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Abstract

The present dissertation focuses on the mathematical models of the S. Timoshenko type
of beam oscillation. Each model is represented by a nonlinear hyperbolic differential
equation or system of equations under certain initial-boundary conditions. We aim to
develop approximate algorithms for the relevant initial-boundary problems, accuracy study
and numerical testing.

We have constructed three-step numerical algorithms that consist of a projection
method with trigonometric or section-linear finite element functions, symmetric indefinitely
stable difference schemes, iterative processes of Newton or Picard. The accuracy of the
constituent methods of each algorithm was evaluated, making it possible to estimate the total
error for each algorithm used. The results of solving test examples confirmed the
effectiveness of the built algorithms.

The theoretical-methodological basis of the dissertation represents a wide range of
methods and provisions. To demonstrate the accuracy of the algorithms, we used the method
of a priori estimation, the principle of contractile reflection, the Gronwall integral
inequality, the Lemma of Bihari-Langenhof, the circles of Gershgorin, the theory of
L.Kantorovich, the formula of Sherman-Morrison, approximate properties of linear finite
element functions, the integral test for convergence, a refined estimations of the errors for
the generalized quadratic formula of trapezoids and so on.

The algorithms we propose are new since other researchers have not applied such a
combination of methods to the tasks under consideration. The results of theoretical research
and numerical experiment give us the reason to assume that the algorithms we have built
will arouse interest among specialists in the relevant field of numerical methods and
computational mechanics.

As the preliminary evaluation showed, the theoretical results of the dissertation can be
extended to tasks in which the Timoshenko type dynamic equation meets at least one of the
three conditions listed below. Namely, the equation

1. considered in a general functional space



2. consistent with the assumption that the relationship between stress and strain is

more general than in the case of Hook’s law

3. is spatially two-dimensional, which often indicates that the given equation

describes the oscillation of the plate and shell.

As for the practical value of the dissertation, the following should be mentioned

1. The beams, the oscillation of which is described by the equations discussed in the
paper, are one of the most important parts of building structures. Therefore the methods of
solving these equations are of practical importance;

2. As already mentioned, the paper evaluates the complete error of the proposed
algorithms. In each case, quite many parameters are used in the complete error estimation
formula. For every parameter, without exception, a formula or group of formulas is written,
which, under certain conditions, allows us to calculate the value of the corresponding
parameter or its upper limit. We think that as a result, it will be possible to plan such a
computational process in advance, which will ensure that the result is obtained with the
required accuracy. Consequently, before starting the computation on the computer, it will be
possible to find out how many basic functions should be used in the projection stage of the
algorithm, what the grid step should be in the differential scheme, how many iterations
should be performed so that the final error does not exceed the pre-named value. With
precision, with minimal cost of computer time.

The dissertation consists of two chapters according to the number of models discussed.
Each chapter presents the results we have obtained with this or that model. The paper

contains 115 printed pages. The list of cited literature indicates 74 publications.
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B9 LEDBPZM0, HMIGDBYIE M BOHMB3IWYMBO S WM IO STMbLbsMdS.

©5LINWO SIMES6OL FosbErmgdomo SdMbLBOL doBbom, gobbowrmemo agsd3L Lod-
93530560  seamMomdo.  LogOEMEo  33WoEOoL  d08sMm  FosberMmgdol  Jobormgdo©
5dmboblbl 390980  aocrom®3obols  (Galerkin) dgoomom, M®IgEdos  d9HOLWME
a3bd309090  30949bgdm  LObML-RMBI3090L. T  BooMgds 3ol STMEIbS
B399 906MH03 ©O0RIMI6E05MO  F9BGHMMGIIMSs 55O R030 LolEgdolmgol. 99dwgy
935399, HMIgBY3 2om35olfobgdMwos $3mbsblbol dosbermgds MOl (33eoEOL
30050m, 459m0ygbgds 36M963-b03melmbols (Crank-Nicolson) s®sgboo LbodgEGoo
bbgomd0sbo  1dqds.  Fosbemgdol dmerm  LoggbO®bBg  ©oLIMYEHODIOOL  TggRs©
900900 5M5(OR03 396GHMWgdsms LobiEgdol s3mLsblibgmo godmoyqbgds bowm@mbol
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(Newton) 0@96s3090 3900M0. 5¢ramMomdol s0fgesl dm3yzgds dolo 89d5003969w0
000Mg)o  dgom©ol LOBMYLEOL Tgxolgds.  S3MHOMEOMWOo T9xzslgdgdols Igmmob,
396056-0olbmbol  (Sherman-Morrison) ®m®dMwol ©s bbgs ©J0Igdgdols o
3MOIMNEOoL  45dmygbgdom d00Mgds 3MM9d3owo dgom@ol s bbgsmdosbo Ldqgdol
3OMI0gd9d0L  Bgs  LEBO3IOMGd0. o3 Tggbgds  0GIMEONWO  FGMEOL
300030 gdsL, dob  FgLogolgdws  AsdM0ygbgds  396GHMM™M3zobol  (Kantorovich)
09mM9gds  30HOR03  2obEMmEgdsms  LolEgdgdolomzol  borm@EHmbol  o@gcMsEgoero
36Mm3gbol 30905 mdoL  dglobgd.  sEramMomdol  Fgdsaabgeo  dgoomgdols
3M30gd900L  FgxnsLgdgdol  LdMEWgdom  JoMYdIME0s  SEIRMMOMAoL  LOYIEo
3M30wgdol bgs LsBP3sG0. 633970 306MHMBYOOL MM gdols dgdmbggzsdo,
900g0os  Jglodsdols  godmbobagdgddo  dmbsfowrg  g3gms  3m9x303096E0L
3990bSM3EGE0 OIS, B3 SERMOHOMIOL LOYIWO (30MT0EgdoL By BoBE3MOL
399m3ob  Bodwomgdsl 0dgg3s. 99ImM:O35HJIMWO  sEMOO0MT0  godmygbgd Mo
ALEGHMO0 59 3560L 5MbObLBYWSC.

dgm69 05300 249630b0s3m 53M3565L dgerols sGHOB030 Gbgzol Jglobgd. sdols-
030l 250m30949bgdm FH0dmdgb3mb (Timoshenko) 3Ebmdoe dmgwl [70]. 30Ob3me3-
ws39gl  (Kirchhoff-Love) 3wsbogm®o  9m©aeobpeb  oblbgsggdom,  EHodmdgbzml
9 do 25035¢0LHobgdos gobogo dsgrs s 3MB3z0m0 0bgMH 30, B3 SOLYdOMS©
3600369035600 393600 53mEsbol 53MblboLLL [25], [26].

39630bos3m gobEHMmEgdsms LolEgdsls
1
Wy = cd—a+bfw,§dx Wy — cd)y,
0

Vi = C¢xx_czd(¢_wx);
0<x<1 0<t<T,

6mdgedos Lodogdgwo w(x, t) s P(x, t) 3630900 dgeol s bsbol 396030 yoabds
5 396030 3390l dMHYB30V0 FOIOWYPOEGOSS.

LoLEBHYFST0 3MFOR030 F93M0L 13RIl 9IRS JooEgds FH0dMIgbzmML EOobos-
303960 dgerob iHxz030 LolEHITs, HMIWOLMZOL sTMBIBLBOL SOLGOIMDS ASTM IGO0
3090bs (Kim) s G9bseol (Renardy) dogH [40]. 58 LolEgdols s dobo Dmaog@mo dsb-
BMQ9©g00LmM30L  A5TM3IZEGME0s  MHosbgzomo  Fgm@gdol  ™30L9dqd0.  Lgd3gMob

(Semper) dog® [67] 900535H90M@0s 65b3MOLIMYIEIO S BOMIESEOLIMY-
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AP0 2oomM3060L Igomm@o MHbg35000 dgErolm30lL s J0MYOME0s 3MYGOIPMOOL M3-
G00omMHo  G0go. M39gbodg LobOWgwgdgb@osbo dmgmo sbobows  Mgod
(Reddy) [63]. [28]-00 39605 (Feng) o bgqdds 99oLfagargl bsbggMoobimgd o s
LOYLHEEOLIOIOYLO 3gHIM 3OMYI30Yo LBLOY Jergdgbdms IgnMEO ©s Y-
30 53mbsblbol sOLYdMBOL 30MHMdGOTo dgerol Loldgbg OdMY30JdgE FPT0ZoMS
3990ggb9000 30009l 30905MdOL M3E0doeMo Moyo. Bgbyds (Cheng) s bmgd (Xue)
[16] gobobogl LobOgegdgb@osbo Fosbarmgds @s 93069 Lolgol 3s65TgEHMOL
399myg9bqd0m, d00gl 3MIogdol gOMY35MM3560 MIGH0TowMo Tgx3sgds. [29]-0o
1Ms63s> (Franca) o @wmwws (Loula) 2300035%Mm0d96 dgtgwmar  Lolimvyengegdgb@osb
3360mJbodo3z0sL. Fobslfo® ©sB30MmMmMo dgergdolmazol bgzsmdosbo dgdgdol Lobml-
AL 033930696 3900 (Ducceschi) s dowdsm (Bilbao) [24]. g3m-¢ng ¢oo (Fu-le Li),
Bo-Pmby ULsbo (Zhi-Zhong Sun) [30] ©@o odgos xmbomeMo (Almeida Junior) [1]
LHO3eMdEbg6 ©5dgbodg Lb35Md0sE Uggdsl. Lbgoolbgs LoboBOzO™  JoMM™d9ddo
d9eol 15309850 MHHIZ30L sbseoBols I0Bbom, BHM®s30d (Torabi) [69] s bLbggdds qo-
9m0yggbgls 3560530990 0GHJMHSE00 G90MEO S FJoxi5Lgl LODBMLEY s 3MJOIMBOL
LoBdo®g.

Sbs G55 d99bgds 9M9fOHR030 dgerol BHodmdgbzml (Timoshenko) dmgeol, H™Ig-
wo@g 50ofigMgds Bgdmo dyzsbowo LbobBgdoom 6 dbgoglo LoLEGHIIGdOm. 3Wsgolgbds
(Claeyssen) [19], LsdoMds (Sapir) s ©golds (Reiss) [66] godmoygbgl gl dmgwro
BMQ09M00 59 3560L 53MbEbLBYEs®. BHv3Lbs3ds (Tucsnak) [72] s 989600 (Ammari) [2]
3990330 gl 5©0bodbmeo LobiBgds, bmerm dobo 25633990 496BMYsYdOLIMZ0L
59mbBsblBOL sMLGOMds s SLOTZBHMEGHMMO YmRsd3939, Bo®Iobmbs (Narciso) s 3mbBobols
(Cousin) [53] dog6 51939 299M33 905 5dmbLBsEMBdOL 3HMdEYTs 50bodbmwo GHodol
LobBHYIobgol, GOMIgdog  MNOROZ0  0BGBHIMIMHO 930l  LoBE3M9dO
0oM0m5o96L MMOL 330D dM300ME 3196(3090L. HOEBIOMO sSEYMOHOMTO
AG00m0gb3mlb  9MfiMxz030  09MIM30L3MIWILGHO3MMO  dgol  3mbGedEmeo
59m3956900Lm30L F9IM:35HgdMw0s 0gMbsmoly  (Bernardi) s 3m3g@ol (Copetti)
[11], [13] Bog6. 50m3Esbols 3mEMgd@wermdol sd@303gdol 3999, dgbodsdolo LoliEgdol,
MM39o3 8903936 Lo 49bGHMEgdsL, F0sbEMgdomo 58MmbLbol doBbom, 53EHMMYds o-
9m0yggbgli LELEO gargdgbGoms Fgomo, gowgMobs (Euler) s 360563-bogmebmbols
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(Crank-Nicolson) bggdg00, 890LFo3gl OLZMYGHE0 58M3BS s Bss@BHMgl Mogbgzomo
99b396089630. LEHYobo TmbI30900L sbseOEH03MOMdOL F90mbgzg3zsdo Bgdmm dm3994)-
o  LoLEGYIOL  53MLIbLBgs® BMsdgd (Peradze) [57] godmoyggbs gowomM3zobol
(Galerkin) dgomo, 360963-b03mbmbol (Crank-Nicolson) @odol Lbgsmdosbo Lggds,
303560 (Picard) o@g®s3oweo 9900m©o s 89535L5 s m®omdol LoBMLE g, bmerm
[58]-00 999m0yYgbs 053mdoL (Jacobi) 0@gMoE0wEro dgmMEO s 39MEbmL  (Cardano)
RMEOIMES.

B39bL JoDbL (oMo gbl GH0dmdgb3mlb (Timoshenko) 0bsd03yGMO dgErols sGo-
062030 LOLEFHYIOLHMZ0L J0IbEMYGBOMO SEPMOOMTOL 53905 s dolo LoBMLEOL Tgxas-
Lgdos [60].

39360360, O™ 509b60dbMo LobEGgdol sGsfiMx030 93600 30MH39ws 4odmygbg-
0o 0gdbs 3oMb3mgol (Kirchhoff) [41] dogH 1876 (gul Gbgzso Lodol dmgerdo. qb
09300 05308 DmyogMm dmEOB03530LS O FIBEBMYSYdLMIB gMmo© 23b3wgds dB93M
396@Mgd580, HMIWgdoa S©0HIO6 dgwgdol, BoMBOGHGIOLS S JoMLYdOL M-
9M0sL. 506060 Lobol 2obBHMmmgdgdo gobbowrmmos 8909y 39d035(3090d0:
omeoo (Ball) [7], dsépqtmo (Berger) [9], dmGatobo (Burgreen) [15], 9®0bygbo (Eringen)
[27], 396603 ©9-0Gm0o@m (Henrique de Brito) [32], dgcog®ombo (Medeiros) [46], 5396sdg
(Peradze) [59], 3930 (Wah) [73], 3mobmglzo-3®ogqgmo (Woinowsky-Krieger) [74] oo o. 0.
595bm9b 53930609000 335M9MEMdM, MM B39b0 doymds 459mofizg3L A9M33g I
0639l o  29dmygbgdmeo  0dbgds  90bodbmwo  SMIHOGOZMdOL  Fgd;3390
396@™gd900ls s LobEYdgdol STMBLbLbgws.

