa mocemuli. Tu es operatori Sebrunebadia da Sebrunebuli 

operatori moicema TanadobiT: 


∞

=
b

dssFsxMxf )(),()( ,               (2) 

am dros ),( sxM  funqcias uwodeben Sebrunebuli gardaqmnis birTvs. 

Sebrunebuli integraluri operatoris gansazRvris are Cveulebriv 

B  funqcionaluri sivrcis qvesivrcea. SesaZlebelia A da B  funq-
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cionaluri sivrceebi erTmaneTs emTxveodes, aseT SemTxvevaSi amboben, 

rom mocemulia )(xf  funqciis )(sF  integraluri gardaqmna A -Si. 

moviyvanoT integraluri gardaqmnis magaliTebi: 

1. furies gardaqmna ewodeba Semdeg integralur gardaqmnas: 


∞

∞−

= dxexfsF isx)()( , ∞<<∞− s ,     (3) 

romlis Sebrunebul gardaqmnas aqvs aseTi saxe: 


∞

∞−

−= dsesFxf isx)(
2

1
)(

π
, ∞<<∞− x .   (4) 

naTelia, rom (3) da (4) gardaqmnebis birTvebi, Sesabamisad, arian 
isxe  da isxe− .  

2. furies zemoT moyvanili gardaqmnis kerZo SemTxvevebia sinus da 

kosinus furies gardaqmnebi, romlebic Semdegi TanadobiT moicemian: 


∞

=
0

)sin()()( dxsxxfsF , ∞<< s0 ; 
∞

=
0

)cos()()( dxsxxfsF , ∞<< s0 . 

maTi Sebrunebuli integraluri gardaqmnebia, Sesabamisad: 


∞

=
0

)sin()()( dssxsFxf , ∞<< x0 ; 
∞

=
0

)cos()()( dssxsFxf , ∞<< x0 . 

aqve aRvniSnoT, rom ganimarteba agreTve furies ganzogadebuli 

gardaqmna formuliT: 


∞

+
+=

0
22

)sin()cos(
)()( dx

hs

sxhsxs
xfsF , ∞<< s0 , 

romlis Sebrunebulia  


∞

+
+=

0
22

)sin()cos(
)(

2
)( ds

hs

sxhsxs
sFxf

π
, ∞<< x0 . 

moyvanili 2), 3) gardaqmnebi namdvili gardaqmnebis magaliTebia, ra-

dgan s parametri namdvil ricxvTa raime intervalze icvleba da, aqedan 

gamomdinare, gardaqmnebSi monawile funqciebi namdvili cvlads namdvil-

mniSvnelobiani funqciebia. kompleqsuri gardaqmnis magaliTebia lapla-

sisa da melinis gardaqmnebi, romlebsac, sazogadod, aqvT aseTi saxe: 
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∞

=
a

dxxfpxKpF )(),()( ,    (5) 

sadac a  mocemuli ricxvia, βα ip +=  kompleqsuri parametria da 

misi cvlilebis area D  kompleqsur ricxvTa qvesimravle, xolo K
ki _ gardaqmnis birTvia, romelic a -sTan erTad gansazRvravs gardaq-

mnis saxes. kerZod, Tu 
xpepxK −=),( , 0=a , xolo D  ki 1αα = -is 

marjvniv mdebare naxevarsibrtyea kompleqsur sibrtyeze, maSin (5) 

gardaqmnas ewodeba laplasis gardaqmna. Tu 1),( −= pepxK , 0=a , D  

ki aris zoli, moTavsebuli 1αα =  da 2αα =  paralelur wrfeebs 

Soris, maSin (5) gardaqmnas ewodeba melinis gardaqmna.  

integraluri gardaqmnebis saSualebiT ixsneba maTematikuri fizi-

kis araerTgvarovani gantolebebi grinbergis meTodiT (araerTgvarovani 

amocanebis amoxsnis erT-erTi meTodi). integraluri gardaqmnis gamo-

yeneba kerZowarmoebulebiani diferencialuri gantolebebis mimarT dro-

ebiT gamoricxavs erT cvlads da amocana daiyvaneba erTi cvladiT 

naklebi gantolebis amoxsnaze, xolo ori cvladis SemTxvevaSi ki, _ 

Cveulebriv diferencialur gantolebaze. bunebrivia, gardaqmnili gan-

tolebis amoxsnis Semdeg saWiroa aRvadginoT `dakarguli~ damoukide-

beli cvladi. es procedura xorcieldeba integraluri gantolebis 

amoxsnis saSualebiT, romelic, zogjer, mxolod Sebrunebuli integ-

raluri gardaqmnaa da sxva araferi, ris gamoc integraluri gardaq-

mnebis meTodi efeqturia praqtikuli amocanebis amosaxsnelad.  

21.2. laplasis gardaqmna 

laplasis gardaqmna iTvleba maTematikuri fizikis arastacionaru-

li amocanebis amoxsnis efeqtur meTodad, ris gamoc mas dawvrilebiT 

ganvixilavT da yuradRebas gavamaxvilebT am gardaqmnis mravalmxriv 

gamoyenebaze. 

davuSvaT, )(tf , ),0( ∞∈t  namdvili cvladis funqciaa da ganvi-

xiloT:  

dtetfzf zt
∞

−=
0

)()(ˆ       (1) 
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saxis integrali az >)Re(  kompleqsuri sibrtyis qvesimravleze, sa-

dac z  kompleqsuri cvladia. Tu (1) integrali arsebobs romelime 

a -saTvis, maSin amboben, rom (1) toloba gansazRvravs laplasis gar-

daqmnas. (1) TanadobiT mocemuli gardaqmna aris operatori garkveul 

funqcionalur sivrceebs Soris. im funqcionaluri sivrcis struqtu-

ras, romelzedac (1) tolobiT mocemuli operatori yovelTvis ar-

sebobs (e.i. integrals azri aqvs), qvemoT moviyvanT, manamde SevniSnoT, 

rom, magaliTad, 
2

)( tetf = an 
t

tf
1

)( =  funqciebisaTvis (1) integrali 

ar arsebobs (rogoric ar unda iyos z ), maSin, rodesac 
2)( ttf =  

funqciisaTvis arsebobs mxolod maSin, rodesac 0)Re( >z , xolo 

tetf 2)( = -saTvis ki, _ rodesac 2)Re( >z . 

axla SemovitanoT funqcionaluri sivrce, aRvniSnoT igi αS  da 

vuwodoT α  maCvenebliT sasrulad zrdad funqciaTa sivrce. f namd-

vili cvladis kompleqsuri funqcia ekuTvnis αS -s maSin da mxolod 

maSin, Tu igi akmayofilebs Semdeg pirobebs: 

1. 0)( =tf , Tu 0<t ; 

2. f  uwyvetia yvelgan, garda im sasruli raodenobis wertile-

bisa, sadac mas SesaZlebelia hqondes pirveli gvaris wyveta.  

3. arsebobs iseTi 0>M  da 0≥s  ricxvebi, rom yoveli 0≥t -

saTvis adgili aqvs utolobas: 
sMetf <|)(| .      (2) 

}{s  simravlis qveda sazRvars _ α -s, romlisTvisac sruldeba 

(2) utoloba, ewodeba zrdis maCvenebeli.  

αS  sivrceze (1) TanadobiT gansazRvrul integralur operators 

ewodeba laplasis integraluri operatori da Caweris moxerxebulo-

bisaTvis es operatori da misi Sesabamisi gardaqmna aRiniSneba L -iT. 

amrigad, dtetftLf zt
∞

−=
0

)()( .  

vTqvaT, (ݐ)݂ܮ = -gardaqmnis Sebrunebuli (Seqceuli) gardaq ܮ .(ݖ)ܨ

mna ିܮଵ(ݖ)ܨ ganimarteba formuliT ݂(ݐ) = (ݖ)ܨଵିܮ =  ାஶିஶݖ௭௧݀݁(ݖ)ܨ , 
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romelsac riman-melinis formula ewodeba, sadac  ାஶିஶݖ௭௧݀݁(ݖ)ܨ =்݈݅݉→ஶ  ା்ି்ݖ௭௧݀݁(ݖ)ܨ , xolo ܿ > ܽ. 
CamovTvaloT laplasis gardaqmnis ZiriTadi Tvisebebi: 

1. laplasis gardaqmna wrfivia, anu, Tu )()( 11 zgtLf =  da 

)()( 22 zgtLf = , maSin:  

)()())()(( 2121 zbgzagtbftafL +=+ , 

sadac a  da b  nebismieri kompleqsuri ricxvebia. 

2. Tu )()( zgtLf = , maSin 





=

a

z
g

a
atLf

1
)( , sadac a  nebismieri 

namdvili ricxvia. 

3. Tu )()( zgtLf = , maSin )()( zgeatLf za−=− , sadac a  nebismi-

eri namdvili ricxvia. 

4. Tu )()( zgtLf = , maSin )())(( azgtfeL at +=−
, sadac a  nebis-

mieri kompleqsuri ricxvia. 

5. Tu )(tf -sTan erTad misi )(/ tf  warmoebulic αS  sivrcis ele-

mentia da )()( zgtLf = , maSin )0()()(/ fzzgtLf −= , rodesac α>zRe , 

sadac )(lim)0( 0 xff x→= . garda amisa, Tu )(/ tf , )(// tf ,..., αStf n ∈)()(
, 

maSin:  

)0()0()()( /2// fzfzgztLf −−= , 

)0()0()0()()( ///23/// fzffzzgztLf −−−= , 

... ... ... 
)0(...)0()0()()( )1(/21)( −−− −−−= nnnnn ffzfzzgztLf . 

laplasis gardaqmnis es Tviseba gamoiyeneba wrfivi araerTgvaro-

vani Cveulebrivi diferencialuri gantolebis amosaxsnelad da amox-

snis am meTods operatoruli meTodi ewodeba.  

6. Tu )()( zgtLf = , maSin )())(( / zgttfL =− , rodesac α>zRe . 

7. Tu )()( zgtLf = , maSin ττ dg
t

tf
L

z

∞

=





 )(

)(
, rodesac dt

t

tf
e zt

∞
−

0

)(
 

integrali arsebobs.  



 

391 

8. Tu 
∞

=
0

)()( ττ dftF , maSin 
z

zg
tLF

)(
)( = . 

kompleqsuri cvladis )(ˆ zf  funqciis analizuri xasiaTi mocemu-

lia Semdeg TeoremaSi. 

Teorema 1. sasrulad zrdad funqciaTa sivrcidan aRebuli funq-

ciis laplasis gardaqmna aris kompleqsuri z  cvladis analizuri 

funqcia cz ≥Re  naxevarsibrtyeze.  

TeoremaSi miTiTebuli are, romelzedac laplasis transformanti 

analizuria, aRvniSnoT D -Ti: })Re(:{ czzD ≥= . D  aris gareT, 

sazogadod, (1) integrali ar arsebobs. laplasis gardaqmnis mniSvne-

lobas D  aris gareT pouloben analizuri gagrZelebis saSualebiT. 

naTelia, rom am dros SesaZlebelia miviRoT mravalsaxa funqcia. im 

wertilebs, sadac laplasis transformantis gagrZeleba SeuZlebelia, 

ewodeba gansakuTrebuli wertilebi. laplasis gardaqmnis analizuri 

gagrZeleba SesaZlebelia maSin, Tu integrali elementarul funqci-

ebSi aiReba. magaliTad, Tu 1)( =tf  mudmivi funqciaa, maSin: 

zz

e
dtetLf

t

t

zt
zt 1

1)(
0

==⋅=
∞=

=

−
− , 0Re >z . 

z
tLf

1
)( =  kompleqsuri cvladis funqcia analizurad gagrZele-

badia mTel kompleqsur sibrtyeze, garda koordinatTa )0,0(=O  sa-

Tavisa, romelic aris gansakuTrebuli wertili, kerZod, pirveli ri-

gis polusi. 

zemoT moyvanili msjelobidan gamomdinare ismis kiTxva: akmayofi-

lebs Tu ara raime gantolebas analizurad gagrZelebuli funqcia? 

am kiTxvaze pasuxs iZleva Teorema, romelic analizuri gagrZelebis 

principis saxelwodebiTaa cnobili. 

Teorema 2. Tu raime funqcia akmayofilebs romelime analizur-

koeficientebian gantolebas, maSin misi analizuri gagrZelebac akma-

yofilebs am gantolebas.  

zemoT moyvanili Teoremebi mtkicdeba kompleqsuri cvladis fun-

qciaTa Teoriis gamoyenebiT. maT Soris, Teorema 2 analizurkoefici-

entebiani diferencialur gantolebaTa Teoriis erT-erTi centralu-
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ri sakiTxia. Cveni Semdgomi miznebisaTvis laplasis gardaqmnis anali-

zuri Tvisebebi saWiro ar aris. zemoT moyvanili faqtebis mxolod 

damaxsovreba sakmarisia momdevno paragrafSi moyvanili masalis anali-

zisaTvis. Tumca aqve aRvniSnavT, rom integralis gamosaTvlelad kom-

pleqsuri analizis (magaliTad, naSTTa Teoriis) meTodebis gamoyeneba 

xelsayrelia. 

21.3. Cveulebrivi diferencialuri gantolebebis 

integreba operaciuli meTodiT 

ganvixiloT koSis amocana mudmivkoeficientebiani wrfivi diferen-

cialuri gantolebisaTvis: 

)(... 1
)1(

1
)(

0 tfyayayaya nn
nn =+′+++ −
−

, 00 ≠a    (1) 

00
| yy tt == , 00

| yy tt ′=′ = ,..., 
)1(

0
)1(

0
| −
=

− = n
tt

n yy  .   (2) 

es amocana laplasis gardaqmnis saSualebiT efeqturad amoixsneba 

mxolod im daSvebiT, rom arsebobs )(tf  da )(ty′ -s laplasis gar-

daqmnebi. 

aqve SevniSnoT, rom cvladkoeficientebiani wrfivi diferencia-

luri gantolebisaTvis: 

)()()(...)()( 1
)1(

1
)(

0 tfytaytaytayta nn
nn =+′+++ −
−

, 00 ≠a  

operaciul meTods yovelTvis ar mivyavarT sasurvel Sedegamde, Tumca 

zogjer es meTodi sakmaod efeqturia (ix. magaliTi 3). 

davubrundeT (1), (2) amocanas da davuSvaT, rom: 

dtetyzy zt−
∞

=
0

)()(ˆ , dtetfzf zt−
∞

=
0

)()(ˆ ,  (3) 

maSin 

0

0

ˆˆ)( yyzydtety zt −=′=′ −
∞

 , 00
2

0

ˆˆ)( yzyyzydtety zt ′−−=′′=′′ −
∞

 ,  (4) 

... ... ... 

)1(
00

2
0

1)(

0

)( ...ˆˆ)( −−−−
∞

−−′−−== nnnnnztn yyzyzyzydtety  
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laplasis gardaqmnis wrfivobis Tvisebis da (3), (4) tolobebis 

gaTvaliswinebiT, (1) gantoleba gadava gantolebaSi: 

)(ˆ)()...)((ˆ 1
1

10 zfzQazazazy nn
nn =−+++ −
−

 

anu 

)(ˆ)()()(ˆ 1 zfzQzPzy nn =− − ,  (5) 

sadac n
nn

n azazazP +++= − ...)( 1
10  n -xarisxis mravalwevria, xolo 

)(1 zQn−  aris araumetes 1−n -xarisxis mravalwevri, romelic (2) 

sawyisi pirobidan miiReba. (5)-dan vpoulobT: 

)(

)()(ˆ
)(ˆ 1

zP

zQzf
zy

n

n−+= , 

maSasadame:  

=
L

ztdzezy
i

ty )(ˆ
2

1
)(

π
. 

integrebis L wrfe gadis )(ˆ zy  funqciis gansakuTrebuli werti-

lebis marjvniv. Tu sawyisi pirobebi nulovania, e.i. Tu 0| 0==ty , 

0| 0=′ =ty ,..., 0|
0

)1( ==
−

tt
ny , maSin 0)(1 =− zQn  da  

)(

)(ˆ
)(

zP

zf
zy

n

=  =
L n

zt

dz
zP

ezf

i
ty

)(

)(ˆ

2

1
)(

π
. 

(1), (2) amocanis amoxsnis am meTods operaciuli meTodi ewodeba.  

moviyvanT operaciuli meTodiT koSis amocanis amoxsnis or maga-

liTs meore rigis Cveulebrivi diferencialuri gantolebisaTvis. moy-

vanili amocanebis amoxsna tradiciuli gziTac SeiZleba. miuxedavad 

amisa, operaciuli meTodiT gantolebis amoxsnis Taviseburebebis Cve-

nebis mizniT, maT amoxsnas dawvrilebiT ganvixilavT. 

magaliTi 1. vipovoT: 

teyyy 323 −=+′+′′ , 1)0( =y , 1)0( −=′y  

koSis amocanis amoxsna. 
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davuSvaT:  

dtetyzy zt
∞

−=
0

)()(ˆ , 

maSin  

1)(ˆ)(ˆ)(
0

−=′=′
∞

− zyzzydtety zt
, 

1)(ˆ)(ˆ)( 2

0

+−=′′=′′
∞

− zzyzzydtety zt
. 

miviRebT gantolebas: 

2
3

1
)23)((ˆ 2 ++

+
=++ z

z
zzzy , ⇒ 

1

1

)3)(2)(1(

1
)(ˆ

+
+

+++
=

zzzz
zy  

xevisaidas formulidan vRebulobT: 

22

3

22
)(

3
2

3
2

t
t

t
t

t
t

t e
e

e
e

e
e

e
ty

−
−

−
−

−
−

−

+−=++−= . 

magaliTi 2. vipovoT: 

)2sin(24 tyy =′+′′ , 1)0( −=y , 0)0( =′y  

koSis amocanis amonaxsni.  

davuSvaT:  


∞

−=
0

)()(ˆ dtetyzy zt
, 

maSin  

zzyzzydtety zt +=′′=′′
∞

− )(ˆ)(ˆ)( 2

0

, 

xolo gantoleba ki miiRebs aseT saxes: 

z
z

zzy −
+

=+
4

4
)4)((ˆ

2
2

, 

saidanac vpoulobT: 

4)4(

4
)(ˆ

222 +
−

+
=

z

z

z
zy . 
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cnobilia, rom )2cos(
42

1 t
z

z
L =








+
−

. 







+

−
22

1

)4(z

z
L -is sapovne-

lad visargebloT naxvevis formuliT da laplasis gardaqmnis cxri-

liT: )2sin(
42

1 t
z

z
L =








+
−

, amitom:  

 −=







++
=








+

−−
t

dt
zz

L
z

z
L

0
22

1
22

1 ))(2sin()2sin(
4

2

4

2

)4(
τττ . 

magram: 

=−−=− 
tt

dttdt
00

)]2cos()24[cos(
2

1
))(2sin()2sin( τττττ  

)2cos(
24

)2sin(
)2cos(

4

)24sin(

2

1

0

t
tt

t
t

t

−=



 −− ττ

. 

amrigad:  

)2cos(
2

2

4

)2sin(
)2cos()2cos(

24

)2sin(
)( t

tt
tt

tt
ty

+−=−−= . 

magaliTi 3. amovxsnaT cvladkoeficientebiani diferencialuri gan-

toleba: 

0=+′+′′ tuuut    (1) 

im daSvebiT, rom 0=t  wertilSi )(tu  da misi pirveli warmoebuli 

SemosazRvruli funqciebia. 

amoxsna (1) gantoleba gavamravloT zte − -ze da vaintegroT 0-dan 

∞+ -mde. miviRebT: 

0
000

=+′+′′ 
∞

−
∞

−
∞

− dttuedteudteut ztztzt
. 

SemovitanoT aRniSvna: 


∞

−=
0

ˆ dtueu zt
, 
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maSin 

dz

ud
dtue

dz

d
dttue ztzt ˆ

00

−=−= 
∞

−
∞

−
, 0

0

|ˆˆ =

∞
− −=′ t

zt uuzdteu , 

( )=′−−−=
′′

−=′′−=′′ ==

∞
−

∞
−  00

2

00

||ˆ
ˆ

tt
ztzt uzuuz

dz

d

dz

ud
dteu

dz

d
dteut  

0
2 |ˆ2

ˆ
=+−= tuuz

dz

ud
z . 

maSasadame, (1) gantolebis magivrad miviReT gantoleba: 

0
ˆ

ˆˆ2
ˆ2 =−+−

dz

ud
uzuz

dz

ud
z   0ˆ

ˆ
)1( 2 =++ uz

dz

ud
z   (2) 

miRebuli (2) gantoleba sawyis (1) gantolebaze ufro martivia, rad-

gan igi warmoadgens pirveli rigis gancalebadcvladebian gantolebas: 

0
1ˆ

ˆ
2

=
+

+
z

zdz

u

ud
 )ln()1ln(

2

1
)ˆln( 2 Czu =++ 

1
ˆ

2 +
=

z

C
u . 

Tu davuSvebT, rom 1=C , maSin )()(
12

1
)( 02

tJtu
z

dze

i
tu

L

zt

==
+

= π . 

aq Cven gamoviyeneT tolobebi:  

( )
220

1
)(

az
atJL

+
=  

da  

)(
1

022

1 tJ
az

L =








+
−

. 

21.4. originalis aRdgena transformantis saSualebiT 

davuSvaT, laplasis transformanti )(ˆ zf  racionaluri funqciaa 

da ase gamoiyureba: 

)(

)(
)(ˆ

zQ

zP
zf = .     (1)  
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garda amisa, vTqvaT, )(deg)(deg zPzQ ≥  da )(zQ , )(zP  mraval-

wevrebs ar aqvT saerTo nulebi.  

(1) racionaluri funqciis gansakuTrebuli wertilebia )(zQ  mra-

valwevris nzzz ,...,, 21  nulebi, romlebic iqnebian laplasis Sebrune-

buli 

=
L

ztdzezf
i

tf )(ˆ
2

1
)(

π
 

gardaqmnis integralqveSa gamosaxulebis polusebi. maSin: 


=

==
n

k

zt
zz ezfrestf

k
1

)(ˆ)( . 

Tu nzzz ,...,, 21  martivi polusebia, maSin naSTTa Teoriis gamoye-

nebiT mtkicdeba, rom samarTliania Semdegi toloba: 


= ′

=
n

k k

tz
k

zQ

ezP
tf

k

1 )(

)(
)( . 

ukanasknel igiveobas hevisaidas daSla ewodeba. 

21.5. kerZowarmoebulebiani diferencialuri gantolebebis 

integreba laplasis gardaqmnis gamoyenebiT 

davuSvaT, ),( yxuu = . ganvixiloT gantoleba: 

),(
1

)(
2

2

2
txFcu

t

u
b

t

u

v
uLx =−

∂
∂−

∂
∂− , lx <<0 , 0>t ,  (1) 

sadac 






 −






∂
∂

∂
∂= qu

x

u
p

xr
uLx

1
)( , cbv ,,  mudmivebia an x -is mimarT 

namdvili funqciebia, rqpp ,,, ′ x -is mimarT uwyveti funqciebia ],0[ l -ze, 

amasTan, 0, >rp .  

(1) gantoleba an hiperboluria, an paraboluri, misi tipi am ori-

dan ganisazRvreba v-s niSnis mixedviT. 
davuSvaT, x -is mimarT sruldeba I, II, III gvaris sasazRvro pirobebi: 

I          )(| 00 tfu x == , ; )(| tfu llx ==
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II         )(0
0

tf
x

u

x

=
∂
∂

=

, )(tf
x

u
l

lx

=
∂
∂

=

; 

III         )(000 tfuh
x

u
x
=−

∂
∂

=
, )(tfuh

x

u
llxl =+

∂
∂

=
. 

garda sasazRvro pirobisa, davuSvaT, hiperboluri gantolebisaT-

vis sawyis pirobas aqvs aseTi saxe: 

)(| 0 xu t ϕ== ,   )(
0

x
t

u

t

ψ=
∂
∂

=

. 

SemovitanoT aRniSvna: 


∞

−=
0

),(),(ˆ dtetxuzxu zt
. 

(1) gantoleba gavamravloT zte − -ze da vaintegroT 0 -dan ∞ -mde. 

miviRebT: 

dtetxFdteucdte
t

u
bdte

t

u

v
dteuL ztztztztzt

x
−

∞
−

∞
−

∞
−

∞∞
−  =−

∂
∂−

∂
∂−

0000
2

2

2
0

),(
1

)( . 

aqedan: 

),(ˆˆ]|ˆ[|ˆ
1

)ˆ( 0
0

0
2

2
zxFucuuzb

t

u
zuuz

v
uL t

t
tx =−−−








∂
∂−−− =

=
= ,   (2) 

sadac: 
∞

−=
0

),(),(ˆ dtetxFzxF zt
. 

(2) gantoleba SesaZlebelia gadavweroT Semdegi saxiT: 

),(ˆ)ˆ(
2

2

zxgucbz
v

z
uLx =








++− ,  (3) 

sadac )()(
1

)(),(ˆ),(
22

xbx
v

x
v

z
zxFzxg ϕψϕ −−−=  cnobili funqciaa. 

zemoT moyvanili I, II, III gvaris sasazRvro pirobebi gardaiqmnebian 
Semdegnairad: 

00
ˆ|ˆ fu x == , llx fu ˆ|ˆ == ;  0

0

ˆˆ
f

x

u

x

=
∂
∂

=

 l
lx

f
x

u ˆˆ
=

∂
∂

=

; 

fuh
x

u
x

ˆˆ
ˆ

00 =−
∂
∂

=
,  llxl fuh

x

u ˆˆ
ˆ

=+
∂
∂

=
. 
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(3) gantolebis amoxsnis zemoT moyvanil sasazRvro pirobebSi aris 

),(ˆˆ zxuu =  funqcia, amitom =
L

ztdzezxu
i

txu ),(ˆ
2

1
),(

π
. 

amocana 1 (naxevrad sasruli Reros ganivi rxeva). naxevrad sasru-

li Rero gavaigivoT 0≥x  namdvil ricxvTa ),0[ ∞  naxevarRerZTan. 

amocanis maTematikuri formulireba aseTia: 

vipovoT ),( txuu =  funqcia, romelic akmayofilebs gantolebas: 

0
1

2

2

22

2

=
∂
∂−

∂
∂

t

u

vx

u
, 

ρ
E

v = , ∞<< x0 , 0>t , 

sasazRvro: 

)(| 0 tfu x == , 0| 0=→xu   

da sawyis pirobebs: 

0| 0==tu , 0
0

=
∂
∂

=tt

u
. 

amocana amovxsnaT laplasis gardaqmnis saSualebiT.  

davuSvaT:  


∞

−=
0

),(),(ˆ dtetxuzxu zt
. 

gamoviyenoT laplasis gardaqmna (1) gantolebis mimarT da gaviT-

valiswinoT (2) sasazRvro pirobebi, gveqneba: 

0ˆ
ˆ

2

2

2

2

=− u
v

z

dx

ud
,   (4) 

)(ˆ|ˆ 0 zfu x == , 0|ˆ 0=→xu .     (5) 

(4) Cveulebrivi diferencialuri gantolebaa, romlis amonaxsni 

aseTia: 

.     (6) 
x

v

z
x

v

z

BeAezxu +=
−

),(ˆ
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(5) sasazRvro pirobebidan miviRebT: , . 

amitom (6) miiRebs saxes: 

. 

maSasadame: 

, , .   (7) 

riman-melinis formulis Tanaxmad:  

 

rac niSnavs, rom (7) SesaZlebelia gadaiweros Semdegnairad: 

 

amrigad, fizikuri procesi aris morbenali talRa, romelic  

siCqariT vrceldeba naxevarRerZis  bolodan.  

amocana 2 (sasruli Reros ganivi rxeva). wina amocanisagan gansx-

vavebiT, axla, vTqvaT, Rero SemosazRvrulia da . saWiroa 

vipovoT  funqcia, romelic akmayofilebs gantolebas: 

, , , , 

sasazRvro: 

,  

da sawyis:  

,  

pirobebs. 

amoxsna: kvlav laplasis gardaqmna gamoviyenoT da davuSvaT: 

. 

0=B fA ˆ=

x
v

z

ezfu
−

= )(ˆˆ

dzezf
i

txu
L

v

x
tz








 −

= )(ˆ
2

1
),(

π
0>x 0>t





<
>

= ,0,0

,0),(
)(ˆ

2

1

t

ttf
dzezf
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analogiurad wina amocanisa, miviRebT Cveulebriv diferencialur 

gantolebas: 

,  , , 

saidanac vpoulobT: 

. 

amrigad:  

.   (8) 

ukanaskneli integralis gamosaTvlelad visargebloT formuliT: 

 

, .    (9) 

CavsvaT es mwkrivi (8)-Si da davuSvaT, SesaZlebelia wevrobrivi 

integreba, miviRebT:  

. 

riman-melinis formula saSualebas gvaZlevs davaskvnaT, rom (9) 

mwkrivebidan TiToeuli maTgani Seicavs sasruli raodenobis wevrebs, 

radgan yovelTvis moiZebneba iseTi  ricxvi, rom adgili eqneba to-

lobas: 
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am tolobidan gamomdinareobs, rom mwkrivSi gveqneba ususrulod 

bevri 0-is toli Sesakrebi. maSasadame: 

, 

, 

, 

 

da a.S.  

drois yoveli intervalisaTvis amonaxsns vpoulobT analogiurad. 

amrigad, ReroSi vrceldeba brtyeli talRebi. isini aireklebian ked-

lebidan da maTi TandaTanobiT zeddeba xdeba. 

amocana 3 (magnitur velSi damuxtuli nawilakis moZraobis gan-

toleba). ganvixiloT  masis damuxtuli nawilakis moZraoba  

daZabulobis mqone erTgvarovan magnitur velSi. nawilakis moZraobis 

gantoleba iwereba Semdegnairad (Cven gantolebis daweris dros vinar-

CunebT im aRniSvnebs, rac, sazogadod, miRebulia fizikur literatu-

raSi): 

, 

sadac  sinaTlis siCqarea,  nawilakis muxtia, xolo wertili ki, 

rogorc ukve aRvniSneT (avtonomiuri sistemebis ganmartebis dros), 

niSnavs warmoebuls droiTi cvladis mimarT. sakoordinato RerZebze 

am gantolebis proeqtiris Semdeg miviRebT ( ): 

, , . 

SemovitanoT aRniSvna: , maSin moZraobis gantolebis pro-

eqcia RerZebze miiRebs aseT saxes: 

, , .  (10) 
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Cveni interesis sagani (10) gantolebaTa sistemaa. misi amoxsnis 

erT meTods ukve gavecaniT (ix. paragrafebi 7.3 da 7.5). aq misi amox-

snisaTvis gamoviyenebT laplasis gardaqmnas.  

ganvixiloT koSis amocana. CavTvaloT, rom: 

, , , , , . 

naTelia, rom aseT pirobebSi, rodesac , . gamoviyenoT 

laplasis gardaqmna (10)-is pirveli ori gantolebisaTvis, miviRebT: 

, 

. 

sawyisi pirobebis gamoyenebiT gavamartivoT es gamosaxulebebi da 

mivalT algebrul gantolebaTa:  

, 

 

sistemaze, romlis amonaxsnebia: 

, .  

 da  funqciebis aRsadgenad dagvWirdeba ramdenime cno-

bili toloba, romlebsac axla moviyvanT: 

 

da 

 

gamosaxulebebis ukanaskneli tolobis gaTvaliswinebiT miviRebT: 
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miRebuli sistema gadavweroT misi ekvivalenturi formiT: 

, 

, 

saidanac vwerT nawilakis moZraobis traeqtoriis gantolebas: 

. 

am gantolebis safuZvelze ki vaskvniT, rom nawilaki moZraobs 

wrewirze, romlis radiusia . 

21.6. maTematikuri fizikis araerTgvarovani              

gantolebebis Sesaxeb 

maTematikuri fizikis araerTgvarovan amocanebs uwodeben amocanaTa 

iseT klass, rodesac an gantolebaa araerTgvarovani, an sasazRvro 

da sawyisi pirobebia aseTi.  

ganvixiloT gancalebadcvladebiani araerTgvarovani gantolebebis 

amoxsnis meTodebi. rogorc aRvniSneT, araerTgvarovani amocanaa moce-

muli niSnavs, rom mocemulobis marjvena mxare 0-is toli ar aris: 

marjvena mxares cnobili funqciaa, xolo marcxena mxare ki erTgva-

rovania. furies meTodi aseT amocanebze ar vrceldeba. am tipis amo-

canebis analizisaTvis gamoiyeneba ori meTodi: 1) erTgvarovan amoca-

naze miyvanis meTodi da 2) integraluri gardaqmnebis meTodi (ro-

melsac zogjer grinbergis meTodsac uwodeben). qvemoT ganvixilavT 

mxolod erTgvarovan amocanaze miyvanis meTods. 

araerTgvarovani amocanis erTgvarovanze miyvanis meTodis arsi 

mdgomareobs saZiebeli ݑ funqciis warmodgenaSi ori _ ݑଵ da ݑଶ	 
funqciebis jamad: ݑ = ଵݑ + -ଶ. amasTan, erT-erTis SerCeva unda moxݑ
des ise, rom gantoleba da erTi cvladis mimarT sasazRvro piroba 

misTvis iyos erTgvarovani. naTelia, rom am proceduris gakeTebis 

zogadi recepti ar arsebobs da yoveli konkretuli amocanisaTvis 
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misi realizeba garkveul gamocdilebas moiTxovs (rac analogiuri 

amocanebis amoxsnis teqnikis ganviTarebasTan erTad modis).  

ganvixiloT usasrulo firfitaSi temperaturis gavrcelebis 

amocana. davuSvaT, ݖ usasrulo koordinati da firtitis sigrZea, 

xolo ݕ ki siganea da ܽ-s tolia. davuSvaT, mocemulia temperatu-

ris sawyisi gavrceleba. firfitis erT ݔ = 0 kedelze is mudmivia 

da ܶ-s tolia, xolo meore ݔ = ܽ-ze ki temperatura 0-is tolad 

CavTvaloT. amocana mdgomareobs firfitaSi temperaturis gavrcele-

bis kanonis dadgenaSi. 

amocanis maTematikuri formulireba aseTia: ߲ଶ߲ܶݔଶ − ߲߲ܶ߬ = 0,			0 < ݔ < ܽ,			߬ = ߩܿݐ݇ ,			߬ > 0,																						(1) ܶ|௫ୀ = ܶ, ܶ|௫ୀ = 0,	   (2) ܶ|௫ୀ =  (3)      .(ݔ)߮

(1)-(3) amocanis amonaxsni veZeboT: ܶ = ଵܶ(ݔ) + ଶܶ(ݔ, ߬) 
saxis funqciaTa Soris. ଵܶ(ݔ) funqcia imgvarad SevarCioT, rom igi 
akmayofilebdes (1) gantolebas da (2) sasazRvro pirobas. miviRebT 

Semdeg amocanas ଵܶ(ݔ)-is mimarT: ߲ଶ ଵ߲ܶݔଶ = 0, ଵܶ|௫ୀ = ܶ, ଵܶ|௫ୀ = ܶ																														(4) 
(4) amocanis amonaxsnia ଵܶ(ݔ) = ܶ ቀ1 − ௫ቁ (SeamowmeT!), romelic aR-

wers temperaturis gavrcelebis stacionarul kanons. ଶܶ(ݔ, ߬)-is sa-
povnelad davweroT Semdegi erTgvarovani amocana: ߲ଶ ଶ߲ܶݔଶ − ߲ ଶ߲ܶ߬ = 0,																																																								(5) 

ଶܶ|௫ୀ = 0, ଶܶ|௫ୀ = 0,      (6) ଶܶ|௫ୀ = (ݔ)߮ − ଵܶ(ݔ).     (7) 

radgan ଵܶ(ݔ) = ܶ ቀ1 − ௫ቁ, amitom ߮(ݔ) − ଵܶ(ݔ) cnobili funqciaa 

da, amgvarad, (5)-(7) amocana SesaZlebelia amoixsnas cvladTa ganca-

lebis meTodiT. 
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amocanebi damoukidebeli muSaobisaTvis 

gamoiyeneT integraluri gardaqmnebi da amoxseniT Semdegi amoca-

nebi. 

amocana 1. amoxseniT amocana: 

, , , . 

pasuxi: . 

amocana 2. vipovoT , romelic akmayofilebs:  

 

laplasis gantolebas da sasazRvro pirobebs: 

,   

SemosazRvrulia, rodesac . 

pasuxi: . 

amocana 3.  