053053003905©, IM393ME0 59Mm356S 094396935 LYol LObOBOZOHM 58M(3565%Y
306390 Mool 2obBHMwgdsms LolEgdobmazol. 898wy, Jowgdwo sdmiEsbol dosb-
©WMg0000 5dmblboll Jobbom, 3obowsgo Bsd g@Eo30sb seam®omal. LogMEwwo 33Ws-
ol 3085600 J0obmgdol 9@93Bg 58Mmbsblbl 39d9d0m LElEOWIE gE9gdgbEms dgom©om,
MoLm30Ls3 3049690 MBB-Mdb [OR03 B3BOLWE 3Mbd309dL. Jggys®© F00MYds 3M-
dol sdmEsbs B39 gdM03 ©OBIMIBE05ME ABEHMEGdIMS 9GO R030 LobEgdol-
®30U.

3900099 939397, O®MIGDY3 o35¢0LH0bJdIM0s 58MbIBLBOL FosberMmgds MH™-
ol (3350l J0dsOrm, 459Mm0Ygbgds sGM:3bs©o LodgBGmowo Bggds, MMIgoi Focdm-
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5096l 36963-bo3zmelimbol (Crank-Nicolson) Udgdols 356056EL. s®o3boMdom 4odmf-
3990 LBodbgarg 3m339BbLOMYds 58 LoLEBHYIOL Fo®so LOBMLEHOM s FPYOIMIOM

5969350909300 5dmfi39w0 30™MI0Egd9d0L oM.

90obErmgdoll dmem 9@s3Hg ©olgMgBH0Bgdol Fggas FoMgdo sMsfiMgzsog
3906@M@gdsms LoliEgdol s8mbEblbgEs@ 298m0ygbgds 3035601 GH03ol 0@gMsE0Iwo
36MMm39L0.  SAMmOHOMIoL  SEHIOOL 8909y YOOI  gMIMDS  SEAMOHOMIoL
000Mg2o bsfool 3mdowqdol Jgz3oL9gdsL. S3MHoMEOMwo gnsligdgdol dgmmool
399mygbgdoom  doowgds LELEOVI  gargdgbGms  dgoomols s  bbgsmdosbo  Lgqdol
30M30g3900L Bgs LoDB3MYOO. B3 99bgds 0GOS0 3MMEILOL 3EMTOEGISL,
ol dgLogzaligds  godmoygbgds  3mddzomo  sbvbzol  3M0bEodo.  SEYMGmOmToL
090500396900  bsfoegdol 3™0egdgdol Jgx3slgdgdol  LsdsEgdom  JoMgdME0s
SEam®omIol  LOMWO  (3MIOEWBOL DS  BODBPZIMO.  FoM3I39M0  30OMIYOOL
d9LEImMEgdoL d90mbzg3580 JoMgdMeE0s GgLsdsdol godmbobrargdgddo dmbsfowg yzgs
356589G®0L  odmBom3EgEo OIS, M3 SEHMOOMIOL LOHYIMO (3MTogdol
D905 BsDBEZOOL godmmzeol Lo gdsls 0dwggzs. JgaMMOZ35HYdMO  SEYMOHOMTO
3990g9gb9005 GHILEHMOO 53M356900L 5FMLEbLBYs. ImYz5600s QodMmmMZegdols dg-

©03900.
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o301

305bEMmd000 5¢rMH0mdo 06580 3MMOo dgerols

063)730Mm-0xgM 6305 MMO 5M39MY35MmM3560 gsbEmemgdolssmgols

9b0g. GH0dmIgb3mb (Timoshenko) 303mmgHxdbYg oyHbMdOm, FobbomEoy
396603m ©9-300@ML (Henriques de Brito) dog® do0qdv)eo 0b@ga®mm-©oxgegbgosemy)-
0 5M59MMY356MM3560 Q96GHMEgds

2 4

0*u
3z (x t) + (x t) — FIFTE (x,t)

L

62
- A+j< 3@ t)) df |5 (6 0) = f&x,0),

(3903 50fgol dgeol HH3sL. 300d0-EoMobgl Bsfyob-Lolsbwzmm 3oMHMdYdOL J9d-
b393500, 529005 H®OEHZ0MO sEaMGOOmMT0, MHMAEOL 99350969 bofogdos o-
omM3060L IgnMmEO, 5MH53bs©o LodgEMOoMwo bb3zsmdosbo 1dqds s boEH™bol od)g-
53070 36MMEqLo. JgLHo3eoos sWMOHO0mMToL BLOBMBEOL LBsgzombo. sdmblbogros

AILEAHMOO0 F535X0MO.

Bsfogmo I. s9mEsbol slids

1. 356@m@gds o Lsfyol-LolsBMamm 30MMdYdo. [36]-[39] FOMIGOTo 930S
d9L593w0E0o 9MHMO MHOEL30MO SEWPMOHOMIOL §Bo39d0

2 4 4-

0
60+ S (1) —h= (1,0)

L

2 2
— /1+J<g—1;(x,t)> dx %(x,t) = f(x,t), (1.1)

0

0<x<L 0<t<T,

Jdu
u(x,0) = u’(), —(x, 0) = ul(x), (1.2)

2
u(0,t) =u(L,t) =0, a (Ot)—a (L,t) =0,

18



Lobob Lofigol-boloBOZMM 5FM3BOLMZ0L, LOSE h MYSMYMBOMO s A PIPIOOMNO
8m©d03900s. 530939, u’(x) € V(I)/ZZ(O, L), ut(x) € V(I)/zl(O, L), f(x,t) €L, (O,L; I/(I)/z1 (0, L))
8m39990o gmb4309000, 535L096, u°(0) = u'(0) = u®(L) = u*(L) = 0.

(1.1) 296¢™gds, GMIgerois GHodmdgbzml (Timoshenko) mgm®os®g [70] oy-
6bMmdom Jomgdmwos 396G03m ©y-dM0@™L (Henriques de Brito) [32], [33] dog6,

50figdb  dgewol  Gbggsl. u(x,t) s f(x,t) dgol  Foo5EF0MBOLS S  dogol
539969309009, Tglod580L5>.

2. 50mbLbsMmds. [32]-00 ©99(330390M0s 3ol 53m3560L bBMYsgdMwo sdmbob-

L6oL 5MLYIMBS S YOS IONMS
1
Azu

o=

M39M5GMOMY0  2obBHMEgdobmgol, Mol 3gMdm d9dmbgggzsl FoMdmoygbl (1.1),

(I+ hA)u" + A%u + [/1 + M(

(1.2) 58m3569. 499m30ygbmo [32]-0l dggao (1.1), (1.2) 5dmEsbols dods®ron.
(-, ) LoAdMWM®O 5036086mm L3sEsGHo BsdGsgwo L, (0,L) Loghsgdo.

0
300d35m, W4 (0, L) 8903536 53296950908 WZ2(0, L) LogdEowsb, Gmdmgdog 6eol Gmwos
LoBPZOHBY. [32]-0b MbsHTs, vy

ul(x) € I/(I)/ZZ(O, L), u'(x)e I/(I)/Zl(O,L), f(x,t) €L, <O,T; l/?/ZZ(O, L)), (2.1)

35306 sMLgdMdL obgmo u = u(x, t) gmbysos,

u

o € L*(0,T; W3(0,L)), (2.2)

0
u€EL® <o, T; W2(0, L)),
Mm3gog Ho6dmoagbl (1.1), (1.2) 58mEsbol gobBmasqdren sdmbsblbl, 9. 0. ymggwo

0
v = v(x) € W2(0,L)-030L g6 @gds

L
d (611 )+h d%u v N d%u 9%v N A+J(6u>2d (au 617)_( ) 23
dt at'v dxdt’ 0x 9x2’ 9x2 Ox X ax’ ox) = fiv) (2.3)

0
©>

u(x,0) = u(x), Z—I;(x, 0) = u'(x). (2.4)

3039)obbdmm, H™I bLEOWEIds 30OHMdS (2.1). (2.2)-0b Jsmzscrobfjobgdom (1.1), (1.2)
59m 3960l 53mbsblibo 99a30d¢0s Ho@mdmgzsaobma dgdgyo Lobom
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u(x,t) = Z u; (t)sin % (2.5)

51939, f (x, t) gmbdisos3 FoMImzsa0bmom d98wga0 3P3M030L Labom
imx
Flx,t) = Z fi (©sin==. (2.6)
i=1
. Imx
(2.1)-(2.4) 363w gdoH 333MBEOBsOYMBL, O™ Mv) v BbJ30gds© s0MRg3s sin—
Bbdis09d0, i = 1,2, ..., 35806 u; (t) 3953030963 9d0LmM30L J00Mgds

(roa(s o (2

4

w(6) + /1+%§:<jfn>2uj2(t) (%T)Zui(t)z £, @7
=1

i=12,., 0<t<T,

B399 90603 0RYMHG6E03MO 256EHMEgdsms LoliBgds

LsHgobo 3omMdYdOM
w;(0) =u), u(0)=u}, i=12,.., (2.8)
Lo
L
(t)_ZJ‘( t)_inxd
fi =7 f(x,t)sin I X,
L ° L (29)
O_Ef 0()_i7‘t_xd 1_Ef 1().i7T_xd
w =7 | wl)sin——dx, u; =7 u(x)sin—— dx.
0 0
39360360mm, M0 (2.5) o (2.2)-56 godmdobstrgmdls
Z 2 (), Z 202 (1) (2.10)
i=1 i=1

903603900l 360905 Mdo.

3. 39Mdm 89dmbgagzs. ©o319d35m, M (1.2)-do LsfyoLo GMbIE0gdOLMZOL FoOMYOMEI0S

DoMm0meypqbo
- imx = imx
u(x) =Zu?sinT, ul(x) :Zu}sinT, 0<x<L. (3.1)
i=1 i=1

9390mm BMYyx9gH 308)obbdgdm, H™I (3.1) 45dol 3953030963 JdoLbm30L LOYI©Y-
05 MBHMEMOGO0

20



Wo
jPot5’

W,
jp1t3’

(w)? < whH)? < i=1,2..,

bomee f;(t) 3969d30900LM30L (2.6)-b 5RO 593L EHMEMISL

w 3
f2(@) <o 0st<T, i=12.

sdppwy, =01, © p, @ ©IIO0MNO MHO3b3gd0s.

Bsfogmo II. sggmGomdo

(3.2)

(3.3)

4. 35¢0003060L 39000M©0. IM35bE06M® 5dMbIbLBOL Fosbermgds x 33WsEOL FodsGm.

53oLOM30L  9dM30Ygbmm  gowomM3obol Tgmmo. sdmbsblbo 39dgdmom  LaliGeo

ah36030L Lobom

n

imTx
uy(x, t) = Z Up; (t) sinT ,
i=1

Bodg uni (t) 3098030963900
(1 +h (an)z> un; (8) + (%)4 Uni(t)
|2+ %Z (Y 2,0 )(2) wi®) = £
j=1

i=12,..,n, 0<t<T,

0%9MH96305e N6 2obBHMWgdsms  LolEgdol  sdmboblbgdos  89dwgao
3060090000

U (0) =vu?, uy;(0)=ul, i=12..,n.

(4.1)

(4.2)

Lafigolo

(4.3)

5. Bbgomdosbo Uggds. (4.2), (4.3) 5dmEsbol s9mboblbgws 299mg09gbmom Lbzsmdosbo

390™M@O. 530LsMZ0L, EOMOL [0, T] 0bEgM3s¢ By, F9dmzommm ds T =%

0<7t<1l, ty,=mr, m=0,1,..,M, 3356d9000.

00X 0,

m-m6 36999, 9. 0. t = t,,,-0030U, Uy,;(ty,)-0b dosbmqdomo 3608969mds 5¢03608-
3 RSN m-03 nilm My 300 Q3

m
oo uy;-om.

399309gbmo 30963-b03mmlicmbol GHodol idgds
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1+h(m>2 umtt — 2y + !
L

)
() s (8 (13 ([ (e
L L 4La\L 2 2
j=1
s Zlfli i i (5.1)
m=12,.M—-1, i=1.2,..,n,
Up; — U T
ul, =u?, X . ==l +§ui2' i=12,..,n, (5.2)
) 1 0 im\* Ly JjTT o 2| [im 0
e e )T (T) ”*zZ(L) (i (L) i
1+h (T) j=1
5 s (5.1)-80
f"=fi(tm). (5.3)
53mboblbol osbermgds ty, 3356dd0 fomBm350y0bmo 893ga0 Kool Loboo
n
Imx
unt(x) = smT (5.4)

i=1

6. 609 BH™bOL 0FGHIMS30IEo 3OHMEgLO. 39B30bomm (5.1), (5.2) LolBgdol sdmblbol bovy-

A™bob 0@ gm0 IgNMO.

3990m300m0 5060336900
vm+1 _ urrlni+1 _ u111nl
" Tl ’ (6.1)
L imuy ™t +ul
ni L 2
Q5 350530 9MM

- h(in>2 umtt — 2y +
L 72

) () o3 (5 ()

=fi" (6.2)

LobG9ds 8999absoMo
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+ (iL) +— /’1+4Z (wm“) +(wn])) %=ﬁm, (6.3)

m+1 m . m+1 m
Wpi ~ — Wy U, vy

l ni
=— , =12,..,M—-1, 6.4
T L 2 " 64
1 in 1 1
v =ul + Euiz, Wai = T u) + = 5T (ull + ETuf)] (6.5)

(6.4)-056 v+t 958cmgLsbmo vr-ols, whi-0bs s Wit 1-0l Lsdvgsegdom

vt =~ + Ef (6.6)
Q5 359m30Ygbmm gl BHMEMdS (6.3)-00. 99009250 3030090m
@ (Wt wis, .. ;W) =0, (6.7)
m=273,.., M, i=12,..,n,

Lo
.2
im 2L 3
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0

0

<s,(0) + (aaz

01

3OmbMmeols (Gronwall) @gdols msbsbdsc,

t

L\ (1 t
0 = | 50O + (7)) [ s I8ar G 0lPar Jexp | @a)? [ hi@az | 040
0 11 0

o
(7.43), (7.35), (4.3) s (7.27), (7.28) 3580bsbmagdgdol 359mygbgdol d9wgas, (7.44) 4o-
50{96M905 99909abs06Ms©
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a
sp(t) < | WP, + (a 2

01

T
2 1
) | o s olPde |0, (7.45)
J ci1(t)
LSS
t
03(t) = (apay)? f cf (D).
0
(7.30), (7.37) 5 (7.43) 3639 gd0©sb 250mIobstrgmdls

” (un(x, t) —ulx, t))t”2 +h ” (un(x, t) —ulx, t))xt”2

+ ” (un(x,8) — ulx, t))xx”2 + 2 ” (un(x, ) — ulx, t))x”2
< 2(/18ue (6, D17 + lynue G, ON) + RIS p 1 Cr 117 + ynutge (x, O 1)
(8 tex (6, O+ Yt (6, O11Z) + A8y (x, O N7 + lynux (x, O117)
< 2(e, () + sp()). (7.46)
(7.41)-0bs s (7.43)-0b Loggrdzge by,

ay az)z jT c1(t)

@ J cZ,(t) + cZ(t)

1
e,(t) < E( s2(t)dt |ef2®, (7.47)

(7.46)-0L5 s (7.45)-0b (7.47)-80 g58myg9gbgdols s (7.1)-0b gomgzacoliiobgdol 99gas,
900005 (7.26)-0l 5% 3965 T9x35B900.