, , , , . 

pasuxi: . 

amocana 4. davuSvaT,  erTganzomilebiani aris temperaturaa, 

amasTan,  sawyisi temperaturaa. gamovikvlioT siTbogam-

tareblobis gantolebis amonaxsni sxvadasxva sawyisi temperaturis 

SemTxvevaSi: a)  _ sawyisi temperaturis gausis profili, 

b)  _ sawyisi temperaturis Tanabari ganawi-
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leba  monakveTze, sadac  xevisaidis (oliver xevisaidi 

(1850-1925), ingliseli TviTnaswavli inJineri, maTematikosi da fizi-

kosi) erTeulovani funqciaa. 

miTiTeba: amocana daiyvaneba siTbogamtareblobis erTganzomilebiani 

gantolebis amoxsnaze usasrulo areSi: 

02

2
2 =
∂
∂−

∂
∂

x

u
c

t

u
, )(| 0 xfu t == ,  0|| == ∞=−∞= xx uu , ∞<<∞− x , 0>t . 

gamoiyeneT furies gardaqmna x  cvladis mimarT. 

pasuxi: a) amocanis amonaxsni sawyisi 
2

)( xexf −= pirobis SemTxve-
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amocana 5. naxevrad sasruli gamtaris  boloSi drois  

momentSi irTveba mudmivi  eleqtromamoZravebeli Zala. vipovoT 

Zabva gamtaris yovel wertilSi. igulisxmeba, rom ܮ = ݃ = 0, xolo 

gamtaris parametrebia  da . 

pasuxi: .  

miTiTeba. amocanis pirobidan gamomdinare, gantolebaTa sistemas 

aqvs aseTi saxe:  

romlidanac denis gamoricxvis Semdeg miviRebT: 
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davweroT sawyisi da sasazRvro pirobebi: ,
 

,

. Semdeg gamoviyenoT laplasis gardaqmna da miviRebT Cveu-

lebriv diferencialur gantolebas laplasis transformantis mimarT. 

amocana 6. amoxseniT Semdegi diferencialuri gantolebebi opera-

ciuli meTodiT: 

1) , , ; 

2) , , ; 

3) , , . 
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david hilberti 

(1865-1943) 

                    

erik ivar fredholmi                     vito voltera 

(1866-1927)                       (1860-1940) 

                  

emil pikari                     nikoloz musxeliSvili 

(1856-1941)         (1891-1976) 
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1900-1901 wlis zamTarSi, Svedi maTematikosi e.holmgreni getingenSi 

warsdga david hilbertis (1865-1943) seminarze moxsenebiT Tavisi Tanamemamu-

lis, erik ivar fredholmis (1866-1927) uaxlesi naSromebis Sesaxeb integ-

ralur gantolebaTa TeoriaSi. hilberti maSinve mixvda fredholmis gamokvle-

vebis mniSvnelobas. integralur gantolebebs `rTuli~ istoria aqvs da misi 

pirveli siuJeti daniel bernulis ekuTvnis. ori saukunis ganmavlobaSi maTema-

tikosTa Zalisxmeva mimarTuli iyo uwyveti tanis rxeviTi procesebis Seswa-

vlisaken da masTan dakavSirebul potencialTa Teoriis sasazRvro amocanisaken. 

J.b. furies, g.a. Svarcis, a.puankares da k.neimanis, v.volteras, helge fon koxis 

da sxvaTa umniSvnelovanesi gamokvlevebi, dRevandeli gagebiT, integralur 

gantolebaTa Teoriis Zalian mdidari Sinaarsis mxolod calkeuli epizodebia. 

Cveulebriv, aRmoCena mecnierebaSi xdeba maSin, rodesac `misi dro dgeba~. 

mxolod gamonaklisebi axdian xolme fardas saidumlos ramdenime aTeuli 

wliT adre, rogorc es gaakeTa fredholma da misma aRmoCenam TiTqos daigviana 

kidec. Tu materialuri wertilebis dinamikas aRwers diferencialuri ganto-

leba, ra unda iyos imaze martivi misaxvedrad, rom zRvarze gadasvlis Semdeg 

diskretul wertilTa erToblioba uwyvet tanSi unda gadavides, xolo dife-

rencialuri gantoleba ki _ integralurSi. Mmagram, zogjer, es intuiciuri 

faqti samarTliani ar aris da es iyo garkveulwilad damabneveli garemoeba. 

fredholma es daZlia da amas maSinve mixvda hilberti.  

hilbertma daiwyo analizur funqciaTa sasazRvro amocanebis kvleva in-

tegralur gantolebaTa saSualebiT, riTac gaaRrmava bernar rimanis (1826-

1866) ideebi da gaagrZela misi dausrulebeli naSromebi. man am Temaze 1901-

1902 wlebSi daiwyo leqciaTa kursi, riTac, faqtobrivad, moaxdina 

integralur gantolebaTa Teoriis kanonizacia, Seqmna usasrulo ganzomilebi-

ani analizi da mis safuZvelze daamuSava maTematikuri fizikis axali meTodebi.  

analizur funqciaTa sasazRvro amocanebi aris integraluri gantolebe-

bis gamoyenebis mxolod erT-erTi mxare da, kidev sxvac rom ar iyos, sru-

liad sakmarisia Teoriis asaRiareblad da Sesaswavlad. maTematikis es mimar-

Tuleba Tanamedrove maTematikur fizikaSi cnobilia riman-hilbertis amoca-

nebis meTodis saxelwodebiT da gamoiyeneba arawrfivi kerZowarmoebulebiani 

diferencialuri gantolebebis, klasikuri da kvanturi meqanikis gafantvis 

Sebrunebuli amocanebis analizisa da efeqturi amonaxsnebis asagebad. anali-

zur funqciaTa sasazRvro amocanebis ufro Rrma Seswavlis aucileblobam 

gaafarTova integralur gantolebaTa klasi. momdevno wlebSi amgvari integ-

raluri gantolebebis mniSvnelovani klasis _ singularul-integralur gan-

tolebaTa Teoriis Seqmnis da dargad Camoyalibebis prioriteti qarTvel 

maTematikos nikoloz musxeliSvils (1891-1976) ekuTvnis.  

kursis mesame nawilSi gadmocemulia klasikuri wrfivi integraluri 

gantolebebis zogadi Teoria, sakiTxebis ganxilvis sauniversiteto tradi-

ciebis sruli dacviT. 
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nawili III 

integraluri gantolebebi  

22. wrfivi integraluri gantolebebi 

22.1. ZiriTadi cnebebi da mniSvnelovani magaliTebi  

gantolebas ewodeba integraluri, Tu ucnobi funqcia, romelsac 

-iT aRvniSnavT, Sedis integralis niSnis qveS: 

.        (1) 

kerZo SemTxvevaSi, rodesac (1) gantolebis marjvena mxares mdgomi 

 funqcia damokidebuli ar aris  saZiebel funqciaze, maSin 

(1) uwodeben pirveli gvaris, xolo winaaRmdeg SemTxvevaSi, meore gva-

ris integralur gantolebas. 

Cveulebrivi diferencialuri gantolebisagan gansxvavebiT, (1) sa-

xis gantolebis amosaxsnelad saWiro ar aris damatebiTi pirobebis 

mocema, saxeldobr, saWiro ar aris cnobili iyos saZiebeli an misi 

warmoebuli funqciebis mniSvnelobebi (koSis pirobebi) raime wertil-

Si. am garemoebas garkveuli mniSvneloba aqvs gantolebebis gamoyene-

bis TvalsazrisiT. 

meore gvaris gantolebis cvladebis  cvlilebis ares 

ewodeba ZiriTadi kvadrati. pirveli gvaris gantolebebisaTvis cvli-

lebis areebi savaldebulo ar aris erTmaneTs daemTxves. Tu sawina-

aRmdego ar iTqmeba, Cven yovelTvis maT erTmaneTis tolad CavTvliT. 

funqcia gansazRvrulad iTvleba ZiriTad kvadratze.  inter-

vals, romelzedac iZebneba  funqcia da romelzedac gansazRvru-

lia , rogorc Tavisi pirveli argumentis funqcia, ewodeba (1) ga-

ntolebis gansazRvris are. 

 intervali SeiZleba iyos rogorc sasruli, ise usasrulo. 

Tu orive sazRvari sasrulia, maSin zogadobis SeuzRudavad SegviZ-
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lia CavTvaloT, rom  da . am SemTxvevaSi (1) gantolebas 

ewodeba urisonis gantoleba: 

       (2) 

urisonis gantolebis kerZo SemTxvevaa hamerSteinis gantoleba: 

.      (3) 

(3)-Si integralis niSnis qveS moTavsebul  funqcias ewodeba 

gantolebis birTvi an gantolebis guli. 

yvelaze martivi da, amasTan, kargad Seswavlilia wrfivi integ-

raluri gantolebebi. es is SemTxvevaa, rodesac  da  funqciebi 

wrfivia ucnobi funqciis mimarT: 

, .   (4) 

am SemTxvevaSi  da  ricxvebis sasruloba savaldebulo ar 

aris, xolo gantolebas ki aqvs aseTi saxe: 

.     (5) 

(5) gantolebas wrfivi meore gvaris integraluri gantoleba ewo-

deba, -s parametri ewodeba, xolo  ki _ araerTgvarovani wevri. 

Tu , maSin (5)-s erTgvarovani ewodeba.  

rodesac -s iseTive saxe aqvs, rogorc (4)-Si da  damokidebu-

li ar aris meore argumentze, e.i. , mivdivarT wrfiv 

pirveli gvaris integralur gantolebaze:  

.       (6) 

ganmarteba. davuSvaT,  da  sasruli ricxvebia. xolo 

birTvi da araerTgvarovani wevri kvadratSi integrebadebia: 
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,            (7) 

,      (8) 

maSin (5) gantolebas ewodeba fredholmis meore, xolo (6) ki _ 

fredholmis pirveli gvaris gantolebebi.  

(7) da (8) gamosaxulebiT ganmartebuli  da  sidide-

ebi, Sesabamisad, arian birTvisa da araerTgvarovani wevris normebi.  

SevniSnoT, rom fredholmis gantolebebis ufro zogadi ganmarteba 

arsebobs. Cven mxolod am kerZo SemTxveviT SemovisazRvrebiT, Tumca 

debulebebi, romlebsac moviyvanT, samarTliania ufro zogadi gantole-

bebisaTvis. erTi an ramdenime cvladis funqciaTa sivrce, romelTa (7), 

(8) norma sasrulia, aRiniSneba -iT da kvadratSi integrebad funq-

ciaTa sivrce ewodeba. funqcias am sivrcidan SeiZleba hqondes pirve-

li gvaris wyvetis wertilebi. isini integralze gavlenas ver moax-

denen. ufro metic, am sivrcis funqciebs SesaZlebelia raime  wer-

tilSi gansazRvris aridan hqondes  (an ), 

 saxis gansakuTrebulobebi, magram (7)-(8) integralebi mainc 

krebadebia.  

wrfivi integraluri gantolebebis kerZo SemTxvevaa iseTi ganto-

lebebi, romelTa birTvi akmayofilebs pirobas: 

, . 

miRebul gantolebebs: 

      

(9) 

ewodebaT, Sesabamisad, volteras pirveli da meore gvaris integra-

luri gantolebebi.  
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SevniSnoT, rom koSis amocana wrfivi Cveulebrivi diferencialuri 

gantolebisaTvis:  

, 

sawyisi pirobiT: 

, ,  ,  

miiyvaneba meore gvaris (9) tipis volteras gantolebamde, rodesac 

,  

 

da 

 

pirveli gvaris gantolebebi miekuTvnebian arakoreqtul amocanaTa 

ricxvs. maT cota mogvianebiT ganvixilavT. axla SeviswavliT meore gva-

ris im gantolebebs, romlebsac zusti, analizuri amonaxsni aqvs.  

magaliTebi. wrfivi integraluri gantolebebis magaliTia: 

a) ,  

gantoleba an, kidev: 

b) , . 

arawrfivi integraluri gantolebaa: 

g) , . 

zemoT moyvanil gantolebebSi  ucnobi, saZiebeli funqciaa, 

xolo ki _ b) da g) gantolebebSi cnobili funqciaa, romelsac 

araerTgvarovani wevri ewodeba. 

amovxsnaT integraluri gantoleba, niSnavs vipovoT iseTi funqcia, 

romelic gantolebas igiveobad aqcevs.  
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magaliTad: a) gantolebis amonaxsni igivuri  funqciaa. 

marTlac:  

 

. 

b) gantoleba ki  funqciis furies sinus-gardaqmnaa. furies 

gardaqmnis Seqcevis (Sebrunebis) formulis Tanaxmad, gvaqvs: 

, , 

rac niSnavs, rom  aris b) gantolebis amonaxsni. 

22.2. gantolebebi gadagvarebuli birTviT 

gansazRvreba. integraluri gantolebis  birTvs ewodeba 

gadagvarebuli, Tu igi SesaZlebelia warmovadginoT erTi cvladis fun-

qciebis namravlis sasrul jamad: 

.           (1) 

zogadobis SeuzRudavad SegviZlia CavTvaloT, rom  funqciebi 

wrfivad damoukideblebi arian. marTlac, Tu, magaliTad, , 

sadac  raime ricxvia, maSin ukanaskneli ori wevri (1) gamosaxule-

baSi SesaZlebelia gadavweroT Semdegnairad: 

. 

amis Semdeg ganvixiloT  rogorc axali -e  cvl-

adis funqcia. (1) jamSi Sesakrebebis raodenoba erTiT Semcirdeba da 

gaxdeba . analogiurad, SegviZlia wrfivad damoukideblad CavT-

valoT  funqciebic. zustad aseTive Sedegi miiReba, Tu wrfiv Ta-
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nadobiT arian erTmaneTTan dakavSirebuli ara ori, aramed ramdenime 

funqcia: yoveli wrfivi damokidebuleba  (an ) funqciebs Soris 

amcirebs erTi erTeuliT SesakrebTa raodenobas (1) jamSi. 

CavsvaT (1) gamosaxuleba wina paragrafis (5) gantolebaSi da mi-

viRebT: 

.     (2) 

am ukanasknel gamosaxulebaSi gvaqvs gansazRvruli integrali. 

naTelia, rom  saZiebel funqcias aqvs aseTi saxe: 

, , .    (3) 

am formulis (2)-Si Casma mogvcems gantolebas: 

, .       (4) 

magram, , , funqciebi, pirobis Tanaxmad, wrfivad damo-

ukideblebia. maSasadame, (4) toloba SesaZlebelia yoveli  

Sesruldes mxolod maSin, rodesac nulis tolia nebismieri -s 

win mdgomi koeficienti. amrigad, vRebulobT, wrfiv algebrul ganto-

lebaTa sistemas  koeficientebisaTvis (3) daSlidan: 

, ,       (5) 

sadac  kronekeris simboloa. amovxsniT ra gantolebaTa am siste-

mas, vipoviT  koeficientebs da, maSasadame, saZiebel  funqci-

asac.  

rogorc vxedavT, gadagvarebulbirTviani wrfivi integraluri gan-

tolebis amoxsna miiyvaneba wrfivi algebruli gantolebis amoxsnaze. 

Semdeg Cven vnaxavT, rom nebismieri birTvis SemTxvevaSi wrfivi integ-

raluri gantoleba aRmoCndeba usasrulo raodenobis wrfivi diferen-

cialuri gantolebis msgavsi. es analogia sasargebloa gvqondes mxe-
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dvelobaSi, radgan es wrfivi integraluri gantolebebis ZiriTadi 

Tvisebis gaazrebis saSualebas iZleva. 

kerZod, Tu (2) gantoleba erTgvarovania, e.i. , maSin erT-

gvarovania (5) algebrul gantolebaTa sistemac, radgan am dros  

yvela -saTvis. aseT pirobebSi, rogorc cnobilia, am gantolebis 

aratrivialuri amonaxsni arsebobs mxolod maSin, rodesac gantole-

baTa sistemis determinanti nulis tolia. aqedan ukve SesaZlebelia 

miviRoT parametris mniSvnelobaTa erToblioba, romlebsac maxasi-

aTebeli mniSvnelobebi ewodeba da romelTaTvisac sistemis determi-

nanti ganuldeba. aseTi mniSvnelobebis raodenoba -is tolia, ma-

xasiaTebeli gantolebis fesvebis jeradobis gaTvaliswinebiT.  

sazogadod, wrfivi integraluri gantolebebisTvisac  paramet-

ris maxasiaTebeli mniSvnelobebi analogiurad ganimarteba im daSve-

biT, rom arsebobs erTgvarovani gantolebis aratrivialuri amonaxs-

ni, magram sakuTrivi mniSvnelobebis simravle, sasruli -sa da -s 

SemTxvevaSic ki, usasruloa. am sakiTxs qvemoT davubrundebiT.  

radgan integraluri gantoleba gadagvarebuli birTviT advilad 

miiyvaneba algebrul gantolebaTa sistemaze, amitom arsebobs nebis-

mieri birTvisaTvis integraluri gantolebis miaxloebiTi amoxsnis 

SesaZlebloba. is efuZneba birTvis aproqsimacias gadagvarebuli bir-

TviT: ori cvladis funqcia icvleba daaxloebiT misi toli ori 

funqciis namravlebis sasruli jamiT, romelTagan TiToeuli damoki-

debulia mxolod erT cvladze. xSirad xdeba, rom am miaxloebis 

dros miRweuli sizuste damokidebulia am funqciebis gonivrul 

SerCevaze.  

22.3. furie-naxvevis tipis gantoleba 

ganvixiloT gantoleba: 

,    (6) 

romlis birTvi erT argumentzea damokidebuli, birTvi ki, Tavis mxriv, 

aris ori damoukidebeli cvladis sxvaoba. (6) gantolebas, furies 
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azriT, naxvevis gantoleba ewodeba. es gantoleba advilad ixsneba bir-

Tvis, saZiebeli funqciis da araerTgvarovani wevris Sesabamisi furie-

gamosaxulebebiT Secvlis Semdeg: 

, , 

.      (7) 

am formulebis (6)-Si Casmis da dirakis -funqciis furies  

      (8) 

gardaqmnis gamoyenebis Semdeg miviRebT: 

.           (9) 

(9)-is saSualebiT warmoidgineba mocemuli gantolebis amonaxsni. 

marTlac, misi Casma (7) gamosaxulebebis meore formulaSi iZleva sa-

Ziebel  funqcias cxadi saxiT.  

yuradReba mivaqcioT im faqts, rom (6) integralur gantolebaSi 

integrebis  da  sazRvrebi usasruloa. amis Sedegia is, rom (6) 

gantolebis Sesabamis erTgvarovan integralur gantolebas mxolod 

trivialuri amonaxsni aqvs. marTlac, Tu , maSin (9), (7) 

formulebidan gamomdinareobs, rom . 

analogiuri gziT ixsneba integraluri gantolebebi, romlebic 

warmoadgenen naxvevs laplasis azriT.  

volteras:  

,    

gantolebas aqvs laplasis naxvevis saxe. mtkicdeba, rom misi amonax-

snia:  
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funqcia, sadac , , Sesabamisad, araerTgvarovani wevrisa da 

birTvis laplasis gardaqmnis transformantebia, xolo  ki airCeva 

laplasis Sebrunebuli gardaqmnis povnis wesebis Sesabamisad.  

22.4. fredholmis meore gvaris gantoleba 

gadavideT fredholmis meore gvaris:  

      (1) 

integraluri gantolebis analizze. es gantoleba ufro martivad Seg-

viZlia warmovadginoT, Tu SemovitanT  operators da ganvsazRvravT 

mas  funqcionaluri sivrcis yoveli  funqciisaTvis, formuliT: 

,       (2) 

maSin (1) gantoleba gadaiwereba Semdegnairad: 

,          (3) 

amasTan, cxadad SegviZlia ar mivuTiToT im  argumentze, romelze-

dac damokidebulia gantolebis orive mxare. es gaugebrobas ar gamo-

iwvevs, radgan Tavisuflebi varT argumentis arCevaSi. (1), (2) ganto-

lebebidan Cans, rom  parametris mcire mniSvnelobisaTvis SesaZle-

belia CavTvaloT, rom . amis Semdeg, bunebrivia, (1) gantole-

bis amonaxsnis Zieba -s mimarT mwkrivis saxiT, im daSvebiT, rom  

parametri sakmaod mcirea. am miznis misaRwevad SemovitanoT -is mi-

axloebiTi mimdevrobebi (iteracia) Semdegnairad: 

, . . . , ,    (4) 

sadac  raime sawyisi miaxloebaa. Tu  mimdevroba kre-

badia, maSin misi zRvari iqneba gantolebis amonaxsni.  

 operatoris kvadrati ganvmartoT Semdegnairad: 

.    (5) 
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operatoris ufro maRali xarisxebi analogiurad ganimarteba. mo-

yvanili ganmartebis Semdeg (4) formulebi gadaiwereba Semdegnairad: 

, .      (6) 

 mimdevrobis krebadoba niSnavs (6)-Si Semavali mwkrivis 

krebadobas.  

mwkrivis krebadobis analizis gasamartiveblad davuSvaT, rom in-

tegraluri gantolebis birTvi da araerTgvarovani wevri akmayofi-

leben ufro Zlier moTxovnas, vidre kvadratSi integrebaa (ixileT 

paragraf 22.1-is (7),(8) formulebi), kerZod, davuSvaT, rom isini Se-

mosazRvrulebia: 

 ,  ,     (7) 

sadac  da  nebismieri ricxvebia. 

aseT pirobebSi advilad miiReba Semdegi Sefaseba: 

.  (8) 

amrigad, (6) mwkrivis maJorantuli mwkrivia geometriuli prog-

resia, romlis zogadi wevria . igi krebadia, Tu . es 

utoloba miuTiTebs imaze, Tu ramdenad mcire unda iyos  paramet-

ri, rom (6) mwkrivi krebadi iyos. Cveni Sefaseba uxeSia birTvis da 

araerTgvarovani wevris SemosazRvrulobis daSvebis gamo. zogad Sem-

TxvevaSi, rodesac birTvi , maSin miiReba Sefaseba:  

.        (9) 

SevniSnoT, rom iteraciuli procesis krebadoba damokidebuli 

ar aris sawyisi miaxloebis arCevaze. amitom, SegviZlia CavTvaloT, 

rom .  

axla vaCvenoT amonaxsnis erTaderToba. vaCvenoT, rom, Tu (9) sru-

ldeba, maSin (3) gantolebis (4) da (6) formulebiT mocemuli amonax-

sni erTaderTia.   

dasamtkiceblad davuSvaT, rom  (3) gantolebis sxva amonaxsnia: 
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CavsvaT (4)-Si -is magivrad , miviRebT: 

, ,... . 

sxva sityvebiT,  mimdevrobis zRvaria , romelic, daSvebis 

Tanaxmad, (3) gantolebis amonaxsnia. es faqti amtkicebs amonaxsnis er-

TaderTobas.  

(6) formula, rodesac , SesaZlebelia gadaiweros aseTi 

saxiT: 

,          (10) 

sadac 

      (11) 

operators ewodeba rezolventa.  operators, sadac erTeu-

lovani operatoria, ewodeba grinis funqcia (ufro zusti saxelwo-

deba, cxadia, iqneboda grinis operatori). (10) formula ixmareba in-

tegraluri gantolebis formaluri amonaxsnis dasawerad im SemTxv-

evaSi, rodesac (11) wkrivad amonaxsnis warmodgena SeuZlebelia, e.i. 

rodesac (9) utoloba ar sruldeba.  

22.5. volteras gantoleba 

volteras gantolebisaTvis, e.i., rodesac birTvi akmayofilebs pi-

robas , , iteraciuli procesi SesaZlebelia dazust-

des. kvlav CavTvaloT, rom wina paragrafis (7) piroba sruldeba, ma-

Sin (8) Sefasebis (wina paragrafidan) magivrad gveqneba: 
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am Sefasebebidan Cans, rom mimdevrobiTi miaxloebis paragraf 

22.4-is (6) mwkrivi yovelTvis,  parametris nebismieri mniSvnelo-

bisTvis, krebadia. analogiuri Sedegi miiReba ufro zogad SemTxveva-

Sic, kerZod, -klasis birTvebisTvis.  

22.6. TviTSeuRlebuli birTvi 

rogorc vnaxeT, Tu  parametri mcire ar aris, maSin iteraciu-

li mwkrivi fredholmis gantolebisaTvis ganSladia. amrigad, integ-

raluri gantolebis analizisaTvis am SemTxvevaSi saWiroa sxva meTo-

debis gamoyeneba. aseTi meTodebi ki kargadaa damuSavebuli da Seswav-

lili TviTSeuRlebuli operatorebisaTvis.  

 operatoris SeuRlebuli vuwodoT iseT  operators, rom-

lis Sesabamisi birTvia  operatoris birTvis SeuRlebuli  

funqcia, romelic  birTvisagan miiReba kompleqsuri SeuRle-

biTa da argumentebis gadanacvlebiT (es ukanaskneli operacia eTana-

deba matricis transponirebas). operators ewodeba TviTSeuRlebuli, 

Tu . namdvili  funqciisaTvis, Sesabamisi TviTSeuRle-

buli operatori miiReba  birTvSi argumentebis gadanacvlebis 

mimarT simetriulobis pirobis dadebiT. Zneli ar aris imis danaxva, 

rom volteras operatoris birTvi TviTSeuRlebuli ar aris. ga-

dagvarebul birTvs eTanadeba TviTSeuRlebuli operatori mxolod 

maSin, rodesac . 

 funqcionalur sivrceSi SemovitanoT Semdegi skalaruli nam-

ravli: 

.        (1) 

(1) skalaruli namravlis sasruloba gamomdinareobs -saTvis 

koSi-buniakovskis: 

 

utolobidan.  
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(1) skalaruli namravli komutaciuri ar aris: 

. 

amitom Semdeg, rodesac laparaki iqneba ori funqciis skalarul 

namravlze, aucilebelia davazustoT maTi rigiToba CanawerSi. (1) ga-

mosaxulebis marcxena mxares moTavsebuli aRniSvna dirakidan modis. 

manve Semoitana bra-funqciis (bra-veqtoris) da ket-funqciis (ket-veq-

toris) cnebebi. marcxena Tanamamravls  CanawerSi hqvia bra-

funqcia, xolo marjvenas ki _ ket-funqcia. sazogadod, bra, ket saxel-

wodeba modis frCxilebis inglisuri saxelwodebidan bracket. 
CvenTvis aseTi aRniSvnebis Semotana xelsayrelia. misi saSualebiT 

TviTSeuRlebuli operatorebisaTvis mtkicdeba Semdegi mniSvnelovani 

toloba: 

. 

marTlac: 

. 

aqedan gamomdinareobs kvantur meqanikaSi xSirad gamoyenebadi Ca-

naweris  koreqtuloba.  

ganmarteba.  parametris im mniSvnelobas, romlisTvisac fred-

holmis meore gvaris  

          (2) 

gantolebas  birTviT aqvs aratrivialuri amonaxsni, ewodeba  

operatoris maxasiaTebeli mniSvneloba an maxasiaTebeli ricxvi. am 

aratrivialur amonaxsns ki operatoris sakuTrivi funqcia ewodeba. 

yvela maxasiaTebeli ricxvebis simravles ewodeba operatoris speqtri. 

aqve SevniSnoT, rom terminebi `maxasiaTebeli mniSvneloba~, `maxasiaTe-

beli ricxvi~ da `speqtraluri mniSvneloba~ sinonimebia. maxasiaTebeli 

ricxvis Sebrunebul sidides sakuTrivi ricxvi ewodeba. sakuTrivi 

ricxvis sinonimia sakuTrivi mniSvneloba. amrigad, sakuTrivi ricx-

visaTvis gvaqvs: .Aam SemTxvevaSi (2) gantoleba gadaiwereba  

         (3) 
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saxiT. yvela sakuTrivi ricxvebis simravles agreTve ewodeba speqt-

ri. integraluri operatorebi gamoyenebis dros xSirad gvxvdeba ro-

gorc diferencialuri operatorebis Sebrunebuli operatori, amitom 

integraluri operatoris maxasiaTebeli ricxvebi emTxveva diferen-

cialuri operatoris sakuTriv ricxvebs (zogjer es terminologiur 

aRrevas iwvevs).  

(2), (3) gantolebebis sakuTrivi funqciebi mamravlis sizustemde 

arian gansazRvrulebi, amitom es mamravlebi SesaZlebelia ise Sevar-

CioT, rom sakuTrivi funqciebi normirebulebi iyvnen: . 

ganmarteba. maxasiaTebel mniSvnelobas ewodeba gadagvarebuli, Tu 

mas ramdenime wrfivad damoukidebeli sakuTrivi funqcia Seesabameba. 

aseTi wrfivad damoukidebeli funqciebis raodenobas ewodeba moce-

muli maxasiaTebeli mniSvnelobis gadagvarebis jeradoba.  

maxasiaTebeli ricxvebisaTvis samarTliani ar aris amonaxsnis er-

TaderTobis Teorema: trivialur amonaxsnTan erTad gantolebas arat-

rivialuri amonaxsnic aqvs. amasTan, gadagvarebuli maxasiaTebeli ri-

cxvisaTvis aratrivialur amonaxsnTa raodenoba ramdenimea. maSasa-

dame,  parametris im mniSvnelobaTa zusti zeda sazRvari, romlis-

Tvisac mimdevrobiTi miaxloebis meTodSi Sesabamisi mwkrivi krebadia, 

unda iyos , sadac -is absoluturi mniSvneloba minimalu-

ria maxasiaTebel ricxvTa absolutur mniSvnelobebs Soris. es uto-

loba azustebs ukve moyvanil (9) utolobas paragraf 22.4-dan.  

mtkicdeba, rom TviTSeuRlebul operators aqvs erTi mainc maxa-

siaTebeli ricxvi, Tu Sesabamisi birTvi igivurad nuli ar aris. sazo-

gadod, nebismieri (ara TviTSeuRlebuli) operatorebisaTvis analo-

giuri debuleba samarTliani ar aris. magaliTad, volteras gantole-

bisaTvis, mimdevrobiTi miaxloebis meTodis nebismieri -saTvis, kre-

badobidan gamomdinareobs, rom Sesabamis operators ar aqvs arcerTi 

maxasiaTebeli ricxvi. maSasadame, mimdevrobiTi miaxloebis meTodis 

krebadoba niSnavs, rom integralur gantolebas aqvs erTaderTi amo-

naxsni. amis gamo erTgvarovan volteras gantolebas trivialurisagan 

gansxvavebuli amonaxsni ar aqvs.  

TviTSeuRlebuli operatorebis mniSvnelovani Tviseba, romlis 

gamoc isini farTodDgamoiyenebian fizikur TeoriebSi, aris is, rom maT 
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aqvT namdvili maxasiaTebeli mniSvnelobebi. kerZod, samarTliania Sem-

degi debuleba. 

debuleba 1. TviTSeuRlebuli operatoris yvela maxasiaTebeli 

mniSvneloba namdvili ricxvia.  

marTlac, vTqvaT,  aris  operatoris sakuTrivi funqcia, rome-

lic  maxasiaTebel ricxvs Seesabameba. gavamravloT (2) toloba ska-

larulad marcxnidan -ze da miRebuli gamosaxuleba gamovakloT mis 

kompleqsur SeuRlebuls. radgan ukve miviReT, rom  

da , gaviTvaliswinebT ra  utolobas, 

gveqneba: 

. 

sidide 0-sagan gansxvavebulia (igi sakuTrivi funqciaa, rome-

lic ganmartebiT igivurad nuli ar SeiZleba iyos), amitom  

da aqedan . 

gansxvavebuli maxasiaTebeli mniSvnelobebis Sesabamisi sakuTrivi 

funqciebis orTogonaluroba sakuTrivi funqciebis erT-erTi mniSvne-

lovani Tvisebaa, ris gamoc mas gamovyofT debulebis saxiT. 

debuleba 2. Tu  da  TviTSeuRlebuli operatoris gansxva-

vebuli maxasiaTebeli mniSvnelobebia da ,  maTi Sesabamisi sakuT-

rivi funqciebia, maSin . 

davuSvaT,  da , . gavamravloT skala-

rulad  gamosaxuleba marcxnidan -ze, xolo  

tolobis kompleqsurad SeuRlebuli marjvnidan gavamravloT -ze. 

amis Semdeg erTi meores gamovakloT. gamoviyenoT debuleba 1. yove-

live Tqmulis gaTvaliswinebiT gveqneba: 

. 
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radgan , amitom ukanaskneli tolobidan miviRebT .  

TviTSeuRlebuli operatorebis speqtris Tvisebebs, anu maxasiaTe-

beli ricxvebis erTobliobis daxasiaTebas iZleva qvemoT moyvanili 

debulebebi. 

Teorema 1. TviTSeuRlebuli sasruli normis mqone operatoris 

speqtri an sasrulia, an aqvs dagrovebis wertili -Si.  

am Teoremidan gamomdinareobs, rom TviTSeuRlebuli operatoris 

maxasiaTebeli mniSvnelobebis gadagvarebis jeradoba sasrulia.  

Teorema 2. Tu , maSin:  

,        (4) 

sadac  aris  operatoris iseTi maxasiaTebeli mniSvneloba, ro-

melsac minimaluri absoluturi mniSvneloba aqvs.  

(4) utolobaSi toloba miiRweva maSin, rodesac operatoris is 

sakuTrivi funqciaa, romelic Seesabameba  maxasiaTebel mniSvnelo-

bas. operatori `Zlier~ moqmedebs umciresi absoluturi mniSvnelo-

bis mqone maxasiaTebeli mniSvnelobis Sesabamis sakuTriv funqciaze.  

qvemoT moyvanilia wrfivi integraluri gantolebebis ZiriTadi 

Teorema. es Teorema hilbert-Smidtis saxeliTaa cnobili. 

Teorema 3 (hilberti, Smidti). Tu  funqcia warmoidgineba  

 

saxiT, sadac , maSin igi daiSleba operatoris sakuTrivi 

funqciebis mwkrivad, romelic saSualod krebadia. amasTan, Tu:  

, , 

maSin miTiTebuli mwkrivi absoluturad da Tanabradaa krebadi.  

hilbert-Smidtis Teorema aris sakmarisi piroba  funqciis 

mwkrivad warmodgenisa  operatoris sakuTrivi funqciebis bazisSi. 
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es piroba ar aris aucilebeli, anu  SesaZlebelia warmodgenil 

iqnes krebad mwkrivadD  operatoris sakuTrivi funqciebis bazisSi, 

maSinac ki, rodesac  integralSi Semavali  funq-

cia ar arsebobs. -is arsebobis sakiTxs Cven davubrundebiT fred-

holmis pirveli gvaris gantolebebis ganxilvisas.  

22.7. araerTgvarovani gantoleba. fredholmis alternativa 

hilbert-Smidtis Teorema saSualebas gvaZlevs fredholmis meore 

gvaris araerTgvarovani gantolebis amonaxsni davweroT sakuTrivi fun-

qciebis bazisSi mwkrivis saxiT. davuSvaT:  

.       (1) 

vTqvaT, . hilbert-Smidtis Teoremis Tanaxmad:  

,  

gamosaxulebaSi Semavali  sasrulia gadagvarebuli birTvisaTvis da 

 gadaugvarebeli birTvis SemTxvevaSi. CavsvaT es gamosaxuleba 

(1)-Si -is magivrad, gavamravloT skalarulad marcxnidan -ze, 

gaviTvaliswinoT, rom  da miviRebT cxadi saxiT  ko-

eficientebs: 

. 

maTi saSualebiT iwereba (1) gantolebis amonaxsni: 

.       (2) 

Tu SemovitanT 

 

rezolventas da mis Sesabamis  integralur operators, maSin (1) 

gantolebis amonaxsni daiwereba (10) saxiT paragraf 22.4-dan.  
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rogorc vxedavT, rezolventas pirveli rigis polusebi aqvs  

parametris im mniSvnelobebisaTvis, rodesac . parametris am 

mniSvnelobebisaTvis amonaxsnis (16) formulas azri ar aqvs. es faq-

ti savsebiT naTelia Semdegi mosazrebis gamoc: rodesac  (1) 

gantolebas erTaderTi amonaxsni ar aqvs: araerTgvarovani gantolebis 

nebismier amonaxsns SesaZlebelia daematos  operatoris  maxa-

siaTebeli mniSvnelobis Sesabamisi sakuTrivi funqcia, gamravlebuli 

mudmivze. daskvna CamovayaliboT Teoremis saxiT, romelic cnobilia 

fredholmis alternativis saxelwodebiT. 