(7.29) 99x35L90s FoMTmoyqbl (7.26) 99x35L900L 39M3AM Fgdmbggzsl. 3ol oled-
A30390¢9, (3.2), (3.3) 30OHMdJOOL FoMY, A3FOMIOS 25TMLELYICGdS

® 1, +1 by 1, %1 11
Z (?) < j (;) dx =En—a, a > 0. (748)

i=n+1 n

530l sLYF3H30EJOWHE XIO I3hIOM BHMEMDS

® a+1

NGEENC NG

i=n+1 i=n

a+1

9, dmb, 3(3603900L 3609350Md0L 0bE MmO BodboL Loxrwmdlzguby godmzoyg-
Beao 930900

® a+1 a+1 by 1, +1

2@ =@ G e

I1=n n
sbes godmgzgoygbmo (3.2), (3.3), (7.48) o (7.27), (7.28) 35bLoBM3M9gdgd0 W),-obs o

|A,f (x, ©)|2-30L 89535L9d930L obomgds. 89330005 @3FgOHMm
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ran (@) (R lf) Y iij)
i=n+1

L 1 2 1 41 2 , 1
<sGrzmr ot @ w0 m @ G el 5w

1 1
L 1 T8\ 4—2(r+5) _ , 2\ (1=8)r 1
N E(Z ©s Z ps + 2r (Z) RS (’1 +[[u” ) W) (7.49)

L < L v 1 Lot
I8 f O =5 ) OS50 ) Fmmsyos (7.50)

i=n+1 i=n+1 2pnr
(7.49)-0b5 s (7.50)-0b (7.26)-30 250my9bg00lL 89950 8000qds (7.29) 89g3sligds.
©59(3)30(3990L LALLMl J9360dbmm, MMI (3.2) s (3.3) 306MHMdOL TgbEH¥Egds
56 5M0L 59(3000909¢00. (7.26)-b gLodegdgeos goeom®30bol dgommol 3mdowy-
dols 9ga30l9B5 00 J90mbzg39830, Gmgs ul, 1 =0,1, fi(t) 3980o3EogbEHIdL, i = 1,2, ...,
3300 gd0b {gbo 56 Fgglodsdgds (3.2)-bs s (3.3)-b.

@3> ©IHI0EIOLOo.

7.5. 25wom®3060l JgomeEol gmdoggdols dgusligds. Bodm3zsyseodmm  ©YdWEgds
390003060l IgnmEob LoBLEOL JgLlobgd.
3930bLgbMmm 300M30EgdoL (7.1) 35BLEBMZMGDdS. T9dm300MmM 356539EHMO
€1 = €14C15C16, (7.51)

Lo
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o= ((+@)6E))

12 2
s = max| 1,2+ a0 | @oa)” [Ircuolae | |,
(7.52)

1
€16 = Maxz(cy7,C1g), €17 = ZeXp(%(eT - 1)),

a0,\2
Cig = ( ;02) Texp(xcio(e” — 1)),

1
Ci9 = (2 + 2(2)56{16{2 + (aoal)z) .

09gm®mgds 7.1. gocwom®30b0L Igmm©ol 300Mmdogdolm3zol BsMmmgdeos dgx3slg-

0
| Awy, (x, O] = [lun (x, £) — ulx, t)||
2 1 2 T £
d" 1A uq(x)
Zl qZZ T odxta bf”Anf(x: BlE . (7.53)

©593303905. 399m30949bmm wgds 7.4 ©5 €14 3560539 EHMOL (7.52) gobloBrztgds.
(7.26) 2590Lobeg30@sb 99mI0bsGgMdL

2
| Au, (x, )17 < cZ,max(ry (1), 75 (1)) z AS, (7.54)

boQS3

T
B a, \? 1
A=+ (1) Of 7 1 G O

01
306500096, (7.27) @Hmemdol 0sbsbdsc,
P < max (1,2 + [0 ) (145w GO + |8, @]+ 8 @ + (|82 GO ),

b (7.12), (7.8) s (7.28) g58mbobyargdqdol doseroo

-1

()? f IFolzde)

11(t) h

5303™MA €15 3565990 (7.52) gobLoB3Mgd0olL 459mygbgdom ga30dwos 3O Mmm
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A < | 18,2 GO + || Agu? G| +][2nu® O + |80 ||

+f||Anf(x, )% dt |. (7.55)

sbaws 893535Lmm max(rl(t),rz(t)). (7.8), (7.11), (7.12) > (7.18)-(7.20) gm®I)e0gd0o©sb

399306569l

Cro < (2xe®)2, ¢y = (#e%)2, 13 Sy < (2%€%)2, €13 < 1y < (xeh)z
29030496mm gl 259lobvergd9gd0 01 () s 8, (t) 3o659gEMHgdoLm3z0L (7.27) dmiEgdoe
R3M6OIMEqddo. 3030090m

t
0,(t) < %f et dr = n(et — 1),

0
t

1 1 1
0,(t) < 7 (2(a0a1)2 +4- Zzalaz) f e®dr =xu ((a0a1)2 +2- 220(10(2) (et — 1),
0
9L 3580bobuyegdgdo godmgz0ygbmom 11 (t) s 15(t) 396539GHMIdOLMZ0L (7.27) demizgdwye
13M6OIME9ddo, 3030090m
1 (t) = p1e%® < 2exp(x(e” — 1)),

T

1 /a,a,\2 1 /a,a,\2
Tz(t) = ,02692(” = Z( ; 2) Jﬁz(t) dt |ef2® < Z( Cll 2) 7'12(T)T662(t)
0 0

0

< <a1a2)2 Texp <}f (2 + 2 (2%) aa, + (aoal)z) (e — 1)).

24

5960350, (7.52)-0b 1sbsbdoc,

max(r,(t), 72 (8)) < c&.
(7.55) 259mbsbengdols s 356599GHMOL 49bLsBPZMGO06 godmdobsty ci5 = 1 MEGHm-
©mdOL dsgrom

1

2 2
1
<ZAS> <Ai+A

s=1

2
< cis ) | 18 @IP + [ @ + ([, @ + ([, O
p=1
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p
2

T
+ fIIAnf(x, )|1% dt : (7.57)

(7.54) mEGHME@doLs s (7.56), (7.57) 353mbobvyargdqdol LogwydzgeHg J00wgds oled-
330390900 F9xsLgds (7.53), G0l ¢; 3M9n03E0bEGH0 4960LsB3MIds (7.51) EHmerm-
0oL MYBobIso.

09935 93 Z0G3JOME0s.

8. Ubgsmdosbo Lggdol LoBMLEg. (5.1), (5.2) bbgomdosbo Lgdol gmdowgds t, 3356ddo
3963L5BO3OMm, HMYMOE bbgomds (5.4) s (4.1) g1bd3090L TGO, Geags t = t,,

Aul*(x) = ult(x) — uy (x, t). (8.1)
3595b5sdY,
n B n .
imx imx
Ault(x) = Z ult (t) sinT - Z Up; (ty) sinT :
i=1 i=1

3095303095390L B0l Bbzomds 5036036 Aujy; LOIdMEIM™MO, 56vY

Aurrﬁ = urrﬁ — Up; (tm)-

8.1. 336&Megd505 LoLgds (30MBogdolsmz0l. godmz0ygbmom

u;ﬁ = Aurrlni + uni(tm)

2

n

G (5.1) BaOIMEsdo. 303009dM
A+ L
44

- <E>2 Attt — 2Aut + Aup ! N (i_n>4 N (f) (]_n)z
L T2 L L L
j

1
2 _ _1\2
(i (unj(th) + unj(tm+l—1)) + (Au;’;-” + Aurrlnj-H ! (2 (unj(tmﬂ) + unj(tm+l—1)) + (Aurr{ljﬂ + Auij-H 1 ))]}
X

4
1=0

% uni(tm+1) + Zuni(tm) + um’(tm—l) + (Au:{?l + ZAum + Aum_l
4
— _ <1 +h (iﬂ)2> uni(tm+1) - Zuni(tm) + uni(tm—l)

L T2

+ "
m=12,..,.M—1.
5990096 9 (4.3), (5.2) H™mdgd0@b 459m30bIMGMOL

2 m+1 m m-1
Im\“\ Auy; ™ — 20uy; + Auy;
(1 +h (—) ) =

L
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in Mupitt + 20up; + Aupyt
+ (T) + A ( L) 4 + Tm- = lpm" (82)

m=12,.. M—1,
Aul. — Aud;
Augi =0, ————= lpgi' (8.3)
Lo

2

) H ()

Jj=1

2 4

( ) Zn:( ) < up ™t +uy +un](tm+1)2+ un](tm)>Aum+12+ Auy

Jj=1

N <unj (tm) + un; (tm_1)>2) (At + 2Aul + Aultt

_.|_

zn: ( ) <un] +up N Unj(tm) + unj(tm_1)> Aupl 4+ Aup=t \ w4 20 4yt
2 2 4 '
j=1
boe Pt oMol (5.1)  bGHm@gdol  53HmJbodogool  3EMmdowgds,  G®IGEOos

3960LB3MYds F909bs0Mo

Yy = (1 +h (%)) i (1) = 2t )+ Uni(Em-1)

T2

+ <%) < ) %Zz:( > <<unj(tm+1)2+ unj(tm)>2+<unj(tm) +2unj(tm_1)>2)

x uni(tm+1) + zuni(tm) + uni(tm—l)
4

+ fi(tn), (8.4)

m=12,.,M-1
5 P2; 560U (5.2)-0l 8gmeg bsfyolo 306G:mBOL 536:MmJlodszool MI0E9ds

lpgi — _ uni(tl) ; uni(to) + uyrli(to)- (85)

8.2. bobBydoL FsEHMOEIEo Lsby. d90mzonmm s0bodzbgdo

Ault — Aultt i Aullt + Aulit
Ayr‘r:: — ni . ni ) AZ;E’ — T ni 2 ni ) (86)
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OMIgwms Bodwmomgdom 893335 bobiGgds (8.2) 29bGHMEgdsms 933035¢9bEH¥IMHO

LobGgdoom
;aiﬂyni + bAzy; = ;aiﬂyni — biAzy; — Z bijAzy; + Yy,
1
—c Ayt + — Az = Ayt + = Azm, (8.7)
LSS
Yl
a; = 7 ,

=3 a3 () (S5 ()

- g(i_ﬂ)zj_n Uni (tnr1) + 2 () + Upi (En1)
Yoa\L) L 4
1
% (uﬂ} + uTrlrj n Upj(tm) + unj(tm—1)>' (8.8)
2 2
_lin
Ci = > .
89930000 3969 GO0l dEM 3OO F5EHOOEIO0
1 1
;A B _ —;A —B
Z = 1 , Z = 1 , (8.9)
—-C =1 C -1
T T

Los3 4, B, € @5 I 56H0b n-29MH0 Hogol 99900930 Bobol ©osambserm@o dsd®o3gdo

A = diag(a,y,ay, ...,a,), B =diag(by, by, ...,b,),

C =diag(cy,cy,...,cy), [ =diag(1,1,..,1). (8.10)

B396 ©93330M©J0s N-g456%mBoqdosbo  39dEHMO9d0, Lsbgwmd®, Ayni, Az
6o3b3900L56 999YM0 39JBHMMGO0 s 0-39dGH™O0

Ayni Azyy 0
Aym= | Dyms | agm— (B2 ) o (0] (8.11)
Ay Az 0

536939 39930996900 8999y 39JEHMOYOL, MMIGEMS 3mI3MbYbEHYd0 FoMdmowpqbL
Upi (Em) 5 Unt LOWOWYGBOL 3MABOBSFOSL 56 Yr; LoEOEYOUL,
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_ Ll)m
Vy Wh1 Wh1 ni

% w W m
v=| 7], wp = - , Wy = Wf’Z T = Ll){IZ (8.12)
Un Whn Wpn Ll)nmn/
L5399 399mYygbgd Mo 3m33mbybEHBO gobolsDBL3MYdS BHMEWMdgdom
(iﬂ)z uni(tm+1) + Zuni(tm) + uni(tm—l)
Vi = |- )
L 4
Lin um-ﬂ + um uni(tm+1) + uni(tm)
Wpi = Zf( > + > ) (8.13)
Wh: = EE urrﬁ + urTi_l + uni(tm) + uni(tm—l)
T4l 2 2 '

bmeoem Y1t 496LsBO3OHMEO0s (8.4) 3odmbobvergdoo.
390009090 50b0d3b9gd0L gsdmygbgdom Foedmzsaobmo (8.7) LoliEgds 99990

Lobom
La B + vwy +1 La —(B + vwy) m
m m
(T T ) )
—C ~1 Z C ~1

(8.11)-(8.13) 5060836900 459mygbgd0m d9dm3z00Mmm 2n-456Bmdowrgdosbo 39dEH™Mmgdo

v=_,), W= (M?b> . W= (W?b) . (8.15)

(8.14)-q09b, (8.9)-0L5 s (8.15)-0b o035¢oLobgdom, 3093 MdM

() = @+ [@=vin (30)+ ()]

8.3. 99®856-8mmolicmbols gm®mdmols 3580mygbgds. 9s535b5sdg, 33543V

(ii’::i) =A(Y) + @+vwn (‘l’;n) , (8.16)

Lo

A=CZ+VvWwhHY(Z-vwT). (8.17)
396356-dOolmbol (Sherman-Morrison) [68] 3m®Imol msbsbdoco,

(Z+VWT)t= 71— %Z—l.

536050,

Z+vwhyt=z"1-62771, (8.18)
Lo
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0Z = LVWT (8.19)

1+WTZ-y
99360860mm, G (Z + VW)™ 85¢Gogol s@bgdmdobmzgol bogzds®obos, Gmd Z
0gmb 8943935000 B5¢®0Go ©s 1+ WTZ71V # 0 [68]. 3063900 306-:mdOL Jqlerweads ao-
9d@0b56"HgMdL (8.8)-(8.10) 35B6LsBM3M9d9006, bergorm Fgmeg 306MdS OIS, v
T d0XO0 53054mB0¢qdL J390mo ImEgdwe (8.58) dmmbMm3zbsls. 30aErolbdmm, Hma (8.58)

LEMEIGdS.