Teorema 1. TviTSeuRlebuli birTvis mqone fredholmis meore 

gvaris araerTgvarovan gantolebas, nebismieri araerTgvarovani wevriT 

-dan, aqvs erTaderTi amonaxsni -Si an Sesabamis erTgvarovan gan-

tolebas -Si aqvs aratrivialuri amonaxsni. 

Teoremis pirobaSi moyvanili araerTgvarovani wevris nebismieroba 

SemTxveviTi araa. Tu avirCevT -s iseTnairad, rom igi orTogonalu-

ri iyos yvela sakuTrivi funqciisa, romlebic Seesabamebian mocemul 

 maxasiaTebel mniSvnelobas, maSin (2) mwkrivis yvela wevrs aqvs 

azri, amave dros, erTgvarovan gantolebas aqvs aratrivialuri amonax-

sni, rodesac .  

22.8. fredholmis pirveli gvaris gantoleba 

maTematikur fizikaSi kargad cnobili integraluri gardaqmnebi arian 

zustad amoxsnadi integraluri gantolebebi. magaliTad, Tu: 

, 

maSin  

. 

es formulebi gansazRvraven pirdapir da Sebrunebul furies gar-

daqmnebs. zustad aseve laplasis pirdapiri da Sebrunebuli gardaqm-
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na, romelic xSirad gamoiyeneba operaciul aRricxvaSi, SegviZlia ga-

nvixiloT rogorc pirveli gvaris integraluri gantoleba. arsebobs 

agreTve sxva integraluri gardaqmnebi, romelTa birTvebi ar arian 

elementaruli funqciebi. magaliTad, henkelis gardaqmna:  

,  

Seicavs beselis  funqcias. es gardaqmna imiTaa saintereso, rom 

igi Tavisi Tavis Sebrunebulicaa: pirdapiri da Sebrunebuli gardaqm-

nebi erTmaneTs emTxveva.  

ganvixiloT  funqcia, romelic analizuria zeda naxevarsibrt-

yeSi. davuSvaT, mas ara aqvs gansakuTrebuli wertilebi zeda naxevar-

sibrtyeSi namdvili RerZis CaTvliT da miiswrafvis nulisaken, ro-

desac  ufro nela, vidre xarisxovani funqcia raime dadebiTi 

maCvenebliT. aseT pirobebSi  SesaZlebelia warmovadginoT koSis 

integraluri formiT: 

, ,        (1) 

sadac  konturi Sedgeba namdvili RerZis im nawilisagan, romelic 

axdens zeda naxevarsibrtyeze Semowerili naxevarwris Sekvras. rad-

gan  funqcia qreba -s sakmaod didi mniSvnelobebisaTvis, ami-

tom naxevarwris usasrulod didi radiusisaTvis gvaqvs: 

, . 

gadavideT zRvarze  da gamoviyenoT soxockis formula, 

romelSic , miviRebT: 

,            (2) 

sadac  namdvili ricxvia, xolo integrali gaigeba koSis mTavari 

mniSvnelobis azriT.  


∞

=
0

)()()( dttyststJsf ν 
∞

=
0

)()()( dssfststJty ν

νJ

)(ty

∞→|| t

)(ty


Γ −

= dt
st

ty

i
sy

)(

2

1
)(

π
0Im >s

Γ

)(ty || t


∞

∞− −
= dt

st

ty

i
sy

)(

2

1
)(

π
0Im >s

0Im →s

stx Re−=


∞

∞− −
−= dt

st

tyi
sy

)(

2
)(

2

1

π

s



 430

davuSvaT, -is namdvili da warmosaxviTi nawilebi, Sesabamisad, 

aris  da  funqciebi. (1)-dan gamovyoT namdvili da warmosa-

xviTi nawilebi, gveqneba: 

, .     (3) 

es gamosaxulebebi SegviZlia ganvixiloT rogorc pirdapiri da 

Sebrunebuli integraluri gardaqmnebi, e.i. rogorc pirveli rigis 

integraluri gantoleba da misi amonaxsni. analogiuri formulebi Seg-

viZlia miviRoT qveda naxevarsibrtyeze analizuri funqciebisaTvis, 

romlebic sakmaod swrafad qrebian, rodesac |ݐ| → ∞. gansxvaveba 

mxolod is iqneba, rom gamoviyenebT soxockis sxva formulas. 

(3) formulebs hilbertis integraluri gardaqmnebi ewodebaT. 

hilbertis gardaqmnis gamoyeneba SesaZlebelia funqciaTa ufro farTo 

klasisaTvis, vidre axla Cven ganvixileT.  birTvs ewodeba 

singularuli, xolo integralur gantolebas aseTi birTviT _ sin-

gularuli integraluri gantoleba. amasTan, integrebis sazRvrebi 

SesaZlebelia , -sagan gansxvavebuli iyos.  

xSirad fizikuri sidideebis iseTnairi interpretaciaa SesaZlebe-

li, rom isini iyvnen erTi kompleqsuri funqciis namdvili da warmo-

saxviTi nawilebi. es exeba, magaliTad, materialuri garemos gardate-

xis maCvenebelsa da STanTqmis koeficients. amasTan,  da  cvladebs 

aqvT eleqtromagnituri velis sixSiris Sinaarsi, xolo (3) formu-

lebi gamoxataven gardatexis maCveneblisa da STanTqmis koeficien-

tebs Soris kavSirs, romelic optikaSi cnobilia kramersi-kronigis 

formulis saxeliT. 

axla gadavideT zogadi pirveli gvaris integraluri gantolebe-

bis analizze. daviwyoT martiviT. aseTia volteras gantoleba. isto-

riulad, ufro adre, meqanikis erTi amocanisaTvis, ganxilul iqna 

volteras gantolebis kerZo SemTxveva – abelis gantoleba.  

abelis integraluri gantoleba ewodeba volteras pirveli gvaris 

Semdeg integralur gantolebas: 

, , .     (4) 
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SevamowmoT, rom:  

 

marTlac aris (4) gantolebis amonaxsni. amisaTvis -is zemoT moy-

vanili gamosaxuleba CavsvaT (4) gantolebaSi da gveqneba: 

. 

SevcvaloT integrebis rigiToba. miviRebT: 

. 

-s mimarT integralis gamosaTvlelad movaxdinoT: 

 

cvladis gardaqmna, ris Semdegac miviRebT: 

. 

rogorc vxedavT, -sa da -s Soris funqcionaluri gamokidebu-

leba gaqra, miRebuli integrali ki xarisxis maCveneblebis nebismieri 

mniSvnelobebisaTvis (ufro sworad, dasaSvebi mniSvnelobebisaTvis) in-

tegralis arsebobis daSvebis SemTxvevaSi aris eileris -funqciis 

integraluri warmodgena. Cvens SemTxvevaSi igi elementaruli funqci-

iT gamoisaxeba da -s tolia.Aamrigad, miviRebT: 

, 

radgan  toloba (4)-dan gamomdinareobs.  

volteras zogadi pirveli gvaris integraluri gantoleba:  
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gluvi  da  funqciebisaTvis SesaZlebelia meore gvaris ganto-

lebaze iqnes miyvanili. amisaTvis sakmarisia am gantolebis diferen-

cireba movaxdinoT: 

.    (5) 

Tu , maSin -ze orive mxaris gayofiT miviRebT 

meore gvaris gantolebas. Tuki , maSin , ami-

tom (5) gamosaxuleba kidev erTjer gavawarmooT, xolo Semdeg ki 

gavyoT .Aaucileblobis SemTxvevaSi es procedura SesaZlebe-

lia gavagrZeloT. 

axla ganvixiloT zogadi pirveli gvaris integraluri gantoleba: 

, .          (6) 

yuradReba mivaqcioT imas, rom, pirveli gvaris gantolebebisagan 

gansxvavebiT,  da  cvladebi dasaSvebia sxvadasxva ricxviT interva-

lebze icvlebodnen. ufro metic, maT SesaZlebelia hqondeT sxvadasxva 

fizikuri ganzomileba. yvela SemTxvevaSi, Tu  ricxvebi sas-

rulia, SesaZlebelia iseT axal cvladebze gadasvla, rom . 

CavTvaloT, agreTve, rom  birTvi fredholmiseulia: 

,     (7) 

misi Sesabamisi  operatori TviTSeuRlebulia da . Tu ope-

ratoris birTvs (7) pirobaze ufro mkacr moTxovnebs wavuyenebT, 

kerZod, Tu CavTvliT, rom:  

, , 

maSin (6) gantoleba martivi gardaqmnebiT SesaZlebelia miyvanil iqnes 

TviTSeuRlebul gantolebaze, Tu is aseTi ar iyo. amisaTvis saWiroa 

SemovitanoT axali:  
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,  

funqciebi. advili saCvenebelia, rom  akmayofilebs (7) pirobas, 

 da  birTvs namdvilad Seesabameba TviTSeuRlebuli opera-

tori. amasTan, axali gantoleba, romelic (6)-sagan miiReba orive 

mxaris  gamravlebiT da integrebiT -s mimarT, ar icvlis 

saxes (e.i. gantoleba imave tipisaa, rogoric iyo gamosavali ganto-

leba). amitom Semdeg CavTvliT, rom aseTi gardaqmna (Tu saWiroa) 

ukve gakeTebulia.  

axla davuSvaT, rom  TviTSeuRlebuli operatoris sakuTrivi 

funqciebi srul baziss qmnian. (6) gantolebis amonaxsnisAarsebobis 

da erTaderTobis pirobas iZleva Semdegi Teorema. 

Teorema (e. pikari). (6) gantolebis amonaxsnis arsebobisa da er-

TaderTobisaTvis, rodesac  TviTSeuRlebuli operatoria da misi 

sakuTrivi funqciebi qmnian srul baziss, aucilebelia da sakmarisi, 

rom:  

 

mwkrivi iyos saSualod krebadi, sadac  aris  operatoris maxa-

siaTebeli mniSvnelobebi, xolo  ki,  operatoris sakuTrivi 

funqciebis bazisSi (6) gamosaxulebis daSlis koeficientebia.  

aqve gavakeToT erTi mniSvnelovani SeniSvna. mizezi, romlis gamoc 

nebismieri araerTgavrovani wevrisaTvis fredholmis pirveli gvaris 

gantolebas amonaxsni ar aqvs, integrebis proceduris gansakuTrebu-

lobaSia. rogorc cnobilia, integreba `asworebs~ integralqveSa funq-

ciis gansakuTrebulobebs (wyvetis wertilebs; wertilebs, sadac fun-

qcias ar aqvs warmoebuli da sxva). amrigad, integrebis Semdeg miiReba 

`kargi~ funqcia. miviRoT am gziT funqciebi, romlebsac, magaliTad, 

warmoebuli ar aqvT raime wertilSi, SeuZlebelia, miuxedavad imisa, 

rom aseTi funqciebi kvadratSi integrebadebi arian. siZnelis ZiriTadi 

arsi, romelic Tan sdevs pirveli gvaris integralur gantolebebs, 
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aris ara axlad Tqmuli, aramed is, rom pirveli gvaris integralu-

ri gantolebis amonaxsni, rogorc wesi, ar aris mdgradi. 

adamaris azriT, pirveli gvaris integraluri gantolebebisaTvis 

sruldeba amocanis koreqtulobis mxolod nawili, kerZod, maT aqvT 

erTaderTi amonaxsni, xolo, rac Seexeba amonaxsnis mdgradobas ara-

erTgvarovani wevris mimarT, sazogadod, ar sruldeba. marTlac, da-

vuSvaT,  (6) gantolebis amonaxsnia. CavsvaT  

funqcia (6) saxis iseT gantolebaSi, romlis araerTgvarovani wevri 

-s tolia, gveqneba: 

, 

. 

fredholmiseuli birTvisaTvis ukanasknel gantolebaSi integra-

li nulisaken miiswrafvis, rodesac , furies integralebis 

Teoriis ZiriTadi Teoremis Tanaxmad. Tvisobrivad, es debuleba cxa-

dia: integrali gluvi da swrafad oscilirebadi niSancvladi funq-

ciis namravlidan Zalian mcire sididea. amrigad,  sxvaoba SesaZ-

lebelia gavxadoT ragind mcire, nebismieri sasruli -saTvis, Tu 

-s sakmaod dids aviRebT. es ki niSnavs, rom  da  funqciebs 

Soris gansxvaveba sasruli ricxvia sasruli -s SemTxvevaSi, razom 

mcire gansxvavebac ar unda iyos  da  funqciebs Soris. sxva sit-

yvebiT rom vTqvaT, araerTgvarovani  wevris mcire cvlileba iw-

vevs amonaxsnTa Soris Zlier gansxvavebas, rac niSnavs, rom (6)-is 

amonaxsni aramdgradia da amocana arakoreqtulia. 

22.9. meore gvaris volteras gantoleba, romlis birTvi 

argumentebis sxvaobazea damokidebuli 

,  

saxis da misi msgavsi: 
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,  

gantoleba aris volteras gantolebebis mniSvnelovani qveklasi, maT 

naxvevis tipis gantolebebi ewodeba. integralis niSnis qveS  da 

 funqciebis naxvevia. 

zogadobis SeuzRudavad SegviZlia CavTvaloT, rom integrebis qveda 

sazRvari 0-ia. marTlac, movaxdinoT cvladebis gardaqmna: , 

. miviRebT gantolebas: 

, . 

gavaanalizoT:  

,      (1) 

gantoleba. msgavsi gantolebebis amosaxsnelad xelsayrelia lapla-

sis gardaqmnis gamoyeneba, radgan igi naxvevs namravlSi gadaiyvans da 

integraluri gantolebis amoxsnis amocana daiyvaneba laplasis gar-

daqmnis Sebrunebaze. 

gamoviyenoT laplasis gardaqmna (1) integraluri gantolebis mi-

marT da miviRebT: 

.    (2) 

aq gamoviyeneT aRniSvnebi: 

, , . 

(2)-is ukanaskneli tolobis SeqceviT (SebrunebiT) miviRebT: 

, 

sadac  aris wrfe, romelic integralqveSa gamosaxulebis gansakuT-

rebuli wertilebis marjvniv mdebareobs.  

)()()( xfdyyyxK
x

a

=− ϕ xa ≤

K
ϕ

ξ=− ax

η=− ay

)()()()(
0

ξηηϕηξλξϕ
ξ

fdaKa =+−−+  0≥ξ

)()()()(
0

xfdyyyxKx
x

=−−  ϕλϕ 0≥x

K

f
fKfK

ˆ1

ˆ
ˆˆ)ˆ1(ˆˆˆˆˆ

λ
ϕλϕϕλϕ

−
==−=−

dxex zx
∞

−=
0

)(ˆ ϕϕ dtetKK zt
∞

−=
0

)(ˆ dxexff zx
∞

−=
0

)(ˆ

dze
zK

zf

i
x zx

Γ −
=

)(ˆ1

)(ˆ

2

1
)(

λπ
ϕ

Γ



 436

 toloba gadavweroT ekvivalenturi formiT: 

 

da SemovitanoT aRniSvna: 

, 

maSin  

. 

CavTvaloT  romelime funqciis laplasis gardaqmnad: 

, 

maSin: 

.     (3) 

amrigad, Tu cnobilia , (3) formula gvaZlevs Cveni integ-

raluri gantolebis amonaxsns.  

gvaqvs: 

. 

 funqcias ewodeba (1) integraluri gantolebis rezol-

venta. 

magaliTi. amovxsnaT (1) saxis Semdegi integraluri gantoleba: 

, . 

Cveni gantolebis birTvia , misi laplasis gardaqmnaa 

. gamovTvaloT , xolo Semdeg ki aRvadginoT origi-

nali: 
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. 

maSasadame, gantolebis amonaxsnia:  

         (4) 

funqcia. rodesac , (4)-is integralqveSa gamosaxuleba saWiroa 

mwkrivad warmovadginoT ganusazRvrelobis gaxsnis mizniT. amrigad, 

(4)-iT mocemuli funqcia (1) integraluri gantolebis amonaxsnia ne-

bismieri -saTvis. 

reziume. pirveli gvaris integralur gantolebaSi ucnobi funqcia 

mxolod integralis niSnis qveS Sedis.  

meore gvaris integralur gantolebaSi ki ucnobi funqcia Sedis 

rogorc integralis niSnis qveS, aseve mis gareT. 

Tu pirveli da meore gvaris integralur gantolebaSi integrebis 

sazRvrebi mudmivia, maSin gantolebas ewodeba, Sesabamisad, fredhol-

mis pirveli da meore gvaris gantoleba. 

Tu pirveli da meore gvaris integralur gantolebaSi integrebis 

zeda sazRvari cvladia, maSin gantolebas ewodeba volteras gantoleba. 

fredholmis pirveli gvaris wrfivi integraluri gantoleba: 

, . 

fredholmis meore gvaris wrfivi integraluri gantoleba: 

, . 

volteras pirveli gvaris wrfivi integraluri gantoleba: 

, . 

volteras meore gvaris wrfivi integraluri gantoleba: 

, . 
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meore gvaris gantolebebi SeiZleba Seicavdnen parametrs, am dros 

gvaqvs ara erTi gantoleba, aramed gantolebaTa ojaxi: 

, ; 

, . 

volteras gantolebebi SesaZlebelia ganvixiloT rogorc fred-

holmis gantolebebis kerZo SemTxveva. amisaTvis sakmarisia fredhol-

mis gantolebis birTvad aviRoT funqcia: 

 

amis gamo fredholmis gantolebebis Tvisebebi vrceldeba volte-

ras gantolebebze, magram volteras gantolebebs aqvT specifikuri 

Tvisebebi, romlebic mxolod maTTvisaa damaxasiaTebeli. 