8.4. 536H0MMHY0 MEMEPMBYB0. 5 935830390 M3Yb0Tg EsTbTsMY Tgz35LYdL.

wqgds 8.1.(4.1) 3580l 3980309563700 LsM30l 50O 5J3L EHMEMdIOL

%Z: <1 * h( ) >(u;i(tm))2 < 6,

m=0,1,..,M,

8.20
L S in 2t uni(tm+1)+uni(tm) 2 ( )
S
YNy 2
=12 m=01,.,M-1,
Lo
1A 14 1
8y = [ I ON? + hl[u? @ + [[u®” @ += (/1+||u (x)||)
8.21
— j I G O |, 621
1+h (T ) ;

1
4 2

o= ((3) +21(3) +26,) —((3) +2)

©333303905. (8.20) s (8.21) 3m®IMgdol Jobormgds 1s3dsM0L0s A5dMm309gbmm
(7.14), (7.17)-(7.19) > (7.21)-0b 306390 BMOI s (4.3)-0056 ghomo.

@3> ©IHI0EIOLOo.

wgdds 8.2.(5.1), (5.2) Lbgsmdosbo bdgdol sdmboblibolomzol FoMmMGdMos wEmEm-
0900
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n 2
L im\2\ [umtl —ym _
_ 1 h(_) ni ni S ,
2 Z ( A > < T 0

(8.22)

o= (B3 (1 () () Ly (' (s k)
07\ 2. L T 2Z.\L 2
n 2\ 2 m
1 L im\? (ul; +ud; T S|
— — — - -7/
+2(A+ZZ(L)< _ +1_T/2;||f(x,tl>n T, (823)

1
2

0, = ((%)4 + 22 (%) + 2670>E - ((%)2 + /1).

©s533303905. J399mm 396 30L5MROGOM 0T0m, BT

m+1 m—1 m+1 m m m—1 m+1 m m m—1
Upig ~ —Up; (uni B uni) + (uni — Up; _ (uni + Up) — (uni + Up;

T T T

m+1_, m-1
nit

Uni “Yni 399mbObM9dsHg s F0MYOMEO BHME MBS

393506530 (5.1) 396FGHMEgds -
33x59mm i-b J0dsdm, i = 1,2, ..., n. 30300900

i = un) + (U —un

n
1 um
Hopn —ap) = Y i .
i=1

T
m=12,...M-1,
boQS3
" L T L 2
=1 =1
n _aa 2\ 2
+—<A+£Z(l—”)2<um+um 1)) (8.24)
2 s L 2
m=12,.. ,M.

5990096 259m80bsIGMBL

n n — 2
ot < ot 4 T(z(ﬁm)z 3 (G ) )
i=1 i=1
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<ol 4T i(ﬁ’””%(i(umﬂ ) +Z< - >) |
i=1

i=1 i=1

(8.24) 5006033600 g53my9gbgdom 9300 @03636)0007

n
TN am+1 m+1 L Ui —
(1-3)ert < af 52(
m1

+%z< n i >2+r§1(ﬁm)2s(1+§)®?+r2(ﬁm)2.

1=

0595b55dY,
n
Q< adl +7f ) (™
i=1
m=12,..,M—1,
Lo
1
a=1+ z, PB= z

T
a®<a, m=12..,M, a=1+r,8=1+ﬁM,

33996905

ot <a (acbx‘l +1p Z(ﬁm-1)2> +76 ) (fM?
i=1 i=1

= a’Qp + 1P <ai(ﬁ’”‘1)2 + i(ﬁmV) < sa™t (@i + 17 mz_li(fim‘lf)-
i=1 i=1 =0 i=1

596050,

ot < (cpl + 18 mii(ﬁm 9 >(1 +B ) (8.25)

9939w ™d5do 80300Mmm, I

M

(1+85) <o (8.26)

9, (2.6), (2.9) @9 (5.2) 359mbsbmqdgdol msbsbdsc,
m-1 n
PG TZ Z(ﬁ(tz))
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m oo , 2 m
TZZ(fi(tl)) =ZTZIIf(x,tl)IIZ, m=12,.,M-1.  (827)
=1

=11i=1

o~

sbems, olsd3H303909o (8.22) F9z35190900Ls s (8.23) BMMHIMgdol Jobomgds Bs3ds-
60obos (8.25) MBHME™dSTo godmz09gbmon (8.26), (8.27) s (8.24) 3m®dwmws m = 1-m30b.

€93 ©9HI0EIOYL0.

d9b600dg6s 8.1.30md3sm,

ul(x) € G,[0,L], 1=0,1, f(x,t) € C,,((0,L) x (0, T]).
85806 8y-0b g53mbOMZ3E9o FOGHIMs MRDS o580, Bog®5d, 5MLYdIMAL BGHJI00
B9L53gdmds (8.22) Bgx35L9d0oLmgol, Fy 356olsbOIOML G5 0lg, BrmaMEAE gl Sbsbyy-
@0y (8.23)-d0. dgLsds30Lo MOl doLowYds A5TIM3094gbgdm (5.2)-b 00 QobLb3s39-
d0m, MHMA Jobs FgmOg GOl d93:33om bszargdo LobMLEBHOL GHMEMdo’

1 0
ni — Uni 1
:ui.

u
T

530 2960, 35330996900 MEHMEMBSL
1\* 5
_ < — 2 2 .
(a+2b) _4(a + b*)
(8.24) 2580bobmgd0@sb godmdobstgmdls

o= (1) Yot Y () ()
' i=1

i=1

+%<a ¥ %Li (‘f)z (@wy? + ey )) (8.28)

&©539300L BMOHIMoL Msbsbds,

m M-1
r;IIf(x, W2 < r(% I Geeo)lI? + lz Gt 4+ 1 e tM)u)

T
1
2 -2 2
< fllf(x, Oll*dt + 77 Torggg(llf(x, O ¢el, (8.29)
0
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m=12,..,M—-1
(8.26)-(8.29) 3®3a0gdols (8.25) w)@&m@mdsdo gs8mygbgdols 99m9a9@ 33m¥emdm O, -
LOOOUL ZoTMBOMZg G909y BMEOTMESL

— . 2
Bo = I GOII? + h[|ut (o)

2
el il o) 3 (a5 (@l + 5ol ))

I

T
1 1 .
fllf(x, t)IIZdt+ETZT max |([If Cx, O el |e*z.  (8.30)
0

T
1=

+

(8.30) 3mAINom odmmzmowo 8, 358moyqbads (8.23)-8o. slgzg G; 35605990l
d9L53580b0 360369 MdOL Jobswgds.

8.5. 33¢)™033g00L braMdgdols 9xolgds. (8.17)-(8.19) gm®IMgd0@sb 459mdobstrgmdl,
™3 63000095 FobLEBOZGMEO FoGHHOEMwo bmMIol J9dmbgzg3zsdo Fo6r01gdW0s

MEHMEOMOS
Al < @ +116ZIDNZ=H(Z — v D). (8.31)
9390mm p-mHo Gogob K = (k; J')f,j=1 3oGMo3obm30L brmMs A563LsBLIOHMm Jgdgaboo-

5Q©

p

11 = max > Jiey|.

i=1

51900 BgBobgg3980 x = (x;)F_; 399BH@GOL BMBs 3o8mom3zEwgds BOGHIMWOm

4
Iell = > Il
i=1

(8.9), (8.10) s (8.15)-0L Loggmdz9w By 3394690

ZZ - VT = (A 0)( I —TB) (—A —17(B + vv—vg)> M, +M,  (832)

0 A/J\tC A C I
Lo
_ (A 0\(—A-1%°BC —21B
My = (0 A)( 0 A —TZBC)' (8:33)
A 0N(O0O —Tvw]
M, = (o A) <o —TZvaTzZ)’ (8.34)
A= (A+12BC)™ ! =diag (A, Ay, ..., Ay), (8.35)
Aiz a; + szici'
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beerm 0 560b n-m6o Moyl bremgsbo ds@®mogo.
Sbaws 8935035b0mm Z71H(Z — VIWT) 85@G0o3ol 6e@ds. (8.32)-qsb 359m8@obs®nmdl
1Z72Z = vWDIl < IMy ]l + |1 M. (8.36)
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SbEns Bg960 30Bobo dymBo®gmdl [[why, — wit|l Bea®dol dgg35L9d530.

9.1. 05300560l d9d6r1mbgdEo FsEMOEoL brn®mdol Igxslsgds. (6.10) BmMIMwsdo yodmyg-
690905 053000560, MMIGE03 560LsBOZMGdS BHMEMBGdIOM

99i(Wi)
my = (1.)" o= Tk
Jwid = Uy ey S = TR (9.9)
0¥ 3b9390 0530 030090 (6.8) RTINS, 33MEXOMID
(LT _ L
TR w2,
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Jij =3 n (9.10)
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ml m

j=1
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(9.9)-(9.11) 2500bobYeg390006 35dMIObIMGMBL
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u=- Wn2 = v=|Wnz | (9.14)
m—1 m-—1
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396056-dmolmbol (Sherman-Morrison) gm&m3dmeol [68] 0565bTo,
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R+uwH) 1= 1 ————
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905 8.2-0L LsxkMdz9wDBY, (6.1) 50B0T36900L Fomzscmolfjobgdom, dga30dwos Bo-

9t359450dmm 99990 ©JOICNgds.
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i=1

L im\ 2 _
E (7> (Wm)z < 91_1, | = O, 1,

n
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m=12,..,M,
L5053 B 5 8, 356599EHM9d0 F360LsBEZOIDS (8.23) BMEHINWGdO.

B396 ©o33F0M©Ids 899920 BoJBO. 3065006 g(x) = i +ax, a=const >0, 0<

x < o, gmbdioobmgzols
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sdo@md
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e \in L) micen\i L) t)="r
(L nT o<t <1
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1
_ 1 (LBy\? 1L3 992
C3°_2p 3 max| 1,7 . (9.22)

©s5383303905. (9.16) Bmmdol msbsbds,
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LSS
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= e Lome1
h=g = (; 7w )11. (9.24)
(9.13) 9 (9.19) BMOHINWIO0I6 Q59MIObsMJMBL
R > 2 +1J7T /1+(jn) - +1n(/1+(n)2> (9.25)
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596095, (9.24) 5 (9.25) godmbobwyemgdols LsgwydzgeHg 3o13360m, HMI

1 1
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]=
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DIBHMEWMOS QOO €39 3MIB0G0JEEHOBsMZ0L (9.22) FmEIMs.
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9.2. by MEME@ddO. (9.21) MEHMLMIOL FoMHES ©R3FOMEIds 303 Mdybody
d9935L90s.

wqgds 9.3. 356009305 MEHMEMOS

3
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1\2 /m\? 2 _\2
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©393303905. (9.11) 593930l MBsbTscO,
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(9.31).

@935 ©IHI0EIOL0.

wqgds 9.4. 3mgzom,
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3
(n+1): 1 5
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9560090905 YEGHMEOMDOS
n 52 ( 1)5
n+ 1) 3 7
z (p,,lla~m <czn+1)+| c35 +c36(n+ 1)z + c3,(n+ 1)z |72, (9.39)

=1
i,j=1,2,..,n, W"Edy(wl
Lo

_ 1
C34 = O,82(L90)E, C3; = 0'75C3i—4' i= 5, 6, 7. (940)

©5983303905. B30 asbzobomogm (9.39) Fgxsligdol dotibgbs Tbstol mE Bgo-
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i
= ([ + w7 | + [ (Iw o w4+ [winY + 26). (9.42)

5960950, (9.41), (9.42) s (9.18) BMOIMgdol godm, i,j = 1,2, ..., n-030L LM gds

%o, (Wy) m
Zawma~m_ <2|W A+ |wi |+;|Wnl|+39>
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1 i 1 i _q, , N Lln 3
SELZTMZH_'—ZLZT'W% +7L Eflwml-l_me
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i=1

3 1/L0p\* nm(LBy\* 3
Sz’“( 2 ) +T<T> tgnmo
306500056
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2\/2(4 ") S gD =0820t D
33096905
n
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sbens (9.39) MGHME@dol Jobowgds Lszdamolos Fbgzgwrmdsdo dogowmom (9.38) s
(9.40) 296L5DE3M909d0.

@3> ©IHI0EIOLOo.

9.3. 396¢mMmM3z0Bol qds. o BsdM354se0dgdm 356GHMMm3z0bol (Kantorovich) 999l
Bom@Embol dgomeol dqlobgd [35]. doMomso 89306560Fbgdo  [35] BosdH™Iol
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l/)].(zll Z2y ey Zn)

W(z) = 1p2(z1,z?, werZn)
V(21,220 20)
39bLsBOZOME0s S MPY39G0d 930L0 30MZ9E0 S IJMEMY oYL FoMHTIMYGOGdMD
905 B3 1 5609380, 9. 0. O C R,
¥(z) € C,(Q). (9.44)
©5378350, O™ 2° F9OHEH0wo M930L B39H0W h-80@5dmb gOHM© 9379003600
Q 569L o
dp(z°) ={llz—2°|| < h} c Q. (9.45)

3009350, LAY YOS T9JIPIAO 306MHMDJIO

n
I. z= ZO_O’)SOU 003(‘)2)0l) ](Z) = (%) ab@)ﬁ)OGb deb 8866)'3]606‘8@0 FO —
Zj/ij=1

J71(2°) 85030, 585L05b
IToll < po,

IL T2l < qo < h/2,
II1.

0%y;(2)

0z;0z,

<r

i=1

j=12,..,n ©5 z € dy(z°),
IV. po, qo, 7 Q5 N 53054MBOGOL &M MO
So = 2npyqor < 1.
35906 z; LHgobo dosbErmgdolsmzol bom@mbol 3OmaEgLo
M = 2K — 1Y (2R, k=0,1,..,

369050005 DE3zOmwo z* = Ilim 7% 399@mcm0Ls396, HMIgog G0l (9.43) LobEgdol ge-

05900 53Mmbsblbo
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569d0. 03HYM30E0 3OHMEJLOL (300MT0EGOOLIMZOL 30 FoMHMYOME0s FJRoligds
lz -2 < 053 (5)
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9.4. ogmMgds 3MYd3MdOL gliobgd. godmgzoggbmor (6.10) dMmiglol dodsto wgds 9.5.
(6.8) BHMEMd0b 35133600, G®MI (9.44) 306HMdS LEIMEYds L = R, 50980. (9.45) sGob
9520360mdsL 23093L 990980 569
dog(Wh) = { (Wm)l N Wi —wi|| < 9} €R,,
59 8 = 2q,, 53 Go 3560539 BHOOL BMOTIMWS A 39O 390Mmm.
(9.11), (9.21) s (9.30) 5658350003900l 253 O Gds I s II 30MHMBY. Lobgen-
MO,
L
I~ (wio) Il < po, (9.46)
Po = C30T7,
IL.
I/~ Wi)e(Win)ll < qo,

3
n+ 1)z 1 5 9.47
( ) +c3,(n+ 1)z + c33(n + 1)z |72 (9.47)

qo = | C31

Sbs geoads d9358gMmm III 3oHMdsby. (9.37), (9.39), (9.38) gmGOIMgdl
9039493560 ©s1336599, H™I
I1I.

62<pl(w

n
i=1

j=1,2,..,n, wWredy(wpi

5

n+1)z 3 7
r = 634(71 + 1) + C3s5 % + C36(n + 1)E + C37(n + 1)E TZ.
B53tM3545@0dMm™ YO gds 0@JMHSE0wo 3OHMmEgLboL (9.3) 3M9gdsMdOLs s bo-
BmLEGOL Tgbobgd. sdolomzol godmzoyggbmo wgds 9.5, gmGmImws (9.6) s (9.46)-(9.48)

GHMEMd900. 390930 046905 sligoo

0gmmgds 9.1. 300d3s5m, T dOXO 53054mMB0GOL dmmbmzbsls
So = 2C30T4n

1 3
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<1 (9.49)
35906  bomBHMbol o@gMmozomwo 3Mmiaglbo (9.3) 3M9ds©os, dobo BEgzdmwo uy =
’lim Uuny 39900 Gomdmaaqbl (9.4) LobBHgdol smbILLLL.

36Mm39LOL 30MI0EGIOLIMNZOL FoMYIMW0S TIGBIBGOS

k-1

1
186 GOl = Il (x) — wl (Ol < czs8 (E) , (9-50)
k=1,2,..,
Lo
Q[ (+1):
2 n+ 2 1 5
C3 = - C31 + C32 (n + ].)E + C33 (n + ].)E Tz, (951)

T

boom ey, 1=10,1, ..., 7, 35BbsbgOmMmos (9.22), (9.31) s (9.40) 3063 gdoo.

10. 5¢gogm®00dol LO¥Eo 3EMI0EYds. 5J F93585L9d0 SEFMGOOMIOL LMW 3MmIowy-
05,

10.1. bEyo 3EMB0gdoL QsblsBMIMYds. FgMbgmwo n s T 35M5dgBHMYdOLM30L t =
tm 9960G0wdo 58mbsblbols Josbermgdom 3609369cmdsls 0@gMsgool k-doxbg Hoerdm-
590U Uny (x) gmBJ30s. 58mbablbol qLsdsdolo BVMuEHo 3608369c0Mds sob u(x, ty,)
53Bd309. 9990096 259m0bsGY, 396906030 09690 SEPYMMOMTOL LGV 3c0MTOGdS©
Bo3m35cnMmm 93bd 300

Az (%) = upp () — ulx, tp). (10.1)
(10.1) 5 (9.6), (8.1), (7.1) g5bLvBE3MGOgdOL MobsbToco,

Bz () = () = ut(0) + (W) = un (X, tan) + (1 (6, £) = uCx, t)))

= Aullt (x) + Aupt(x) + Auy (x, t,). (10.2)

10.2. 3¢ 0030l LOMIEo 3mdomgdol dgxslgds. (10.2) s (10.1) 2s9mbsbvyargdgdo-
56 359mI0bsGmgMdL
1Az GOl = Tl (o) = w(x, E) < Ndtn (x, £ + 10U GO + 18 COIl. - (10.3)
(103) goedmeob (1A, Gx, ), 1AW GO, 14wl GOl GagBdob Bggsbigbol dob-

boo 259m30949bmm mgmMgdgdo 7.1, 8.1, 9.1, Gglodsdolo. 990990 3030090 9999
QJOYLYOSL.
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mgmmgds 10.1. godzsm, ul(x), ¢q =0,1, s f(x,t) 8MbJ30900Ls030L 50O
593U (2.1) 306H@MdL o (4.1) X530l 3mg803090bEHIOOLMZ0L LMY Ids FmmbM3bs
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©530)3d35m, 65039 p3 > 1 GoEbgzoLbsmzol bbgsmdosbo Bggdol T doxo 53059mBOEHdL
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Q9, 3OS 53obY,

1

SO = 2C30T4Tl1_[ lC34(Tl + 1)

=0

3
(n+ D'z 1 5
+7%| C3aa141) 7 + 3y (N + D2+ Caarrz)(n + D2 || <1,
bo©3 ©EIP0MO  LoOoIJBO Az, By, By, ¢z, 1 =10,1,..,7, 3s6obsbogmgds (7.28),
(8.21), (8.23) s (9.22), (9.31), (9.40) BHmemdgd0om. 35d0b 5¢rmGH0mTol LOHIEo (30MmT0-
9d0LM30L FoM01gOME0s TJBOLYdS

18z GOl = Nlumi (x) — ulx, t)l

353
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1 k-1

T
d" 1A, ul(x

) H [1aeor | J+er+es=(5)
0

T odxta

2

k=1,2,....
s ¢, 1=1,2,3, 3098030963700 560LsB03Mgds (7.51), (8.73), (9.51) GHMEmdgdom,

boem A,ul(x), g = 0,1, s A, f (x, t) 3w9b69d309d0bm30L 33543

[0e]

A ul(x) = Z u?sianx, A f(x,t) = Z fl(t)smE

i=n+1 i=n+1

10.3. 9535¢000. ob30bowmm (1.1), (1.2) s8m3Esbol ghmo 3560563 0. 3mdzsm, dm3g-

M0 4obEMEgds
O+ Tl L T
oz axt Y T 2oxzaez

1 ou ’ 0%u _
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0<x<l1, o0<t<1,
Lo
fOt) = co(t) + c1(O)x + c2(E)x? + c3(t)x> + c (B)x?,

1 17
co(®) = 24(1 + 3t + t2), ¢ (t) = 14 + 12 [E b (+30+ tZ)Z] (143t + ),

() =—a()+2, () =-4 c(t)=2,
5 Bofigol-LoboBwzmHm 30MHMdYdO

du
u(x,0) = x*—2x3+x, E(x, 0) = 3(x* — 2x3 + x),
5 2 (10.5)

“on="1o=0
dxz~" 77 dx2 7

©sL3mo (10.4), (10.5) 533560 BMLEHO sdMboblbos gmbdsos

u(0,t) =u(1,t) =0,

u(x,t) = (x* — 2x3 + x)(1 + 3t + t2).

QMmoo 259MYqbgdos 356M539@Mm9d0L d908aa0 3608369 MmdgdoLsmM30L: doeo-
30600 (4.1) Josbermgdsdo n = 5, (5.1), (5.2) bbgsmdosh Lggdsdo T = 0,1, ymzgero god-
BOMYGOMO by 3396d0LM30L 60YBHMbOL 0@ IMs30wo (9.3) 3OMEgLOL BoXJOOL MoMOY-
Bmds k = 7. gbGowo 1-3o 8myzs60wos Gosbanmgdomo s3mbsblbol uyy, 399830309649~
005> 5 BMLEHO STMBsLLBOL U; (t;,) 39B03E096EdOL 60Td3bgEMdYdO.

gbMowo 1
905bErmgd3000 s9MbsbBOL DL 53mMBIBLBOL

" Unie 30B0GOIBAIRO Ui (tm) 3980609000

0.2 {05084 | 0 0.0021 | 0 0.0002 | 0.5145 | 0 0.0021 | 0 0.0002
03 | 0.6162 |0 0.0026 | 0 0.0002 | 0.6243 | 0 0.0026 | 0 0.0002
0.4 {0.7318 | 0 0.0031 | 0 0.0002 | 0.7403 | 0 0.0030 | 0 0.0002
0.5 | 0.8554 | 0 0.0036 | 0 0.0003 | 0.8627 | 0 0.0036 | 0 0.0003
0.6 | 0.9869 | 0 0.0041 | 0 0.0004 | 0.9913 | 0 0.0041 | 0 0.0003
0.7 |1.1254 | 0 0.0046 | 0 0.0004 | 1.1262 | 0 0.0046 | 0 0.0004
0.8 [1.2694 | 0 0.0052 | 0 0.0004 | 1.2674 | 0 0.0052 | 0 0.0004
09 [ 14174 |0 0.0058 | 0 0.0005 | 1.4148 | 0 0.0058 | 0 0.0005
1.0 | 1.5688 | 0 0.0065 | 0 0.0005 | 1.5685 | 0 0.0065 | 0 0.0005
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w(t) = s (143t +tr), o i 39630,
0, 0v) i gfoo.
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|Az]% ()| | 0.0044 | 0.0058 | 0.0061 | 0.0053 | 0.0033 | 0.0007 | 0.0016 | 0.0019 | 0.0004
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M99 MOHO 5ERMM0MTJO0L go8mygbgds. s0bodbmeo JoMds 9HMO JsLob gobEHm-
90930LM30L 459M I3 0s Jgersdobs (Meladze) s ©s30msd30¢00l (Davitashvili)
[49] dog.
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o300 11

(oEb3000 5¢MmMH00m30 GH0dMIgHh3ml dgeol sMiMEogz0 LolEgdoLsmgzols

9b0vg. 456boME0s LHHYoU-LobOBEOZMM sm3565 dgarol obsdozmEmo LolEgdols-
30l

1
Wy = cd—a+bfwfdx Wiy — €Ay,
0

Wie = P — 2P — wy).
59m3560L 53mboblbgEs@ 2499mygbgdmeos gMmo F0sbEmgdomo sEaMGMOMT0. 53 S¢0-
3MM0mdol 935090 gero bsfoegdos: Lol 9ergdgb@ms dgomm©o s 30M563-bozmen-
bmbol (Crank-Nicolson) @030l sGoEboo bLodgGHMmoo bdgds, HMIGEms bydMsgdom
bmO309w@gds  ©ol3MYGH0BYds LOzMEMEO S OMOL (33Ks©Ydol dodsGm. S3ob
3900099 900900 MfiOR03 FobEGHMMGdsMs LoLEJIOL SFMLELLBYO A9TM0Ygbgds
30356000 (Picard) ¢odol 0@gMs3oreo 30mmaqlo. 99x3s590wos seymmomdol bsdogzy

Bsfoerol 3omdorgds, ®ol d9gas domgdeos dobo bLEwwo Emdowgdols dg-
939L3900. 5dmblboos BB oo 0mMgdo.

Bsffoemo 1. 53m3sbols slsds

1. 256¢Mgds0s LoliBds s Lsfgol-LolsBmgMm 3oMmdgdo. [60], [61] LEGsE09dTo gsbbo-
005 53MEsbs dgeols  s®s(M3030 Mbg30l Tqlobgd. dglsdsdobs o dodmzoyqbgdom
000389630 (Timoshenko) 3bmdoer dmgel [70]. 306b3Mmg-ersgqgl (Kirchhoff-Love)
3l03M IMEYErolsh Aoblbzs3900m, BH0IMI)E3ML dmEaErdo Jsm35¢obfobgdmEos
396030 dogms s dMMB30m0 0bgME30s, GoE 9OLYdoMI© 8b08369WMm35b0s AMVZ5wO
59m3560L 5dmblbol ®mMU [25], [26].

39630boMmm 296EMEgdsms LoliEgds

1
W = cd—a+bfw,§dx Wiy — cdiy,
0 (1.1)
Y = CPxx — Czd(llj —Wy),
0<x<1 0<t<T,
Bofyob-Lolabrzm™ 306HMdYGOOM
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we(x,0) =wl(x), w(x0) =w?(x),
lpt(x) 0) = lpl(x): l/)(x, 0) = lpz(x)’ (12)

Wt(oi t) = Wt(ll t) = 0) l/)t(ol t) = lpt(lﬂ t) = 01
0<x<1 0<t<T.

Bodogdgwo w(x, t) s P(x,t) gmbJ30900 dgeol 8wgs bsbol 46030 FoobGs s gobogs-
3900 dHMBZ0MO o3OS, JJUsdsdobs. (1.2)-do wh, P! dmEgdmeo 5mbdsoq-

009, 535D,

wi(x), Yi(x) e wHti(,1), 1=1,2. (1.3)
(1.1)-8o
ab,c,d>0, cd—a>0, (1.4)
Lo
_ AlA _ Al? _ Al? d= %

a = c =

o't T CTEy ()
E 560b 09960l dm@yero, G d360L dm@eos, A 35603339000 Boeromnmdos, [ = 1 dgerol
Loa®dgs, I; dgErol dobsbol 39Mm39b03MWsmHIro MgMdol 8odsto gsbogzzqgmob
0b9M300L ImI963H 09, I, — 25603339000L Moo dmgbGHo s A — dgeol dmemgdols
Q9M3gds.

(1.5) bLyxxdz9BY 3513360, M (1.4)-0b FgmOg 306HMdS [o®IMYIbL dmbgdcmog

dmbMm3zbsl Mbgwo BmBogMow 993930 dgeolsmzol, 306506 gl odmbobryangds
A< IEG 300M00L 933035 96¢MM0s.

(1.1) LobEBgdsdo sGMfOR030 F9300L 9399209008 IO F00MIdS GH0IMIGHIMUL
(Timoshenko) @o0bs803MM0 dgerol §Oxoz0 LobEgds [71], MHMIwobmzol sdmbsblbols
5MLYIMOS 2odm 33 gMeos 30dobs (Kim) o M9gbstol (Renardy) dog® [40]. 53 Lobidg-
dolm3z0lL s Jobo BMPOIOMNO FobEBMYSEIOOLIZ0L A5TM 33 IS MoEbgzomo dgom-
900l ™30L90900.

2. LoliBgdols oyz965 300390 Mool AobEMEgdsms LoliGgdsby. asbgzobowmm gmbiso-
900

u(x,t), v(x,t), f(x,0, it), Pp&,t), (2.1)
39S IOl 30603900 MmO Hso Gmbd3095. Fo0 5J3L F98gy0 Loby

u=wy, v=wy, f=1 ® =Py (2.2)
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(1.1)-0bs s (2.2)-0b 259my9bgdol d99a9 3000905 35bGHMEgdsms LobGHYds (2.1) gwb-
J30900L 803600

1
U = cd—a+bfv2dx v, — cdo,
0

Ve = Uy, fr=CPx— Czd(l/) -v), (23)

Ot =fo Ye=1,
0<x<l1 0<t<T.