22.10. integraluri gantolebebis amoxsnis meTodebi 

fredholmis gantoleba gadagvarebuli guliT. ganvixiloT gan-

toleba: 

,      (1) 

rogorc cnobilia, am gantolebis birTvi gadagvarebulia, Tu igi war-

moidgineba aseTi formiT: 

,      (2) 

sadac ,  uwyveti funqciebia,  ki sasruli ricxvia. 

, , ,  

,  gadagvarebuli birTvis magaliTebia, 

sadac  ori cvladis nebismieri mravalwevria. gadaugvarebeli 

birTvis magaliTebia: , .  
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gadagvarebuli birTvis mqone gantolebebi cxadad ixsneba. garda 

amisa, zogadi saxis integraluri gantolebebis aproqsimaciaa SesaZle-

beli gadagvarebulbirTviani gantolebebis saSualebiT. 

davuSvaT,  uwyvetia da arsebobs (1) gantolebis amonaxsni uw-

yvet funqciaTa sivrceSi. CavsvaT (2) gamosaxuleba (1)-Si, miviRebT: 

 

. 

SemovitanoT aRniSvna: 

,      (3) 

maSin:  

      (4) 

sadac, rogorc (3)-dan Cans, ,  mudmivebia, xolo , 

 da  mocemuli uwyveti funqciebia. amitom amocana day-

vanil iqna  mudmivebis povnaze. Tu maT ganvsazRvravT, miviRebT amo-

naxsns (3) formulidan: 

. 

naTelia, rom  uwyvetia -ze. 

 mudmivebis sapovnelad (4) gavamravloT -ze,  

da tolobis orive mxare vaintegroT -dan -mde, miviRebT: 
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kvlav aRniSvnebi SemovitanoT: 

, , . 

aseT aRniSvnebSi (5) gamosaxuleba gadaiwereba Semdegi saxiT: 

, .     (6) 

amrigad, miviReT  algebrul gantolebaTa sistema  raodeno-

bis ucnobebis mimarT. davweroT (6) sistemis determinanti: 

 

da ganvixiloT -s mimarT polinomialuri gantoleba: 

.        (7) 

davuSvaT, (7) gantolebis fesvebia , ,...,  da, vTqvaT,  pa-

rametri (1) gantolebidan gansxvavebulia (7) gantolebis fesvebisa-

gan, e.i. , . maSin (6) gantolebaTa sistemas aqvs er-

TaderTi amonaxsni da igi moicema krameris formulis saSualebiT: 

, ,       (8)  

sadac  aris Semdegi mravalwevri: 

. 

SevitanoT (8) formuliT gansazRvruli mudmivebi amonaxsnis 

 formulaSi da, sabolood, rodesac , 

, miviRebT (1)-is amonaxsns:  
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.     (9) 

gardavqmnaT (9) gamosaxuleba. amisaTvis davSaloT  deter-

minanti -uri svetis elementebad: 

,       (10) 

sadac  minorebia, romlebic  determinantis elements 

Seesabameba. CavsvaT (10) gamosaxuleba (9)-Si: 

.    (11) 

Cven mier Semotanili aRniSvnebis Tanaxmad, , ami-

tom (11)-Si  mudmivebis magivrad CavsvaT zemoT moyvanili integrali 

da amis Sesabamisad gadavweroT (11) gamosaxuleba: 

. 

aRvniSnoT:  

. 

miRebuli ori cvladis  funqcia aris gamosavali integ-

raluri gantolebis rezolventa. misi saSualebiT (1)-is amonaxsni 

Caiwereba Semdegnairad: 

, . 

gamoyenebis TvalsazrisiT,  rezolventa SesaZlebelia Ca-

iweros ufro moxerxebuli saxiT: 


=









+=

n

i
i

i x
D

D
xfx

1

)(
)(

)(
)()( α

λ
λλϕ

)(λiD

i

kik

n

k

ki
i fDD )()1()(

1

λλ 
=

+−=

)(λikD )(λiD

)(
)(

)(
)1()()(

1

xf
D

D
xfx i

n

i
k

ikki α
λ
λλϕ 

=

+−+=

dxxxff k

b

a

k )()( β=

kf

)()(
)(

)(
)1()()()(

1 1

yx
D

D
dyyfxfx ki

ik
n

i

n

k

ki
b

a

βα
λ
λλϕ 

= =

+−+=

)()(
)(

)(
)1(),(

1 1

yx
D

D
yxR ki

ik
n

i

n

k

ki βα
λ
λ

λ 
= =

+−=

),( yxRλ

+=
b

a

dyyfyxRxfx )(),()()( λλϕ jλλ ≠

),( yxRλ



 442

 

. 

axla davuSvaT, rom  parametri (10) gantolebidan emTxveva (7) 

gantolebis romelime  fesvs. es niSnavs, rom . amitom (6) 

sistema nebismieri marjvena mxarisaTvis ar iqneba amoxsnadi. amis gamo 

(1) integraluri gantolebac ar iqneba amoxsnadi nebismieri -saTvis. 

Tuki  da , maSin (6) sistemas eqneba usasru-

lod bevri amonaxsni, amitom (1) integralur gantolebasac usasru-

lo raodenobis amonaxsnebi eqneba. 

Teorema 1. (1) integralur gantolebas (2) gadagvarebuli guliT 

aqvs erTaderTi amonaxsni, Tu  parametri gansxvavebulia  

maxasiaTebeli gantolebis fesvebisagan. ar aqvs amonaxsni an aqvs usas-

rulo raodenobis amonaxsni, Tu  parametri emTxveva  gan-

tolebis fesvebs. 

usasrulo raodenobis amonaxsni gvaqvs im SemTxvevaSi, rodesac 

krameris formulaSi mniSvneli da mricxveli erTdroulad xdeba 0-is 

toli. kerZod, Tu , , e.i., rodesac (6) sistema erT-

gvarovania. toloba
  

niSnavs, rom an , e.i. igivurad 

nulia -ze, an , magram igi orTogonaluria , 

 funqciebis. 

magaliTebi. 

1. amovxsnaT integraluri gantoleba:  
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am gantolebis birTvia , romelic gadagvarebulia: 

, , . 

(1) gadavweroT Semdegnairad:  

 

da aRvniSnoT . 

gavamravloT (1)  da vaintegroT 0-dan 1-mde: 

. 

SemovitanoT aRniSvna . maSin ukanaskneli gamosaxu-

lebidan miviRebT gantolebas:  

,     (2) 

anu . pirvel rigSi ganvixiloT SemTxveva, rodesac . 

am dros , maSasadame, (2) gantolebidan gvaqvs: 
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saidanac vpoulobT Cveni amocanis amonaxsns:  

, , 

anu 
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amrigad, rezolventa iqneba: 

, . 

davuSvaT, , maSin, rogorc ukve viciT, Tu , (2) gan-

tolebas amonaxsni ar aqvs, xolo, Tu:  

, 

maSin (2) gadaiqceva igiveobad, sadac  nebismieri mudmivia, xolo 

gamosavali gantolebis amonaxsni iqneba: 

. 

2. amovxsnaT integraluri gantoleba: 

, .     (1) 

am gantolebis birTvi aris . (1) gantoleba gadav-

weroT ekvivalenturi formiT: 

. 

SemovitanoT aRniSvnebi: 

, , 

maSin  

.      (2) 

vaintegroT ukanaskneli gamosaxuleba 0-dan 1-mde da miviRebT: 

. 
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kvlav SemovitanoT aRniSvnebi: 

, . 

gavamravloT (2) -ze da vaintegroT 0-dan 1-mde: 

. 

kvlav aRvniSnoT: 

, . 

miviRebT algebrul gantolebaTa sistemas  da  mudmivebis 

mimarT: 

     (3) 

(3) sistemis determinanti iqneba: 

. 

aqve gamovTvaloT  da  determinantebi: 

, 

. 

radgan , amitom  gantolebis fesvebi iqneba: 

, . 
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davuSvaT,  da , maSin , rac niSnavs, rom (1) 

aqvs erTaderTi amonaxsni: 

, . 

(1) gantolebis amonaxsns eqneba saxe: 

, 

anu sabolood miviRebT: 

, , . 

amrigad, (1) gantolebis rezolventas eqneba aseTi saxe: 

. 

davuSvaT, axla  an , maSin nebismieri -saTvis (1) 

gantolebas amonaxsni ar eqneba. ganvixiloT SemTxveva: . 

, . 

am SemTxvevaSi, (3) sistemis analogiurad gveqneba: 

     (4) 
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(4)-is pirveli gantolebidan miviRebT: 

       (5) 

(5)-is CasmiT (2)-Si ki gveqneba: 

, , 

sadac  nebismieri mudmivia. amrigad, am SemTxvevaSi (1) gantolebas 

aqvs usasrulod bevri amonaxsni.  

22.11. singularuli integraluri gantoleba 

integralur gantolebaTa mniSvnelovani klasia agreTve singula-

ruli integraluri gantolebebi, romlis zogadi Teoria Tvisobrivad 

gansxvavdeba zemoT moyvanili integraluri gantolebebis Teoriisagan. 

es paragrafi mxolod sacnobaro xasiaTs atarebs, amitom mxolod 

formaluri ganmartebiT SemovifarglebiT. 

ganvixiloT wrfivi integraluri gantoleba: 

ܽ(߬)݂(߬) + ݅ߨ1 න ,߬)ܭ ஓ(ݐ)݂(ݐ ݐ݀ = ݃(߬)																											(1) 
da davuSvaT, rom mis birTvs aqvs Semdegi saxe: ܭ(߬, (ݐ = ,߬)ܯ ݐ)(ݐ − ߬)ఈ ,				0 ≤ ߙ < 1, 
sadac ܯ(߬,  uwyveti funqciaa. aseT pirobebSi cnobilia, rom (1) (ݐ

integraluri gantoleba iteraciiT SesaZlebelia miyvanil iqnes uwy-

veti birTvis mqone integralur gantolebaze. aseTi gantolebebis ana-

lizi ki fredholmis gantolebaTa Teoriis farglebSi warmatebiT xor-

cieldeba. xolo, rodesac ߙ = 1, integralur gantolebaTa zogadi, 

fredholmis Teoria aRar `muSaobs~.  
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singularuli integraluri gantoleba ݂ ucnobi funqciis mimarT 
ewodeba: ܽ(߬)݂(߬) + ݅ߨ1 න ,߬)ܯ ݐ(ݐ)݂(ݐ − ߬ஓ ݐ݀ = ݃(߬)																						(2) 
saxis integralur gantolebas, sadac 

ெ(ఛ,௧)௧ିఛ  gantolebis gulia (koSis 

guli), ߛ martivi wiria sibrtyeze, ݐ da ߬ wertilebia ߛ-ze, xolo ݃ ki mocemuli funqciaa, romelic SesaZlebelia iyos 0-is toli (am 

SemTxvevaSi gantoleba iqneba erTgvarovani), integrali ki gaigeba 

koSis mTavari mniSvnelebis azriT. 

gantolebis sirTule gamowveulia gantolebis 
(ఛ,௧)௧ିఛ  gulis rTuli 

yofaqceviT. ߬ = -wertili am funqciisaTvis gansakuTrebuli (singu ݐ

laruli) wertilia, ris gamoc integraluri gantolebebis amoxsnis 

zogadi Teoria, romelic ZiriTadad namdvili cvladis funqciaTa Te-

orias emyareba, sakmarisi ar aris misi analizisaTvis.  

(2) gantolebis amosaxsnelad xdeba misi daSla or gantolebad, 

romelTagan erT-erTi ixsneba fredholmis Teoriis farglebSi, xolo 

meore ki, romelsac maxasiaTebeli gantoleba ewodeba da romelsac, 

sazogadod, aqvs aseTi saxe: ܽ(߬)݂(߬) + ݅ߨ(߬)ܾ න ݐ(ݐ)݂ − ߬ஓ ݐ݀ = ݃(߬)																											(3) 
ixsneba analizuri funqciis sasazRvro amocanis amoxsnis Semdeg. ker-

Zod, SemovitanoT funqcia: (ݖ)ܨ = ݅ߨ12 න ݐ(ݐ)݂ − ߬ஓ (ݐ)ାܨ :vipovoT Semdegi sasazRvro amocanidan (ݖ)ܨ .ݐ݀ = (ݐ)ିܨ(ݐ)ܩ +  (4)       ,(ݐ)ݎ

sadac (ݐ)ܩ = (ݐ)ܽ − (ݐ)ܽ(ݐ)ܾ + (ݐ)ܾ (ݐ)ݎ					, = (ݐ)ܽ(ݐ)݃ +  		.(ݐ)ܾ
(4) sasazRvro amocanis amoxsnadobis sakiTxi damokidebulia amo-

canis erTaderT invariantze, (ݐ)ܩ funqciis indeqsze, romelsac (3) 

integraluri gantolebis indeqsi ewodeba. amasTan, Tu saZiebeli funq-
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ciisagan moviTxovT ିܨ(∞) = 0 pirobis dakmayofilebas, (4) sasazRv-

ro amocana cxadad ixsneba da: ݂(ݐ) = (ݐ)ାܨ − 				,(ݐ)ିܨ ݅ߨ1 න ݐ(ݐ)݂ − ߬ஓ ݐ݀ = (ݐ)ାܨ −  (5)										.(ݐ)ିܨ
amrigad, (3) singularuli integraluri gantolebis amosaxsnelad 

vpoulobT (4) sasazRvro amocanis amonaxsns (5) formuliT, romelic 

agreTve aris (3) integraluri gantolebis amonaxsni. 

savarjiSoebi damoukidebeli muSaobisaTvis 

1. ipoveT volteras Semdegi gantolebebis amonaxsnebi: 

1.  

2.  

3.  

2. a) SeamowmeT, rom  funqcia aris: 

 

integraluri gantolebis amonaxsni. 

b) SeamowmeT, rom  funqcia aris: 

 

 integraluri gantolebis amonaxsni. 

3. amoxseniT integraluri gantolebebi: 
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damateba 

1. Sturm-liuvilis amocanis realizacia Maple-ze 

kompiuteruli algebris sistema Maple Seicavs standartul brZa-

nebas mapde(eq,canom), romlis saSualebiTac SesaZlebelia mudmivkoe-

ficientebiani kerZowarmoebulebiani diferencialuri gantolebis miy-

vana kanonikur saxemde, xolo brZaneba pdsolve-s saSualebiT xdeba gan-

tolebis zogadi amonaxsnis povna. aqve SevniSnoT, rom mapde(eq,canom) 

saSualebiT ara marto mudmivkoeficientebiani gantoleba miiyvaneba ka-

nonikur saxemde, aramed zogjer cvladkoeficientebianic. imisaTvis, rom 

brZanebiT visargebloT, saWiroa mis Sesrulebamde CavrToT Maple-s 

paketi PDEtools. xazi gavusvaT im garemoebas, rom cvladkoeficiente-

biani gantolebis SemTxvevaSi yovelTvis brZanebam SesaZlebelia ar 

imuSaos! 

amocana 1. vipovoT sakuTrivi funqciebi da sakuTrivi ricxvebi 

Semdegi Sturm-liuvilis amocanisaTvis:  

 

qvemoT moyvanilia programa Maple-ze ganmartebebiT: 

> restart; 

diff(y(x),`$`(x,2))+lambda*y(x) = 0;, y(a) = 0;, D(y)(b) = 0;.        

gantolebis Setana: 

eq:=diff(y(x),x,x)+lambda*y(x)=0; 

gantolebis zogadi amonaxsnis povna: 

> dsolve(eq,y(x));y:=unapply(rhs(%),x); 
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sasazRvro pirobebis mocema: 

> assume(b>a): 

> eq1:=y(a)=0; eq2:=D[1](y)(b)=0; 

 

ܿଵ, ܿଶ-saTvis gantolebaTa sistemis Sedgena da misi determinantis 

gamoTvla: 

> linalg[genmatrix]({eq1,eq2},{_C1,_C2}); 

> linalg[det](%);Delta:=combine(%); ቆsin	(√ܽߣ) cos	(√ܽߣ)cos	(√ܽߣ) −sin	(√ܽߣ)√ߣቇ = 

= −sin൫√ܽߣ൯ sin൫√ܽߣ൯√ߣ − cos൫√ܽߣ൯ cos൫√ܽߣ൯√ߣ 

 ∆≔ ܽߣ√)	cosߣ√− −  (ܾߣ√
maxasiaTebeli gantolebis amoxsna: 

> Delta:=select(has,Delta,[cos]); 

 

> _EnvAllSolutions:=true: 
> lambda:=solve(Delta,lambda); 

, 

 

>lambda:=subs(_Z1='k',lambda); 

 

sakuTrivi funqciebis povna: 

> assume(k,posint):y(x); 
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> C1:=solve(eq1,_C1); 

 

> simplify(subs(_C1=C1,y(x))); 
> combine(%); 

 

> Yn:=unapply(select(has,%,[x]),x,k); 

 

diferencialuri gantolebis miRebuli amonaxsnis Semowmeba:  

> y:='y':Yn(x,k);simplify(subs(y(x)=%,eq)); 

sasazRvro pirobebis Semowmeba: 

> Yn(a,k)=0;simplify(D[1](Yn)(b,k))=0; 

sakuTrivi funqciebis orTogonalurobis Semowmeba [a,b] segmentze: 

> assume(n,posint):assume(m,posint): 
> Int(Yn(x,n)*Yn(x,m),x=a..b);simplify(value(%)); 

 

sakuTrivi funqciebis normis gamoTvla: 

> Norma:=Int(Yn(x,n)^2,x=a..b);simplify(value(%)); 

 

sakuTrivi funqciis argumentis xelsayrel formaSi gadatana: 

> simplify(collect((-Pi*a+Pi*x-2*Pi*a*k+2*Pi*x*k)/(-2*b+2*a),x)); 
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amrigad, amocanis sakuTrivi ricxvebi da sakuTrivi funqciebi iqneba: 

 

Tavidan Cven vigulisxmeT, rom  axla vaCvenoT, rom moce-

muli amocanis speqtrSi O0 ar Sedis.  