39353bm0 gl LobGGds Lafyolio s LElsDBYZOHM 30HMdIdOM

u(x,0) =wh(x), v(x,0)=wi(x), f(x,0) =y (),

u(0,t) =u(1,t) =0, f(0,t) =f(1,t) =0,
0<x<1 0<t<T.

506050, (1.1), (1.2) 59m3s6ol bosgars@ Fomgdmeos Lofyob-bobabwgmm (2.3),
(2.4) 580(39695. J390mm gobgz0bosgzm 58 5dMEsboL STMbLBOL by30mbU.

Bsfogmo II. sggmGomdo

3. LsbGme gegdgbBms 99mmo. dm3zsbobmm (2.3), (2.4) s9mEsbol obzMgEobgds
LO3OEMWO (3350l F0TMM, HOLEMZ0VBE BdM309gbmo LOlGYIE gEgdgbEHMs gmm-
QO.

©531835m, [0,1] 06390350 ©IBIOHYE0s dsom h = 1/N dox0m. ymzgw X; =
th, i=0,1,..,N, 3356db 9939915050 d>BOLKYOO BwbJ305

X — X'_l
) — Xitq1 — X
whl(x) - %' X E (x“ xi+1) ,
0, x & (Xi—1, Xiy1),
i=12,..,N—1,
X1 —X X —XN-1
, X € (xg, x1), ——, X €(xy_1, Xn),
h h
wpo(x) = wpy(x) =
0, x & (X0, X1), 0, x & (Xy-1, Xn)-

(, )-00 sl - [l-0m 50360860 Lzsws® Mo BsdGmsgeo s bm@ds L?(0,1) Logmsgdo,
d9L50530b5. (2.3), (2.4) 58M3560L dosbErMgd0MO 5TMBIbLBO 39dgdmm Jgdgyo Lobom
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N-1 N

(60 = ) w® o valnt) = )y o,

i=1 j=1

No1 N (3.1)
L&D =) O on068) = ) g0y, Bant) =
i=1 j=0

N
Y;(t) wpj.
j=0
(3.1)-80 890s35¢00 53bJz0gd0
u(t), vi(t), fit), @), ;) (3.2)
i=12,..,N—-1, j=0,1,..,N,

3960LB3MGOs 39 9dM03 OBRIMI6E05IM A3BEHMEGdsMs T8 Yo LolEgdoom

1

(upp, wp)) = | cd—a+b f vE dx | vpe — cdop, wp; |,
0 (3.3)
(Ve 0nj) = (Unys 1), (frer @n) = (CPpx — 2dWn — V4), Wpy),
(oner ;) = (o wnj)r (Wneonj) = (for @nj)s
0<t<T,
5 bofiyolo 306HMd9d0m
w(0) = wh(x), v;(0) =wi(x), £i(0) =9 (xp), 3.4)
@;(0) =vi(x;), ;0 = ¢2(x)).
(3.3) > (34)-80i=1,2,..,N—1, j=0,1,..,N.
390m300m0 M599b0dg 50b0d3zbs. A, @ pp,
N-1 N
) = ) hOow, @O =) 1O (35)
i=1 j=0
LSbOL 9369 3090L 939L505FM™ 39JGMMYdO
n(®) = (0,220, o, -1 (©), a () = (ko (), 1 (8), ..., un (D). (3.6)

5d @5 J398mm 1393H0-39dEH™M0 Mmoo LEGHMoJMbol Lobom E®MmIBLEMboMYdOL LOTdME ML

24569389. 0830000 39000b3939330 399BHMMOL FHEBL3MBOMGOL 50360365300 ’ LoddMEM-

00. 03039 LoddMEML 259M309gbgdm JoBHMOEOL BHMIBL3MboMYdOL 50bodzbols dobboo.
sbens (3.3), (3.4) bLobiEgds FgodEgds oS0HIOHML oBHMOYICo Labom

M du;t(t) — (Cd —a+ bhvh(t)’th(t))th(t) — CdL(Ph(t), (373)
don()
K—— = Qw0 (3.7b)
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dfn(t)

M——= = cQ@n(t) = c*dL(Yn(6) = va(®)), (3.70)
d

k22O _of, (3.7d)
d

K w;t(t) = —L'f,(0), (3.7¢)

M39wmsm30L 0 <t < T, s bsfyobo 3o6Hmdgdom
up(0) =w', v,(0) =ws, fr(0) =9,
¢n(0) = ¥z, Pp(0) =92
(3.7)-80 K, L, M @5 Q, 99Lsdsdobs@, (N+1) X (N+1), (N—1)x(N+1), (N—-1) X

(3.8)

(N—=1) s (N —1) X (N + 1) Goaob 995900920 Labol do@HMo3gdos

2 1
/14 0

1 1] \I
K= E ((whil whi))OSi,jSN = gl i’ (393)
ko 4 1 /
1 2
/1 4 1 0
L =+ ((wno @) _— | | (39b)
h hhi) ) ocisn-1, o< jsN 6 '
\O 1 4 1
4 1
1 111 0 \
M= (@man),,, ., = ak 1 ) (359
0 1 4
/—1 0 1 0
h hie h ) ) cien-1,0< j<n th ' _ ) '
0 -1 0 1
(3.8)-80
Wl = (Wl(xl)fwl(xz)’ ---’Wl(xN—l))' WQZC = (WJ?(XO)'W)% (xl)' ""WQ?(XN));
Y= (P 0o P (), o ¥ (n-2)), L=1,2, (3.10)

lpi’ = (11[}9% (xo), 11[)93 (xl)l L) lp)% (xN))'
(3.7)-0bd s (3.8)-0l goms 3330MIYds LOLEZHYIOL MBOM dmIeng Bsbsfgemo. dbgwag-
3580 33593L 999920 296E™MeEgds

dyn(t)
dt

A = (B + C(v4()) 7 (0), (3.11)
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0<t<T,

5 Bsfigolo 306H™MdS
Yr(0) = g (3.12)
5 3990ggbgdrros 39BHmMgdo
Yr(®) = (up(t), v (0), f(t), @ (), Pr(1)), (3.13a)
gn = Whwi, 97, 9?), (3.13b)
Q5 99bMm9g 0oL B M 3OO F5BHMO(3900
M
I/ 2K 0 \I
A= M l, (3.14a)
l\ 0 2K /l
2K
0 (cd —a)Q 0 —cdL 0
I/ —20' 0 0 0 0 \I
B =i 0 c2dL 0 cQ  —c?dL i (3.14b)
\ 0 0 —20' 0 0 /
0 0 2L 0 0
0Q .. .0
C(v) = bhv'Kv 00 ... 0 , VERN (3.14¢)
00 ...0

(3.13)-8o y,(t) ©s gn 399dBH™Md0 890353L LEbOWME 9egdgb@osbo (3.11), (3.12) Lobdg-
ol 53mboblibgdl 0 <t < T s t = 0-8o, Tgbododobo. (3.14)-do 0-9d0 FoMdmoyqbl

35O ZNMbS bermgzsb Fo@®m0Eg0L, HMIgEms M0gd0 356oLIBMZMYdS d90gy0 fgloo:
35¢®0o3ob BEGHMOJMbgdoL (L39EJOOL) MOMmPIbMds N — 1-05, M) FoGHM®OE0 IEJOSMYMDOL
d9L50530L0 dEMINOO FoBHMOEOL 30039 56 dglsdg LGModmbdo (bgg@do), s N + 1-ob
fobssmdgy 99dmbggzsdo.

4. Ubgsmdosbo Ldgds. s359mm (3.7), (3.8) 9dmEobol dosbgomgdomo 5dmbsblbo. [0, T]
063 96M350Bg 990m300Mmm d59 T = % doxom, 0 <7 <1, s t, =nt 3356d9%0m. N6
36999, 9. 0. t = t,-m30U, (3.6) 39JB™MJO0L Josbermgdomo 360d3z69wmdgd0 s©036036Mmm
A-o» @5 pp-om, n=0,1,..,P. 3580m3049bm» 3M963-603melmbols (Crank-Nicolson)
&030b bLodgB®mowo bdgds
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T
MQuh — ™) = 2 (2(cd — @) + bh(WR) Ko} + (i) Kvi ™) )Qh + v ™)

R ) (4.1a)
2K(wi —vp™") = —1Q" (up + up™h), (4.1b)
M- = S0t + ot - Sl - -, (19
2K(pn —@h ) =—1Q'(fr +fa ), (4.1d)
2K — 9 ") = —tL(fr + f77D), (4.1€)

n=1,12,..,P, bs{yolbo 3o06Hmdgd0m
up=wl, vy =wi fi=9L @p=v9, P,=y> (4.2)

d90m300m0m 39dGH™O0

Y = Uk, i, fr, @k Wh)- (4.3)

(4.3), (3.14) s (3.13b) BMOIMEgdOL A5dMYgbgdol d9wgas (4.1) LoLEgds A9s0HgMYOS

390090 Loboom
n _ .,n—1 1 1
A rm (B o (cop + C(vﬁ‘ﬂ)) W+, (4.4)
T 2 2
boeom (4.2) 89996506050

yi = gn. (4.5)

5. 0®9mo3oeo 3Mm3glo. asbzobowmm (4.4), (4.5) 59mEsbol 53mbLBOL Lszombo.
3004350, 353MMNZls 35FoMAMGBM BH0ED FHgBY 3503 oL, v Y~ w339 3bmdo-
@005, 35806 5dm356s ©50y3569ds (4.4)-sb Yi-0L Bmdgdbsbyg. sdolomgzol dsdmz0g4gbmo
3035600 (Picard) ¢o3ol o@geoiomewo 36HmEglo

T 1
= a4 (B3 (O ) R Y, )
m=12,...5
v = (o R o ™) (5.2)

560 yi, m=0,1,...,39BHMO0L M-9960 0GHIHE0Mwo BosbE™mgds, SIsLmsb, uy™,

e RNTL @)™ ™ € RNTL 080Lsmgol, Gm8 030 935M0@mm 8608369 bolos-
0l EIGHGd00 gsdmFgge Lodbgmggdls, ©svdzsm, HMA YR~ Boados olgoo
LOoBMLEGHO0M, GMI JgbodEgdgE0s Fglsdsdobo (3MI0EGIOL WY GdJEYMABS. 3493~
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350 51939, @3 YR 259m0ggbgds 0@gHSEo0L LYol Bosbarmgds® d9BmdgE N e
d69D9. 5960y, 3039 olbbImm, M3

i =yt (5.3)

Bsfogro II1. sepam@omdol 3emdoggds

6. ©53bTsMy YO gdIB0

6.1. MAMEMdgdo K, M ©s5 Q 353©03g00b;m3z0l. 990m3000m0 39dEMMgdobomgol gows-
Mo Bsdmsgwo s bmMds. 3004350, 4 o 1 9OHPBI0MO FobBMI0EgdoL 39dBHMMGd0S,
G3geoms [-m60 3m33mbgbGHgd0s A; o py. 85906 Lo s BsdMmsgwos

A wn = hz: A,
1
beem 6m63s gobolisDw3z®mgds gmMINmwom

121ln = (& 25,
09 W Lodg@Mmomwo ©sEg00ms© dobLsBO3OMWo FoBHMoiEss, MHMIwol Moyo
d99L5050995 A 399 BHMMOL A56DMB0gdLs, J5d0b 9bgMAIE03 M0 BM®mBs BHrmeos

IAllwn = (W4, /1)% :
3936006, M3 39JAHMOOL 256DMB0gds 56 50Lobgds B3sErsMMWo bsdGmsgerols
5 B®dol 5©0bodzb9d%by.
399m30ygbmm K, M @5 Q 9s¢®03gdol (3.9a), (3.9¢c) s (3.9d) s0bodzbgdo o
396 3amM0bol (Gershgorin)-ob mgm©9ds [31]. 900950 x9M 30300900
6722l < Al < WA, A€ RV, (6.12)
37202l < IAllwn < A0, A€RVL (6.1b)

09039 80amdom, QQ" B5GHM0o30L 253mygbadols 890935, 39535690

1
lell, < B (6.1¢c)

6.2. MAMEMdgd0 A, B ©5 C d¢grm3nMo ds@EmoEgoolbmgol. xg6 ©o3593303mo A ©s B

35@®M0(390056 053530060900 MBHMEMDIGBO.

@wgds 6.1. 3560005 0565535(M™dGd0
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Al <2, IA7H L <3, (6.2a)

IBlln <7, (6.2b)
bS53
1
Yy = maxz(yq,¥2,¥3) (6.3)
@9
(cd —a)? 5cd 1
y, = 2c*d? + 2 + en (c’+cd—a), y,=4 (1 + ﬁ)

2

c 5cd
Y3 = c?d? +ﬁ+a(2c2 +cd — a).

©533303905. 299m3094gbmm (6.1a), (6.1b) WAHMWMDdIO0 ©s IMTMMH0boL
(Gershgorin) ogm©9ds, 2530blgbmo slig3g 3930060 FoGMoEoLS s dolo 9dMHbgdwo
9530 30L L3OO HOEH39OL FMEMOUL. J9YYS© J03009d0

IKIlh <1, [IMI,<1, K Hn<6, IM7H,<3.
0¥) 250Mm30949bgdm 53 MGHMEMdJOL (3.14a)-do, d03009d» (6.2a)-U. (6.2b)-I Jobomgds
5333060905 dewm3mGo B'B = (Bif)1si,jssa°©6060' Y9 2590m30949bgd0 (3.14b)-l, do-
3000900 99909 50969 M356 denm3gdL

Bi1 =4QQ', By, =(cd—a)*Q'Q +c*d*L'L, B33 =4(QQ"+LL),
By, = c2d?L'L + c2Q'Q, Bss = c2d?L'L,

Bys = By, = ¢3dL'Q — cd(cd — a)Q'L, B,s = Bi, = —c*d?L'L, (64)
Bys = BL, = —c3dQ'L.
gbMowo 1
©053Mbseo
sBHM03gd0 600
3053560 306390 dgmég
36LL N-1 18,18, ...,18 88, ...,8 L1, ...l
36L'L N+1 |1,17,18,18,...,18,17,1 | 4,8,8,...,8,4 | 1,1,....1
4h2QQ’ N-1 2,2,...,2 1,-1, ..., -1
4h?Q'Q N+1 1,1,2,2,...,2,1,1 -1,-1,...,-1
12hL'Q = 12h(Q'L)’ | N+1 -1,-1,0,0,...,0,1,1 R JIeN) bgoo
0,4,4,...,4 L1,..,1
J30®> 30>
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‘ ‘ 4,4, ... .-40|-1,-1,..., -1

3936006mm, ™I (6.4)-0b GHMEoMdGOOL FoGrx39bs FboGgdo 259663 gd0l F9IRS©

9009090 4390 J5GHMOEO0 3390MGMI0s. 8990099, 33F0MYdS M58g60dg goblisb-
©30JBs. 30J35,, J3gIN0d 335ROOYOYO F5GHM0E0. Job ymggwr gergdgbdL 893y
L5dSAM® BEBHMOJMboL b Mo i s 13gEHOL bmdgemo j. 9egd9gbEHJOOL GHMBELOMBSL, It~
39msmgobog |i — jl =k, k > 0, 3995m@mm k-996H0 ©00ambseno. osgmbseml gfimmgds
9390095, 099 I > J @5 D99, 09) I < j. 0535600 ©0sgmbscrol 4398 g39bdol 9ergdgb@gdol
9ONMIWOMdS, MHMBYEMOMNZ0VBs3 I = j. 303 olbIMm, HMI O0sRMbBg 9e9d9bd)g-
00 256053190)0s © s j 06E9gugdol BOIEMdOL Jobyz00. OSYMBIWL o356~
93950 699ermgzs60 osmboero, o ols 903536 FbmmE b9 gdl s SMBMEmgsbo —
$obsomdgy d9dmbgggzsdo.