davuSvaT, : 

> lambda:=0;eq; 

 

> dsolve(eq,y(x));assign(%):y0:=unapply(y(x),x); 
> eq0_1:=y0(a)=0; eq0_2:=D(y0)(b)=0; 
> linalg[genmatrix]({eq0_1,eq0_2},{_C1,_C2}); 
> Delta0:=linalg[det](%); 

Sturm-liuvilis amocanaze dayrdnobiT, gamovikvlioT rxevis gan-

toleba, kerZod, ganvixiloT Semdegi amocana: 

amocana 2. ganvixiloT Reros iseTi rxeva, romlis  bolo 

damagrebulia, xolo Tavisufal  boloSi xdeba simis SeSfoTeba 

drois sawyisi momentisaTvis gaswvrivi dartymiTi  impulsiT.  

amrigad, saWiroa vipovoT rxevis gantolebis:  

   

amonaxsni:  

 

sasazRvro da  
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sawyisi pirobebis SemTxvevaSi,  da  aRniSnaven, Sesabamisad, simk-

vrivesa da farTobs. 

programis kodi komentarebiT. 

eq:=diff(u(x,t),t,t)/v^2-diff(u(x,t),x,x)=0: 0<x,x<1,t>0; 
init_c:=u(x,0)=0,D[2](u)(x,0)=phi; 
phi1:=piecewise(0<x and x<1-epsilon,0,1-epsilon<x and x<1, 

P/rho/epsilon/S): 
phi2:=x->P/rho/S*Dirac(x-1): 
bound_c:=u(0,t)=0,D[1](u)(0,t)=0; 
subs(u(x,t)=X(x)*T(t),eq): 
expand(lhs(%)/X(x)/T(t)=0; 
s1:=op(l,lhs(%))=-lambda:s2:=op(2,lhs(%%))=lambda. 

am operaciebis Sesrulebis Semdeg miviRebT or Cveulebriv dife-

rencialur gantolebas: 

 

  

 

romelTaTvisac SesaZlebelia Sturm-liuvilis amocanis dasma.Aamis Sem-

deg vimeorebT im algoriTms, romelic zemoT ukve gvqonda da sabolo-

od vpoulobT sakuTriv ricxvebsa da normirebul sakuTriv funqciebs 

Sturm-liuvilis amocanisaTvis (magaliTad, me-2 gantolebisaTvis): 

,  

amis gaTvaliswinebiT, pirveli gantolebis zogadi amonaxsni Re-

bulobs aseT saxes: 

. 

furies koeficientebis gamoTvla moxdeba Semdegi programiT: 

assume(l>0): 
Ckl:=P/rho/epsilon/S*Int(ef(k,x), x=1-epsilon..1)/ev(k)*(1/2)/v. 

gamartivebis Semdeg, romelic sruldeba brZanebiT: 

Ck1:=simplify(value(Ck1))), 
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miiReba: 

. 

amis Semdeg xdeba zRvarze gadasvla brZanebiT: 

Ck1:=Limit(Ck1,epsilon=0): Ck1:=factor(value(Ck1)). 

Reros masis (romelic simkvrivisa da farTobisagan gamoiTvleba) 

gaTvaliswinebiT, saboloo amonaxsns aqvs aseTi saxe: 

. 

amocana 3. amovxsnaT Semdegi sasazRvro amocana -radiusiani birT-

visaTvis:  

,           (1) 

, , .    (2) 

amoxsna: radgan amocanis arcerTi monacemi ar Seicavs  cvlads, 

amitom unda velodoT, rom amonaxsni damokidebuli ar aris -ze da 

veZeboT amonaxsni  saxis funqciaTa Soris. xelsayrelia, 

gavTavisufldeT araerTgvarovani sasazRvro pirobisagan,Aamitom da-

vuSvaT, rom:  

.     (3) 

maSin  funqciisaTvis vRebulobT Semdeg amocanas: 

,           (4) 

, , .      (5) 
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amrigad, Cven gadavediT (1)-(2) amocanidan, romelSic gvaqvs ara-

erTgvarovani sasazRvro piroba, (4)-(5) amocanaze, ukve erTgvarovani 

sasazRvro pirobiT, magram araerTgvarovani sawyisi pirobiT. davuSvaT, 

(4)-(5) amocanis amonaxsni warmoidgineba  sa-

xiT. aseT pirobebSi -saTvis gveqneba amocana: 

,       (6) 

, ,     (7) 

(6)-(7) amocanis amonaxsni veZeboT grinbergis meTodiT, e.i. davu-

SvaT, rom:  

 

sadac  Sturm-liuvilis Sesabamisi amocanis sakuTrivi funqciaa. 

imisaTvis, rom amocana CamovayaliboT, saWiroa ganvixiloT (6) ganto-

lebis Sesabamisi erTgvarovani gantoleba da movaxdinoT misi anali-

zi cvladebis gancalebis meTodiT. Sualedur gamoTvlebs vawarmoebT 

Maple-s gamoyenebiT. 

(6)-is Sesabamisi erTgvarovani gantolebis Setana: 

> PDE_2_0:=diff(w1(r,t),`$`(t,2))/a^2=(2*diff(w1(r,t),r)+r^2*diff(w1(r,t), 

`$`(r,2))-2*w(r,t))/r^2; 

0_2_ܧܦܲ ≔ డమ௪ଵ(,௧)డ௧మܽଶ = 2 ቀ డడ ,ݎ)1ݓ ቁ(ݐ + ଶݎ ቀడమ௪ଵ(,௧)డమ ቁ − ,ݎ)ݓ2 ଶݎ(ݐ
 

movaxdinoT cvladebis gancaleba: 

> res:=pdsolve(PDE_2_0,HINT=R(r)*T(t)); ݏ݁ݎ ≔ ൫ݎ)1ݓ, (ݐ =  ݁ݎℎ݁ݓ&൯(ݐ)ܶ(ݎ)ܴ

ቐ ݀ଶ݀ݐଶ (ݐ)ܶ = భଶܽ(ݐ)ܶ , ݀ଶ݀ݎଶ (ݎ)ܴ = ଵܿ_	(ݎ)ܴ + 2 ቀ−ቀ ௗௗ ቁ(ݎ)ܴ + ଶݎቁ(ݎ)ܴ ቑ 
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miviRebT or diferencialur gantolebas: 

> deT:=op(1,op(1,op(2,res))); ݀݁ܶ ≔ ݀ଶ݀ݐଶ (ݐ)ܶ =  ଶ_ܿଵܽ(ݐ)ܶ

> deT:=lhs(deT)-subs(_c[1]=-lambda,rhs(deT))=0; ݀݁ܶ ≔ ൭ ݀ଶ݀ݐଶ ൱(ݐ)ܶ + ߣଶܽ(ݐ)ܶ = 0 

> deR:=op(2,op(1,op(2,res))); 

ܴ݀݁ ≔ ݀ଶ݀ݎଶ (ݎ)ܴ = ଵܿ_	(ݎ)ܴ + 2 ቀ− ቀ ௗௗ ቁ(ݎ)ܴ + ଶݎቁ(ݎ)ܴ  

 

> deR:=collect(simplify((lhs(deR)-subs(_c[1]=-lambda, rhs(deR)))*r^2), 
R(r))=0; ܴ݀݁ ≔ ଶݎߣ) − (ݎ)ܴ(2 + ൭ ݀ଶ݀ݎଶ ൱(ݎ)ܴ ଶݎ + 2 ൬ ݎ݀݀ ൰(ݎ)ܴ = 0. 

amrigad, Sturm-liuvilis amocana am SemTxvevaSi mdgomareobs:  

    (8) 

gantolebis nulSi SemosazRvruli amonaxsnis ZiebaSi, romelic akma-

yofilebs sasazRvro pirobas: 

.            (9) 

vipovoT (8) gantolebis zogadi amonaxsni: 

> assume(lambda>0);dsolve(deR,R(r));  

(ݎ)ܴ = ܫߣ√)ఒூ√1݁ܥ_ + ଶݎ(ݎߣ + ܫߣ√−)ఒூ√2݁ିܥ_ + ଶݎ(ݎߣ . 
gantolebis amonaxsnTan am saxiT muSaoba moxerxebuli ar aris, sa-

Wiroa namdvil funqciebze gadavideT. SevniSnoT, rom sawyisi ganto-

leba aris:  

   (10) 

0)2( 2
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2
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gantolebis kerZo SemTxveva ( . ganvixiloT ukanaskneli ganto-

leba: 

> _De:=(r^2*diff(R(r),`$`(r,2)))+2*r*diff(R(r),r)+(lambda*r^2-n*(n+1))*R(r)=0; ݎଶ ൭ ݀ଶ݀ݎଶ ൱(ݎ)ܴ + 2 ൬ ݎ݀݀ ൰(ݎ)ܴ ݎ + ଶݎߣ) − ݊(݊ + (ݎ)ܴ((1 = 0 
vipovoT gantolebis amonaxsni: 

> assume(n,posint);dsolve(_De,R(r));  

(ݎ)ܴ = ݊)ܬ݈݁ݏݏ݁ܤ1ܥ_ + ଵଶ , ݎ√(ݎߣ√ + ݊)ܻ݈݁ݏݏ݁ܤ2ܥ_ + ଵଶ , ݎ√(ݎߣ√  

> assign(%);R:=R(r); 

ܴ:= ݊)ܬ݈݁ݏݏ݁ܤ1ܥ_ + ଵଶ , ݎ√(ݎߣ√ + ݊)ܻ݈݁ݏݏ݁ܤ2ܥ_ + ଵଶ , ݎ√(ݎߣ√ . 
amrigad, (10) gantolebis zogadi amonaxsnia:  

 

cnobilia, rom pirveli gvaris beselis funqcia SemosazRvrulia 

0-Si, xolo meore gvaris ki _ ara. SevamowmoT Cveni amonaxsnis Semo-

sazRvruloba 0-Si. 

> Limit(1/r^(1/2)*BesselJ(3/2,sqrt(lambda)*r),r=0)=limit(1/r^(1/2)* BesselJ 

(3/2,sqrt(lambda)*r),r=0); lim→−√2(cos൫√ݎߣ൯ ݎߣ√ − sin൫√ݎߣ൯)ݎయమ√ߨඥ√ߣ√ݎߣ = 0 

 
> Limit(1/r^(1/2)*BesselY(3/2,sqrt(lambda)*r),r=0)=limit(1/r^(1/2)* 

BesselY(3/2,sqrt(lambda)*r),r=0); 
 lim→−√2(sin൫√ݎߣ൯√ݎߣ + cos൫√ݎߣ൯)ݎయమ√ߨඥ√ߣ√ݎߣ = −∞. 
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Tu gamovalT pirobidan, rom Cveni amonaxsni SemosazRvruli unda 

iyos nulSi, miviRebT, rom 

 
> RR:=subs(_C1=1,_C2=0,n=1,R); ܴܴ ≔ ܬ݈݁ݏݏ݁ܤ ቀଷଶ , ݎ√ቁݎߣ√ . 

visargebloT (9) sasazRvro pirobiT da amovxsnaT amocana: 

> RR:=unapply(RR,r,lambda); ܴܴ ≔ ,ݎ) (ߣ → −√2(cos൫√ݎߣ൯√ݎߣ − sin൫√ݎߣ൯)ݎయమ√ߨඥ√ߣ√ݎߣ  

> eq:=simplify(diff(RR(r,lambda),r))=0; ݁ݍ ≔ ݎߣ2)2√ cos൫√ݎߣ൯ − 2 sin൫√ݎߣ൯√ߣ + sin൫√ݎߣ൯ߣయమݎଶݎଷ√ߣߨఱర  

> eq:=simplify(subs(r=b,lhs(eq)))=0; ݁ݍ ≔ ܾߣ2)2√ cos൫√ܾߣ൯ − 2 sin൫√ܾߣ൯√ߣ + sin൫√ܾߣ൯ߣయమܾଶܾଷ√ߣߨఱర  

amrigad, sakuTrivi ricxvebis sapovnelad gvaqvs maxasiaTebeli gan-

toleba: 

> eq1:=numer(lhs(eq))/sqrt(2)=0; ݁1ݍ ≔ ܾߣ2)2√ cos൫√ܾߣ൯ − 2 sin൫√ܾߣ൯√ߣ + sin൫√ܾߣ൯ߣయమܾଶ = 0. 
xelsayrelia SemovitanoT aRniSvna da movaxdinoT zemoT 

miRebulis gamartiveba: 

> assume(mu>0,b>0); 

> eq1:=simplify(subs(sqrt(lambda)=mu/b,lambda=(mu/b)^2,lhs(eq1)))=0; ݁1ݍ ≔ ߤ2)ߤ cos(ߤ) − 2 sin(ߤ) + sin(ߤ)ߤଶ)ܾ = 0 

> eq1:=numer(lhs(eq1))/mu=0;char:=unapply(lhs(%),mu); ݁1ݍ ≔ ߤ2 cos(ߤ) − 2 sin(ߤ) + sin(ߤ)ߤଶ = 0 ܿℎܽݎ ≔ ߤ → ߤ2 cos(ߤ) − 2 sin(ߤ) + sin(ߤ)ߤଶ 
ganvixiloT miRebuli  
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gantolebis dadebiTi fesvebi. maSin sakuTrivi ricxvebis sapovnelad 

gvaqvs gamosaxuleba: 

 

xolo sakuTrivi funqciebi ki iqneba: 

 

SevitanoT sakuTrivi ricxvebisa da funqciebis zemoT moyvanili 

mniSvnelobebi: 

> lambda:=n->(mu[n]/b)^2; ߣ ≔ ݊ →  ଶܾଶߤ
> assume(mu[n]>0); 
> simplify(RR(r,lambda(n))). 

radgan sakuTrivi funqciebi ganisazRvrebian mudmivi mamravlis 

sizustiT, amitom gavamartivoT napovni funqciebi arasaWiro mamrav-

lebis ugulebelyofiT. Sedegad miviRebT: 

> R:=(r,n)->-(cos(mu[n]/b*r)*mu[n]*r-sin(mu[n]/b*r)*b)/r^2; 

ܴ ≔ (݊, (ݎ → ݏܿ− ቀఓ ቁ ݎߤ − ݊݅ݏ ቀఓ ቁ ଶݎܾ . 
zogadi Teoriis Tanaxmad, napovni sakuTrivi funqciebi orTogona-

lurebi arian  segmentze woniT . SevamowmoT: 

> integral:=int(r^2*R(r,n)*R(r,m),r=0..b): 

> eqm:=char(mu[m])=0: eqn:=char(mu[n])=0: 
> simplify(integral,{eqn,eqm}); 

0 

amrigad miviReT: 

 

...,3,2,1,
2

=





== n

b
n

n

μλλ

.
sincos

)( 2r

b
b

r
r

r

b

rRR

n
n

n

n







−








−==

μμμ

],0[ b 2r





=
≠

= ,,||)(||

,,0
)()( 2

0

2

nmrR

nm
drrRrRr

n
m

b

n



 

461 

amasTan:  

. 

radgan (6)-(7) amocanis amonaxsns veZebT  

mwkrivis saxiT, mwkrivad davSaloT agreTve (6)-(7) amocanaSi Semavali 

 funqcia: 

, 

sadac: 

. 

gamovTvaloT es koeficientebi: 

> intF:=simplify(int(r*r^2*R(r,n),r=0..b)); ݅݊ܨݐ ≔ −ܾଷ(−3 sin(ߤ) + ଶߤ(ߤ)݊݅ݏ + ଶߤ(ߤ)ݏܿߤ3  

> Cn:=simplify(intF/norma,{eqn}); ܥ ≔ 2ܾଶ sin(ߤ) − 2ܾଶߤܿݏ(ߤ)ߤଶߤସ − ଶߤ2 sin(ߤ) +  (ߤ)݊݅ݏ(ߤ)ݏܿߤ2
> Cn:=factor(Cn); ܥ ≔ 2ܾଶ(sin(ߤ) − ଷߤ)ߤ(ଶߤ(ߤ)ݏܿߤ − ߤ2 sin(ߤ) +  ((ߤ)݊݅ݏ(ߤ)ݏ2ܿ
> C:=(n)->2*b*(sin(mu[n])-mu[n]*cos(mu[n]))/mu[n]/(mu[n]^3-2*mu[n]+2 
*cos(mu[n])*sin(mu[n])); ܥ ≔ ݊ → 2ܾ(sin(ߤ) − ߤ cos(ߤ))ߤ(ߤଷ − ߤ2 +  ((ߤ)݊݅ݏ(ߤ)ݏ2ܿ
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amrigad, miviReT: 

.    (11) 

Tu  

 

da  

 

gamosaxulebebs CavsvamT (6) gantolebaSi, miviRebT: 

  

kvadratul frCxilebSi moTavsebuli gamosaxuleba -is to-

lia (8) tolobis gamo. amitom ukanaskneli toloba iqneba aseTi: 

, 

saidanac vRebulobT gantolebas -saTvis: 

.     (12) 

amovxsnaT miRebuli gantoleba  sawyis pirobebSi: 

> DEt:=diff(T(t),t$2)+lambda(n)*a^2*T(t)=_Cn*A*omega^2*sin(omega*t); ݐܧܦ ≔ ቆ ݀ଶ݀ݐଶ ቇ(ݐ)ܶ + ଶܾ(ݐ)ଶܽଶܶߤ =  (ݐ߱)	ଶsin߱ܣ݊ܥ_
> dsolve({DEt,T(0)=0},T(t)); ܶ(ݐ) = ݊݅ݏ ൬ߤܾܽݐ ൰ 2ܥ	 + ଶܽଶߤଶܾ(ݐ߱)	ଶsin߱ܣ݊ܥ − ߱ଶܾଶ . 
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amrigad, (12) gantolebis amonaxsni  sawyisi pirobebis 

SemTxvevaSi aris: 

. 

amasTan, vuSvebT, rom rezonanss adgili ar aqvs, e.i. yoveli n-saTvis 

. dagvrCa gamosaTvleli  mudmivi. mis gansasazRvrad 

ufro dawvrilebiT CavweroT  mwkrivi: 

, 

romlis warmoebuli -Si aris: 

, 

saidanac vpoulobT: 

. 

am ukanasknelidan ki gamomdinareobs toloba: 

, 

saidanac gvaqvs: 

. 

sabolood miviReT Semdegi gamosaxulebebi: 

, 

, 
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,
 

sadac  ganimarteba (11) gamosaxulebidan. 

amocana 4 (dirixles amocana). vipovoT -radiusiani wrewiris Si-

gniT iseTi  harmoniuli funqcia, rom , sadac: 

1) , ; 

2) , ; 

3) , ; 

4) , . 

amoxsna: pirvel rigSi, moviyvanT procedura-funqciis kods Maple-ze, 

romelic saSualebas iZleva wrewirisaTvis ukve cnobili dirixles 

amocanis gamoyenebiT amoixsnas dirixles sxva, maT Soris, zemoT moy-

vanili amocanebi: 

> Dirichlet:=proc(f,R) 
> local a,b; 
> a:=n->1/Pi*Int(f*cos(n*phi),phi=-Pi..Pi); 
> b:=n->1/Pi*Int(f*sin(n*phi),phi=-Pi..Pi); 
> a(0)/2+add(r^n/R^n*(a(n)*cos(n*phi)+b(n)*sin(n*phi)),n=1..Order); 
> RETURN(map(simplify,value(%))); end proc: 

axla amovxsnaT zemoT moyvanili magaliTebi: 

1) > f:=cos(phi)^2;R:=1; ݂ ≔ cos	(߮)ଶ ܴ ≔ 1 
> sol:=Dirichlet(f,R); ݈ݏ ≔ 12 + 12  (2߮)	ଶcosݎ
Semowmeba: 

> linalg[laplacian](sol,[r,phi],coords=polar); 
0 

> simplify(subs(r=R,sol)-f); 
0 

( , , ) cos( )sin( )

cos( ) sin sin( ) ( )
2 2 2 2

1

u r t Ar t

A bC atn na b t R rn nba bn n
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  −=


nC

R
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2) > f:=sin(phi)^3;R:=1; ݂ ≔ cos	(߮)ଷ ܴ ≔ 1 
> sol:=Dirichlet(f,R); ݈ݏ ≔ 34 (߮)݊݅ݏݎ − 14 ଷݎ sin(3߮). 
Semowmeba: 

> combine(linalg[laplacian](sol,[r,phi],coords=polar)); 
0 

> simplify(subs(r=R,sol)-f); 
0 

3) > f:=sin(phi)^6+cos(phi)^6;R:=1;sol:=Dirichlet(f,R); ݂ ≔ sin(߮) + cos	(߮) ܴ ≔ ݈ݏ 1 ≔ 58 + 38  (4߮)ݏସܿݎ
Semowmeba: 

> linalg[laplacian](sol,[r,phi],coords=polar);simplify(subs(r=R,sol)-f); 
0 
0 

4) > f:=cos(3*phi);R:=1;sol:=Dirichlet(f,R); ݂ ≔ cos(3߮) ܴ ≔ ݈ݏ 1 ≔  (3߮)ݏଷܿݎ
Semowmeba: 

> linalg[laplacian](sol,[r,phi],coords=polar);simplify(subs(r=R,sol)-f). 
0 
0 

ganvixiloT kidev ramdenime magaliTi.  

1) davuSvaT,  SemTxveviTi mravalwevria,xolo .  

amoxsna: > f:=randpoly([x,y]);R:=3; ݂ ≔ ݔ4− − ଶݕ89 − ݕଶݔ77 + ସݔ69 + ହݔ80 + ܴ ସݕݔ28 ≔ 3 
)(ϕf 3=R
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> f:=subs(x=r*cos(phi),y=r*sin(phi),r=R,f); ݂ ≔ −12 cos(߮) − 801 sin(߮)ଶ − 2079 cos(߮)ଶ sin(߮) + +5589 cos(߮)ସ + 19440 cos(߮)ହ + 6804 cos(߮) sin(߮)ସ 

> sol:=Dirichlet(f,R); ݈ݏ ≔ 135638 − 74 2474−)ݎ cos(߮) + 99 sin(߮)) + ଶݎ355 cos(2߮) + 

+14 ଷ(711ݎ cos(3߮) − 77 sin(3߮)) + 694 ସݎ cos(4߮) + 274 ହݎ cos(5߮). 
Semowmeba:  

> combine(linalg[laplacian](sol,[r,phi],coords=polar));simplify(subs 
(r=R,sol)-f); 

0 
0 

2) , . 

> f:=phi^2+phi+1;R:=1; ݂ ≔ ߮ଶ + ߮ + 1 ܴ ≔ 1 
> Order:=6:sol6:=Dirichlet(f,R); 6݈ݏ ≔ ଶ3ߨ + 1 − 2)ݎ2 cos(߮) − sin(߮)) + ଶ(cos(2߮)ݎ − sin(2߮)) − −29 ଷ(2ݎ cos(3߮) − 3 sin(3߮)) + 14 ସ(cos(4߮)ݎ − 2 sin(4߮)) − − 225 ହ(2ݎ cos(5߮) − 5 sin(5߮)) + 19 (cos(6߮))ݎ − 3sin	(6߮)) 
2. integraluri gantolebebis amoxsna Maple-s saSualebiT 

1. amovxsnaT integraluri gantoleba: 

. 

amoxsna: gvaqvs integraluri gantoleba gadagvarebuli birTviT. 

gadavweroT igi Semdegi saxiT: 

. 

1)( 2 ++= ϕϕϕf 1=R

 ++=
1

0

2 )()31(2)( dyyxyxx ϕϕ

 ++=
1

0

1

0

2 )(6)(2)( dyyyxdyyxx ϕϕϕ
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SemovitanoT aRniSvnebi: 

, . 

gamosavali gantoleba miiRebs AaseT saxes: 

. 

Tavidan vaintegroT ukanaskneli gantoleba. Semdeg gavamravloT igi 

-ze da kvlav vaintegroT. miviRebT or gantolebas  da  mud-

mivebis mimarT: 

  , 

. 

Semdgom gamoTvlebs Maple-s saSualebiT gavagrZelebT. pirvel ri-

gSi SevitanoT gantoleba: 

> restart: 
> with(Student[Calculus1]): 
> eq:=phi(x)=x^2+2*int((1+3*x*y)*phi(y),y=0..1); ݁ݍ ≔ (ݔ)߮ = ଶݔ + 2න (1 + ଵݕ݀(ݕ)߮(ݕݔ3

  

SemovitanoT aRniSvnebi  da : 

> phi(x)=x^2+2*int(phi(y),y=0..1)+6*x*int(y*phi(y),y=0..1); ߮(ݔ) = ଶݔ + 2න ଵݕ݀(ݕ)߮
 + නݔ6 ଵݕ݀(ݕ)߮ݕ

  

> sol:=subs(int(phi(y),y=0..1)=C1,int(y*phi(y),y=0..1)=C2,%); ݈ݏ ≔ (ݔ)߮ = ଶݔ + 1ܥ2 +  2ܥݔ6

 da  mudmivebisaTvis, rogorc ucnobebisaTvis, SevadginoT ganto-

lebaTa sistema: 

> e1:=int(lhs(sol),x=0..1)=rhs(Rule[`+`](Int(rhs(sol),x=0..1))); ݁1 ≔ න ݔ݀(ݔ)߮ =ଵ
 2න ଵݔଶ݀ݔ

 + න ݔ1݀ܥ2 + න ଵݔ2݀ܥݔ6


ଵ
  

=
1

0

1 )( dyyC ϕ =
1

0

2 )( dyyyC ϕ

21
2 62)( xCCxx ++=ϕ

x 1C 2C

 ++=
1

0

2

1

0

1

1

0

2
1

0

62)( xdxCdxCdxxdxxϕ 
2

1
62

3

1
211 CCC ++=

 ++=
1

0

2
2

1

0

1

1

0

3
1

0

62)( dxxCxdxCdxxdxxxϕ 
3

1
6

2

1
2

4

1
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> e2:=int(x*lhs(sol),x=0..1)=rhs(Rule[`+`](Int(expand(x*rhs(sol)),x=0..1))); ݁2 ≔ න ݔ݀(ݔ)߮ݔ =ଵ
 න ଵݔଷ݀ݔ

 + න ݔ1݀ܥݔ2 + න ଵݔ2݀ܥݔ6


ଵ
  

> e1:=subs(int(phi(x),x=0..1)=C1,lhs(e1))=value(rhs(e1)); ݁1 ≔ 1ܥ = 13 + 1ܥ2 +  2ܥ3

> e2:=subs(int(x*phi(x),x=0..1)=C2,lhs(e2))=value(rhs(e2)); ݁2 ≔ 2ܥ = 14 + 1ܥ +  .2ܥ2
amovxsnaT miRebuli sistema: 

> res:=solve({e1,e2},{C1,C2});assign(res); ݏ݁ݎ ≔ ൜2ܥ = − 124 , 1ܥ = − 524ൠ. 
maSasadame, gantolebis amonaxsns aqvs aseTi saxe: 

> sol; ߮(ݔ) = ଶݔ − 512 − 14  ݔ

SevamowmoT miRebuli amonaxsni: 

> phi:=unapply(rhs(%),x); ߮:= ݔ → ଶݔ − 512 − 14  ݔ

> simplify(lhs(eq)-rhs(eq)); 
0 

2. amovxsnaT integraluri gantoleba: 

. 

amoxsna: komentaris gareSe moviyvanT Maple-ze programis gamosa-

val kods: 

> restart: 
> with(Student[Calculus1]): 
> eq:=phi(x)-4*int(sin(x)^2*phi(y),y=0..Pi/2)=2*x-Pi; 

πϕϕ −=−  xdyyxx 2)()(sin4)(
1

0

2
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ݍ݁ ≔ (ݔ)߮ − 4න sin(ݔ)ଶ߮(ݕ) ݕ݀ = ݔ2 − ഏమߨ  

> phi(x)-4*sin(x)^2*int(phi(y),y=0..Pi/2)=2*x-Pi; 

(ݔ)߮ − ଶ(ݔ)݊݅ݏ4 න (ݕ)߮ ݕ݀ = ݔ2 − ഏమߨ  

> eqn:=subs(int(phi(y),y=0..Pi/2)=C,%); ߮(ݔ) − ܥଶ(ݔ)݊݅ݏ4 = ݔ2 −  ߨ

> Rule[`+`](Int(lhs(%),x=0..Pi/2)); 

න ഏమ(ݔ)߮ − 4 sin(ݔ)ଶݔ݀ܥ = න ഏమ(ݔ)߮ ݔ݀ + න −4sin	(ݔ)ଶܥഏమ  ݔ݀

value(subs(Int(phi(x),x=0..Pi/2)=C,rhs(%)))=simplify(int(rhs(eqn),x=0..Pi/2)); ܥ − ߨܥ = ଶ4ߨ−  

> res:=solve(%,C); ݏ݁ݎ:= ଶ4(−1ߨ +  (ߨ
> C:=%; ܥ:= ଶ4(−1ߨ +  (ߨ
> solve(eqn,phi(x)); sin(ݔ)ଶߨଶ − ݔ2 + ߨݔ2 + ߨ − ଶ−1ߨ + ߨ  

> collect(%,sin); sin(ݔ)ଶߨଶ−1 + ߨ + ݔ2− + ߨݔ2 + ߨ − ଶ−1ߨ + ߨ  

> op(1,%)+normal(op(2,%)); sin(ݔ)ଶߨଶ−1 + ߨ + ݔ2 −  ߨ
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> phi:=unapply(%,x); ߮ ≔ ݔ → sin(ݔ)ଶߨଶ−1 + ߨ + ݔ2 −  ߨ

> simplify(eq); 2ݔ − ߨ = ݔ2 −  ߨ

amrigad, gantolebis amonaxsnia: . 

3. amovxsnaT volteras integraluri gantoleba:  

. 

amoxsna: gantolebis birTvi damokidebulia sxvaobaze. gantoleba 

laplasis gardaqmnis saSualebiT amovxsnaT. Sualeduri gardaqmnebi va-

warmooT Maple-s saSualebiT.  

gantolebis Setana: 

> restart: 
> with(inttrans,laplace,invlaplace): 
> eq:=phi(x)=exp(-x)+int(sin(x-y)*phi(y),y=0..x); ݁ݍ ≔ (ݔ)߮ = ݁ି௫ + න sin(ݔ − ௫ݕ݀(ݕ)߮(ݕ

  

gamoviyenoT laplasis gardaqmna da miviRebT gantolebas laplasis 

transformantisaTvis: 

> laplace(eq,x,z); ݈ܽ(ݔ)߮)݈݁ܿܽ, ,ݔ (ݖ = 11 + ݖ + ,(ݔ)߮)݈݈݁ܿܽܽ ,ݔ ଶݖ(ݖ + 1  

> subs(laplace(phi(x),x,z)=Phi,%); Φ = ଵଵା௭ + ௭మାଵ. 
amovxsnaT transformantisaTvis miRebuli gantoleba: 

> solve(%,Phi); ݖଶ + ݖ)ଶݖ1 + 1). 
SevasruloT laplasis Sebrunebuli gardaqmna: 

> invlaplace(%,z,x); 

 

π
π

πϕ −+
−

= x
x

x 2
1

)(sin
)(

22

 −+= −
x

x dyyyxex
0

)()sin()( ϕϕ

2 1xe x− + −
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> phi:=unapply(%,x); 

 

movaxdinoT miRebuli Sedegis Semowmeba: 

> simplify(lhs(eq)-rhs(eq)); 

0 

maSasadame, gantolebis amonaxsnia: 

. 

sxvaobaze damokidebuli birTvis mqone volteras gantolebebis 

amosaxsnelad qvemoT moyvanilia procedura, saxelwodebiT Voltera, ga-

mosavali kodi, romlis Semavali parametria volteras gantoleba, xo-

lo gamosavali parametri ki _ gantolebis amonaxsni.  

> Voltera:=proc(eq,phi) 
> print(`Equation:`);print(eq): 
> inttrans[laplace](eq,x,z): 
> print(`Equation for transformante:`):  
> subs(laplace(phi(x),x,z)=Phi,%); 
> print(%): 
> solve(%,Phi): 
> print(`Solution the equation for transformante:`): 
> print(%): 
> inttrans[invlaplace](%,z,x): 
> print(`Solution:`): 
> phi:=unapply(%,x): 
> end proc: 

am proceduris gamoyenebiT amovxsnaT ramdenime gantoleba. 

magaliTebi. 

1. vipovoT: 

 

volteras gantolebis amonaxsni. 

: 2 1xx e xϕ −= → + −

12)( −+= − xex xϕ

x
x

x exde 2

0

22 )( = − ξξϕξ



 472

amoxsna: gantolebis amosaxsnelad gamoviyenoT zemoT moyvanili pro-

cedura. programis gamosavali kodia: 

> eq:=int(exp(2*(x-xi))*phi(xi),xi=0..x)=x^2*exp(x); 
> phi:=`phi`: 
> Voltera(eq,phi); 

programis Sesrulebis Sedegi iqneba:  ݊݅ݐܽݑݍܧ: න ݁ଶ௫ିଷక߮(ߦ)݀ߦ = ଶ݁௫௫ݔ
 Φ2ቀ௭ଶ :݁ݐ݊ܽ݉ݎ݂ݏ݊ܽݎݐ	ݎ݂	݊݅ݐܽݑݍܧ  − 1ቁ = ݖ)2 − 1)ଷ ܵ݊݅ݐݑ݈	ݐℎ݁	݁݊݅ݐܽݑݍ	ݎ݂	ݖ)2 :݁ݐ݊ܽ݉ݎ݂ݏ݊ܽݎݐ − ݖ)(2 − 1)ଷ ܵݔ :݊݅ݐݑ݈ → −݁௫(ݔଶ −  (ݔ2

amrigad, gantolebis amonaxsnia  funqcia. 

2. amovxsnaT volteras gantoleba: 

. 

amoxsna: zemoT moyvanili magaliTis analogiurad, viyenebT Voltera-

proceduras:  

> phi:=`phi`: 
> Voltera(eq,phi); 

viRebT: (ݔ)߮ :݊݅ݐܽݑݍܧ = 1 + 12න sin	(2ݔ − ௫ߦ݀(ߦ)߮(ߦ2
  

)2()( 2 xxex x −−=ϕ

 −+=
x

dxx
0

)()22sin(
2

1
1)( ξξϕξϕ
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Φ :݁ݐ݊ܽ݉ݎ݂ݏ݊ܽݎݐ	ݎ݂	݊݅ݐܽݑݍܧ = 1z + Φ4ቀ௭మସ − 1ቁ ܵ݊݅ݐݑ݈	ݐℎ݁	݁݊݅ݐܽݑݍ	ݎ݂	ݖ :݁ݐ݊ܽ݉ݎ݂ݏ݊ܽݎݐଶ + ଶݖ)ݖ4 + ݔ :݊݅ݐݑ݈ܵ (3 → −ଵଷ cos൫√3ݔ൯ + ସଷ. 
gantolebis amonaxsnia: . 

3. amovxsnaT volteras gantoleba: 

. 

amoxsna:  

> phi:=`phi`; 
>Voltera(eq,phi); 

programis muSaobis Sedegi: ݊݅ݐܽݑݍܧ: න BesselJ(0, ݔ − ߦ݀(ߦ)߮(ߦ = sin	(ݔ)௫
 Φ√zଶ :݁ݐ݊ܽ݉ݎ݂ݏ݊ܽݎݐ	ݎ݂	݊݅ݐܽݑݍܧ  + 1 = 1zଶ + ଶݖ√1 :݁ݐ݊ܽ݉ݎ݂ݏ݊ܽݎݐ	ݎ݂	݊݅ݐܽݑݍ݁	ℎ݁ݐ	݊݅ݐݑ݈ܵ 1 + ݔ :݊݅ݐݑ݈ܵ 1 → ,0)ܬ݈݁ݏݏ݁ܤ  .(ݔ

amrigad, gantolebis amonaxsni aris beselis funqcia . 

( )
3

4
3cos

3

1
)( +−= xxϕ

 =−
x

xdxJ
0

)sin()(),0( ξξϕξ

),0()( xJx =ϕ
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3. laplasis gardaqmnis cxrili 
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