099 gbMowo 1-do 459m309ygbgdm (3.9b)-bs s (3.9d)-b, F03009000 IBHI0EJOOL-
30U LsFoMm FoBHM03990L Fglodsdol GOl s 5M9BMEM356 OsYMbIEgdL. Fo@M0Ed0
Dom0mpqboos 3586531 9gdmsb ghmo.

306500056

IBIlr = vs (6.5)
BOQSG Vi 9M0L B 853M030L d5du0dscw&o Lobymas®eo MHobgzo, 3GMdEgds I0Y3s-

6905 y.-0b 89535L905BY. (6.4) BHMEPMdJOOUL, 3BGOWO 1-0bs s 9OTMGOL6OL (Gershgorin)
09mMgdol 3539mygbgd0l Iggas 30HdMbgdom, Gmd BB’ 35@G®mo3ol mommguyen
LEHOOJMbL 3034535000 M)EHMEMDdITQY V.-330L (0b. 3bGowo 2).

3HM0o 2-0b5 s (6.5), (6.3) BHmEmdgdoL 35dmygbgdom 309dmEmdo (6.2b).

@3> ©IHI0EIOLOo.
gbMowo 2
33190
UEOogmbols GHMEMIJOO
bemdgho

(cd —a)? c*d?

cd —a 3c cd(cd — a c
(cd )? *d?  5cd(cd ) 5c3d
2 > < + + +

2 2
Y+ 212 2 6h 6h
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2 2
3 yf—ﬁ—2|sﬁ+2
. , ckd*  c? - 5c¢3d N 5cd(cd — a) N c?d? N c?
Ve T T T 2Rz = T3 6h 2 " on?
s 5 c*d? - 3c*d? N 5c¢3d
N 6h

B39b6 ©333060gds C FoBHMooL 999ga0 m30L9ds.
@wgds 6.2. 356007005 MEHMEMDS
b
IC@DY: — €)Yl < 5 ((loiln + vzl )Y = Yol

+ (”vlllK,h + ||772||K,h)(||V1||h + V2l )y — 3’2||h)' (6.6)

boQS3
i =@, fou), Y=LV, F,@,%), w,ULf,F € RN1,
vl,Vl,(pl,ch,llJl,qu € RN+1, l = 1,2

©5983303905.(3.14c), (6.1c) s (6.1a)-0b 0sb6sbAs,

IC(v)Y, — C(v)Yzllp = b||||v1||12<,hQV1 - ||V2||12<,hQV2”h

b
2

1
D el = V) + (10111 = 192 13,)QVir1)
i=0

h

1
b
< ﬁZ(”le”IZ(,h”Vl = Volln + (Ivelln + w2l p)llvs = vallallVigalln). (6.7)
i=0
099 (6.7)-80 3459m30996900 )EHMEMdJOL
Vi = Valln < IY2 = Yalln, lvs = valln < llys = yalln,
d030090m (6.6)-b.

93> ©IHI0EIVILOo.

7. LbEOME 9egdgbBms dgomol LoBMLEHY

7.1. 3omBogdols gsblisB3zMgds s 4s6EHMEgds 3mdomgdolmgol. 30d3sm, A(x, t) o
u(x, t) ool [0,1] X [0, T]-Bg gobLbobeg®wmo gwbd3ogdo s 306390 53 gwbdzogd0-
b 53059mBogdL LolsDP3OM 306HMIYOL

A(0,t) = A(1,t) = 0.
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39630bowmm 394GHmEMgd0

A(t) = (A‘(xll t); A(xZ' t); ey ){'(xN—ll t))r
I’l(t) = (,Ll(xo, t); :u(xl' t); ey .u(xN' t))
(2.1) 3969309d0L5 o (7.1) gobloBzMgdgdolL LEFLYSEgdom F9dm30MM™M 39JEHMGOO
y(6) = (u(®), v(0), £ (1), (), P(1)). (7.2)
50 96LsBOZMIVOEID A50MIObIGYIMBL, ™A Y(t) 39dE™mOo FgoiegL (2.3), (2.4)

(7.1)

59m3560L BMULEO 53MbsbLBOL 3603369c0MdGBL [0,1] 06 MZeoL X; 3356d9d30.
Lol gargdgbGms 99mmEol 3MA0Egdsl 2o63LsBOZMIZm MMM (7.2)
(3.13a) 399BH™M9d0L Lbgsmdls
2, (t) = y(©) = yn(1). (7.3)
Zp-030L 9bEGHMgdoLs s Lsafigolo 360d369wMdoL Folormgds, (3.11) 4obEGHMgdLS o
(3.12) 306>0d530 BogLzom Y (1) = ¥(t) — zp(t) GHMEMds s 3bYZ3gEMdsd0 F0300MM
(2.4), (3.13b) oo (3.10). 9909y F00Mgds RbEHMEgds

4 dzgt( 2= bz + (c@®)y© = cr®)yn®) + 6,0, (7.4)
0<t<T,
L5Ggobo 30GMdO
z,(0) =0, (7.5)

boog Ox(t) LoLOWMe gegdgbGoms (3.11) LoLEYIoL 53GMMJLoTs300L  (3M0EGdSS,
beem 0 - 59 s §399mm dgLsdsdobo gobBmdowgdol bmeo-39d@EmMos. s3MMmdlodsgool

30M30gdolm30L 33543V
d
0, (t) = A% = (B +c(v®)) ¥, (7.6)
0<t<T,
o
0,(0) =0. (7.7)

B39bL F0BobL Fo®mBmowaqbl z,(t)-ol FgxzgoLgds. sdolmzgol bs godmzoygzsbmm
59096039 MEHMEWMdY.

7.2. 5360mOHveo G9x8oU90900. dqLsg3elgdge0s (7.2)-do 8905350 V(t) 39JBH™OOL bmn®ds.
5dobomgol 89dmz00mm s; LOOEY, HMIJOE IM30IOME0s bYHYoL 73mbd3090DY
(2.4) 306006 o V(X, t) §Mb9305%Y (2.1)-56. ©s3)az5m,

v(x, t) € CPO([0,1] x [0, T]), (7.8)
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oo p = 196 p = 2. 3ogdgom,

So=7+ G(nwl(x)nz + cdllw? () = ()12

1
2

1 1
+ 55 (@ = bllwz COlI* + — Y  (OlI* + II¢§(X)II2> +hPawp,  (7.9)

LSS
5
gmoml, p=1,
w, = (7.10)
| 1 1,
L—(mo(m1 +my) +—m1), p=2
3 2
9
olv(x,t)

m; = max max , 1=01,2.

0<x<1 0<t<T

dx!

99600365 1. (7.9)-L FoGx3965 TbsGOL dmm 9300 Mogob 306y, Gmas h — 0
Q9, 3505L50539,

2
So= 7+ (;(nwl(x)nz +ed w2 () — P11

1
2

1 2 2y2 1 1 2 2 2
+ 52 (@ = bW + < 1 O + 92Ol ))

3935939bm0o v(t) 399GHMOOL bm®Is.

@gds 7.1. 356H3090MW05 MBHMEMS

lv(Oll%n < sos (7.11)
0<t<T.

©533303905. (2.3)-0L 356GHMgd3500 135 SOHIWHE 4535FMOZMD
1
utnt),  cdv(xt), —f(0), @b, cdp(xo),
53b6d3090D9 99L50580L5 S F93300dM™ F0PJIMWO FodMbobIgd9d0. (2.2)-(2.4)-5b
BMQ09M0 BHMMdOL 459mygbgd0m 33MEMd”

(vx’u) = —(U, ux)) (Ux,U) = —(U, ux) = —(U, vt)u
((p' u) = (lpx'u) = _(l/)' ux) = —(1/1, vt)' (712)
(0. ) ==, f), ,f) =)
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(7.12)-0b 59m 339969d

de(t)
dt

0,
Lo

e(t) = % + <(||u(x, DI + cdllv(x, ) — P (x, DI

1
2

1 1
o5 (@=bllvC, O + = 1If (x, Ol + lleC, t)||2)> - (713)
9595b5dY,
e(t) = e(0). (7.14)
(7.13)-09b, (7.14)-056 o (2.4)-8o Lofyobo 30M™d7d0L Ibgz9wmdsdo domgdol 99©g-

390, 33M)MI”

1

fvz(x, t)dx S% + (%(Ilwl(X)II2 + cd|lwi (x) — 2 (x)||?
0

1 1
+ 55 (@ = bllwz (Ol + — Y  (OII” + IIIP%(x)IIZ) - (7.15)

(7.1)-0bd s (3.92)-0b Mbsbs,

1
vl = Zh| (2000, 8) + 000, 0)v(xo, )
+ D Wi ) + 4000, 0) + v (xis, DIVCE, )

+ (v(xy_1, ) + 2v(xy, ) v(xn, t) |. (7.16)

(7.16)-005b6 459m30bs6MgMdL
N-1
2 1 2 2 1 2 1
I @Oln = h{502C0, ) + ) v 0 0) + 5020w ) | + < h | ho(Eo, Ve, )
i=1
N-1

1 Z(apv(fi;t) 0Pv(n;, t)
+

Zpp
ok oxP dxP

> >v(xl-, t) + hv,(ny, Hv(xy, t)), (7.17)

i=1

boog & € [x,xi41), 1=0,1,...,N—=1, n; € [x;_1,%;], i =1,2, ..., N.®ogbgomo 06¢93-
6900l BHM53930900L BGMOIMeol [14] Loggwydzguby g3543L
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X 1 - 1
fvz(x, t)dx =h Evz(xo, t) + Z v2(x;,t) + Evz(xN, t) |+, (7.18)

0 i=1
Bo53 7 b53momo j9360s. p =1 s p = 2 LEYIEYdS YIGHMEMdJO0

Iy | < ihorg?sxl |(v2(x, t))x| s || < 11—2h2 max |(v2(x, t))xx| [21].

099 35930996900 (7.18) GHMermdsL, (7.15) s (7.17) godmbob)engdgdmsb ghmse, s d9-
35L6OMEGOM 25633999 5FMM3EgdL, 3030093 (7.11) TgxzoLgdsL.

@935 ©IHIOEIOYL0.

39900992, B396 3330M@gds Lol gangdgb@ms (3.7) bobEGgdsdo 8gdsgswo vy (t)
39JA™M0L  bmGm3ol  Fgxslgds.  sdolomzol  dgdmzowmo  s; LoEOY,  MHMIYEO3
3960L5BM3MYds (3.8) Lofgol 30HMBYdTo dMbsfowrg 399dEMMYOOL LodrsEgdom

1

a 2 1 2 1
s1=5+ ((z W2 + cdllw? = 211 p + 5 (a = bW )"+~ 1913, + ||¢§||%<,h))

1

6\2
+(3) cariigz—ow?l. (719

99600365 2. (3.5) s (3.6) Lubol BMbBI30gd0LS s 39dBHMMIIOLMZOL SAOWO 593l
GmdL Al = |Anllmn luell = [inllkp. 3950m3099bmm gl ao0mbsbmegdgdo (1.3),
(3.4) s (3.9b), (3.9d) BMOTMGINB JOMI©. oMo 5dols, Ibg39wMdsdo Jog30MMmm
wp,; B0bJ30900L, j =0,1,...,N, 8553604bodgdgo m30L9d9d0 [45]. dgEgas© do3@o-
39500 1336597, M™A (7.19)-0l Fobrx39b6s ABIMOL dmerm FglozMgdo Msa0b 3069,
MOmEs h = 0 o

2 1
Sy — %+ (E(llwl(x)llz + cdllwi () = $?@I? + o (a = blIwZ () 11%)? +

1

2

1
+= YOI + II¢§(x)II2> : (7.20)

w9gds 7.2. 56BYdmdL (3.7), (3.8) 59m3560L 59mbsblibo s FoMmmgdme0s YEHMEMds

lvaOllicn < 51, (7.21)
0<t<T.

88



©5983303905. (3.7) 3563™mgd900 L3O IEs©  39359M53wMmm, TgLodsdobo,
uy(t), cdvp(t), %fh (1), @x (1), cdpp (t)-Bg 5 893300dMmm J0MdO godmbobmEgdgdo.
3033090 32OE27IbO0b FIRISE 3RIOY™dN
1d 2 2 1 2 2 2
=== (IO + v + < W n (O + 19n (O + cdllbn (1)

= (—a + b”vh(t)”12<,h)(th(t)’uh(t))h

+ed ((Loa()), fu(®), - Lon®O,un(®),).  (7:22)
(7.22)-80 g610053§3b650 1350060 b53M3egd0. (3.7b)-0bs o (3.7e)-0b dsgroom,

d 1d
(@010, = (44, Q0:0), = - (00O, K 22 == LIl
(7.23)
d
(Lon(®), fr®), = (Wa ), L'fr(®), = (vh(t).K lp;t(t)> :
h
(Lon (), un(t)) , 09805300l 26 JaBoLIMZ0L WRZFOOIDS BMOT S
LK~1Q' = —QK~'L. (7.24)

©5359()3030M0 gl BMEOT)MS.

(3.9a), (3.9b)-96 g58MmF0bIOMYMBL, MMT L 5GHM030 3000905 K 35360300056 306)-
390 ©5 3™ bEO0JMbOL SFMIWom. 530l 35 s KK ™1 = I Bmwwmdols dseom, G-
89Bog I 0g03Mm0 BoGHM0E0s, 39133600, ™ LK1 560 (N — 1) X (N + 1) g56%mdo-
0oL 99990 Lobol JoGMoio

01 0 0
LK™ = . (7.25)
0 01 0

sbaws, o) LK™ 85@6ogb 856%360@06 39358603 gdm Q'-bg, bowem KL =
(LK™1)" 85¢0035L 8563bb0sb 3535905300980 Q-Bg, 85306 (3.9d)-0bs @s (7.24)-0b Lsdsy-
59000 80300930 (7.24)-b.

09 (7.24)-b 35030996900 (3.7d)-096 9 (3.7€)-b godmdobstrg Emermdgddo

d t p .
L <P;t( ) LK f (D), Q‘/’d+() QKL
5 999m300090m 50b0dzbsl
4h() = Lon(®) ~ Qn(), (7.26)
8080Q060)
d¢n(t)
T 0.
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59605,
¢n () = ¢,(0), (7.27)
0<t<T.
(7.26), (7.27) > (3.7b) 3mEdmwgdol Lsgwdggeny
(Lon(t) = r(0), un (1)), = (QPr(®), un(®)),

d
=(wh(o,o'uh(t))h=—(¢h<t),1< ”;f”) . (7.28)
h

29350653 (7.22) go8cbsbmangds (3c?d?) 1% s dbgozggemdsdo dogoomo (7.23),
(7.28), 5309m39, K 353M0o0L LodgE®morenmds. 33946900

dej(t) _
dt

2
- 3cd ((h(o)ruh(t))h;
Lo

11 2 2 1 2 )2
en(®) = 35— (Iun@1 + cdllvn® = Ol + 57 (@ = bvA®IE0)

1 , L2
+2 (@l + lon(OlEn) - (7:29)

1
b GHEMds s (6.1b)-56 godmdobstyg luy, (t) [y < 3z2||luy (E) [l n MEGHM@MdS 335993l
t

e2(t) < €2(0) + 2115, (O f en() dr . (7.30)
0

399m30996mm  gMmbymerols  (Gronwall) 9EHmeE®dol  do3sMoby  (Bihari) o
sbp963mgzol (Langenhopf) gobbmeoegds [8]. godgzsm, p(t) : [0,00) = [0,00) Mfyz9¢0
B06J30%0 ©o @ : (0,0) = (0,90) 56539050 fig39H0 BDI30ss. 3T, LEY-
Q905 MBHMWMdS

t

p(t) <co+ J w(p(r))dr, 0<t< oo,
0

BOSG Co VIVYOOMO 3d0305, 35d0b b7doLTOgMO IEIdOoMO Ly MHoibzobmzol, G-
3903 b33e09d05 Q(0)-bg, LOEgds p(t) < Q71 (Qy) < 0, 0 <t < Q. 5

t
aw = 2 s
CJw@ T “o-

Co

259m30996mm 9L 990 (7.30)-30. 09 53718390, O™ p(t) = ef (b), ¢y = ef(0),
w(@) =208,V Qo =T,
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90300090m
en(t) < ep(0) + Tl[¢n(O)ln, 0<t<T. (7.31)
(7.31)-0bs s (7.29)-0b dsewom,

on@ e < 5+ (2) cden(® <5+ () cales® +TILOND. (732

(7.29), (7.26) s (3.8), (7.19)-0L (7.32)-30 BsLBol 9990 J00gds 9x35L9ds (7.21).
@930l 3063900 ©JOIMEGds 45MIOBIMIMIL 08 BoJBH0WB, BMd u,(t), v, (t),
fr(@®), @), Pr(t) 3933™O5d0L 6mOHGO0 5650M0@ F9ambsBOZMME0s h-0b F0ISO.

50580 OMA 30§36 Im, Lo3doMOLOos dodmz0g4gbmom (7.31), (7.29), (7.26) s (7.20).

905 ©93330(390900.

7.3. LG 9eg396Ems 9gommEol gmdomgdols 9ggsligds. s gobgobowsgm (7.2) goom-
90¢g0l. 390Mm300M0 50bodgbos

/1 1\? b
a1=3<y+<50+65<s§+sf> +51>ﬁ>- (7.33)

09gmmgdds 7.1. ©5373350, O0T 50Q0w0 5943L (7.8) 30MMdL. 35906 MMl 0bEge-
3ol t, 3356d00 LolB¥ME gEgdgbEHms 890MEOL 3EMINEGIOLIMZ0L FoMGOIIWOS
39935900
Izl < €1 max 18,0l (7.3
boQS3
C, = 3ty exp(t,ay), n=12..P. (7.35)
396Jdm@, 0079 (2.1) 53mbd 30900 53059MmB09d96 306HMBL
u(x, t),v(x, t), f(x,t), p(x,t) € C*([0,1] x [0,T]),

Y(©)eC™1([0,1] x [0,T]), (7.36)

35306
|z, (E) R < c1h, (7.37)

boo3
¢1 = (0140, + 05 +04 + 05)Cy. (7.38)

59 399ty9gb9d0s 50bodzbgdo
1 1

01 = Emu,zo + §mu,11'

1 2 1 5
02 =5 (cd —a+ bsg)m, 40 + 3 Mw11 + 3 (Czd + Ebmv,oomv,m) My,10,
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1 1 1 1 1

03 = Emf‘zo + §mf‘11 + §mf‘10, 0-4_ = Ecm(p’zo + §m(p‘11 + §Cdm(p,10,
2 1
Og = §m¢’11 + §c2dm¢’10,
oI A(x, t)

, x€[0,1], te[O0,T].

‘mMj = m;:lX mE:IX

dxiot)

©3533303905. (7.4) 39b@MgdoLs s (7.5) Lsfigolbo 306HMBYOOL AsdmYgbgdol dgw9-

39 30JOILOMOD

t

Azy () = f (Bza(@) + (C(v(@)y@) = C(vn()yn(D)) + 8,(1)) dr.  (7.39)

0
(6.6), (7.11), (7.21), (6.1a) s (7.3) ZMEOIMEgd0L MsbsHTs>,

[c(@®)y®) = C(va(®)y. D],
b
< o (W@ + oa Ol 1)

+ (lv®lln + 1Ol ) Al + Ilvh(t)llh)IIZn(t)Ilh)

b 1/ 1 1\?
< ﬁ(so +62 <sg + 512> + 51> Iza(®llp.  (7.40)

59 0565x85M©MB0UL, (6.2)-0U, (7.33)-0s s (7. 39)-0b godm,

t
1zn (Ol < f (@ l1za@lln + 318D ll)d.
0

3Ombmmeols (Gronwall) MEmeEmdobs s (7.35)-0b 4s9mygbgdol dgwgas 35u3360m,
™3 LOWEYdS F9RoLgds (7.34).

sbes 89390990 (7.37) 99G™emdol 9@ 303909L. 890m300mo M5d9body smbod-
365. ©537935m, A(x) o p(x) 6ol [0,1] 06FgM35¢Bg 25BLEBEOZHMO 15305MOLSQ
@030 30bJ0g00, 1(0) = A(1) = 0 ©s, 3g3o0,

d'A(x) d'pu(x)

W W ) X € [0,1], l= 0, 1,2

mM = man ) m”’l

= max
A(x) o u(x) 81969430900l s Bomo Fo®mdmgdegdols 60d369cmdgd0 x; = ih 335639030
503608bmm A; = A(x;), pu; = p(x;) ©d A; = A (x;), pi = p'(x;). 999m300m0m 39JEHMG9d0
A= (A4, 42, ., Ano1) @5 = (Uo, fh1) - in)-

(3.9) 29b6L5DP3MIOYOOLS s BHYJoMEOOL (300350 49Ol RBMOIMOl Logwd-

390D 30300900
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1 1
K” = (E#O' Uq, '"uuN—liz.uN) + &g, LM = (:ul' Uz, "".uN—l) + L)

MA = (A, A, o, An_1) + &, Q= (Ug, 3, s Un—1) + &g,
1 ! ! ! 1 !
Q’A = _(E 0 A1y ey N_l,EAN) +£Q'
1 1
L,), = (Elo,ll, ""AN—I’EAN> + gL”

1

ol ne = | [ 12G) x| s vy -2) + 2.
0

(7.41)

59 BMEMdgdol Igmeg Tgbs36090900 [omdMoygbl 39J@™MMGL, GMmIgEmom3oLyaz -
090905 39585199900
1 1
lleglln, lleLlln < §hmu,1: llepllp, e 1l < §hm/1,1:

1 1
leoll,, < 5hmpuz llegll, <5 hmaz, (7.42)

1 5
legll, < 5k (el nme + 3 muom?s ).

3936006mm, OH™A (7.42)-0L dMEM MEHMEWMOOL JoLHMGIS© GJOWMOOL FGMOT)OL Qo6 -
5 byFoOMs (7.17) s (7.10) godmbobuyargdgdols 459mygbgds.

sbaws, 030bsM30L, GMI d03000m0m (7.37) »EHMEMdY, Mbs dgzsx3sbmm 8, (t) 39d-
AGMM0L bemM3s (7.34)-3o. s5doLsmngz0b, (7.6)-00 Mbs 25dm3094gbmo (7.2) s (3.14) gobls%b-
03690900. 39009350 FJ00©gds HBNMO FoBHMOEIO BHMEMD, OMMINO FomQs60Ls-
030L 250mboggbgdgeros dqlodsdolo gm®mdnwgdo (7.41), (7.42)-sb, (2.3) 39b6GHMEgdgd0
5 (7.11) mEGmMEmds.

096995 33039000,

8. Lbgomd0560 liggdols LoBMLEY

8.1. 236@Mmads (300MI0EgdOLIMZOL. 63LsBOZOM™ (4.4), (4.5) Lbgsmdosbo Ldgdol
gMmdowgds n-me 969Hy, g.0. t =t~ 3356dd0, n=0,1,..,P, Hmymem3 bb3gosmds
Yr(tn) 393™OLS, G@Igerog Fo®dmoygbl (3.11) Lol 9Egdgb@Goms LolEgdol sdm-
BsbLBL t = t, 3396080 S Y 399BHMOL, HMIgEoi5 PoHIMoa96L bbgsmdosbo lidgdol sdm-
Boblibl 58539 3396080, d®ols. odoliosdy,

zh = Yn(tn) = ¥h- (81
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Zp,-030L 356¢Mm@gdols s Lafigolbo 3609369wmdoL dowgdols dobbom (4.4)-bos s (4.5)-
80 y1; 893335mm Yy, (t,) — Z5-00. 30300900

s “B@ -+ + l((C(vh(tn)) + C(vn(tn-1))) 7 (t) + Ya(ta—s))
T 2 4
~(cOm +Cc@ED)0R+¥ED)+ 08 (82)
n=12,..,P,
Qo
z) = 0. (8.3)

59 01 §omoy9bL (4.4) Lbgomdosbo Ldgdol 53GmJLodsgool 3MmB0EgdSL

n _ Ayh(tn) - Yh(tn—l)
h T

1 1
-5 <B 5 (Cate) + C(vh(tn_l)))> n(tn) + yalta-1)).  (8:4)

8.2. sdbdstyg FgxsLigds. B3z9bo GoBsbos (8.2) asbEHMEgdol Lsdwysegdoom bbgsmdosbo
Ug9gdol z; 3MBoegdol F9z30Lgdss. sFoLIMZOL 33F0MEYDS (4.1) bbgsmdosb Lggdsdo
09905350 Vi 399BH™O0L bn®IoL Fggslgds.

wqgds 8.1. sOGlgdmdL (4.1), (4.2) 5303560l 59mbsbLEO s BoMMNGOM0S 53HOMOHWYO
39935900
lvillzn < 51 (8.5)

n=12,..,P.

©383H303905. ¥ =, fL,eu), u,f1eRY™Y, v, @, PRV g9dBHmGobmgol
390m300m0m 50b0d3b6900
{(y) = Lo, — QY (8.6a)

21 2 2
ey = 372 — (Iulifp + cdllv =l

1

1 2 1
o (ablviln)” + < Iflen + I@iliZn) . (8.6b)
l=0,1,..,P.

(4.1) 356390900 B3SO 4535903 Mm, Fglsdsdobo,
1 1
up tup™, Sad@i+vp), SR+,
94



1 1
@R+ i), Scd@i+ ¥,

5 9933600800 J0090E0 GHMEmdqd0. 23976900
1

Y 2 1 2 2 2
D0 (i, + cdllor I, + 2 I, + il + el I, )
=0

a b _ _ _
=t <—§+Z(nv’;: e + ||v’;:||,2<,h)> Qg + v, uft + ui™),

cd
+— (AL, + v+ D — Wleh +@r D up +up ™) | (87)

39630bowMmm U35m0 653Ms3egdo (8.7)-o. (4.1b)-bs s (4.1e)-b dsgrom
QU +vp ) up +up n
2 2
— _ _ n n—1 n_ ,,n—1 - __ n|2 _ n—1(2
= (VR + v KR -V ) = =S ( R - IR R, (g
2
QLR+ VD, R+ f3 00 =~ (V7 + VL K@WR — i)
890099, 35605399650 (L(@F + @F 1), ull + ul ™), 298mlbobmangds. (4.1d) s (4.1c) 3o6-
A™M99900056 359m3065MJMBL BHMEMmdgdo
T
LR — @) = — LK+ f17),
T
QW — Wi = S QK LR+ fi7D,
Mg, (8.62)-U (7.24)-096 gBrmo 259mygqbgdol 999500 d00Mqds

Sym) = <), (8.9)
n=12,..,P.(8.6a), (8.9) s (4.1b)-056 doomgds

(L@ + @ D up +up Dn = Q@R +Pr ) + {0 + (R D up +up™ Dy
= (Wh - i Q' G+ uf ™)+ 20 0R,uf + U,
= (@R UL KGR - D) + 200D+ uE D (B.10)
T h
099 (8.8)-b 5 (8.10)-b Boglizsdo (8.7)-80 s 499m30Yygbgdm (8.6b)-U, 3399693
() = R = 5= GO, up +ui (811)

0¢9 3b90390Md5d0 30300930 (8.11)-U, (8.6b)-bs s (6.1b)-U, dogswm 1336509, ™I

1

> (erorD — i onl,eorh) <o

=0
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e(¥i) 800sMHm 59 MEBHME®IOL S3mbLBOL J99y© 23946900
e(yp) <e(i D +[coR,.
oL godm
e(yp) <e() + TSR, (8.12)

n=12,..,P.(8.12) s (8.6b)-l Logwydzgw by

1 1

ol <5+ (3) cdeoi) <3 (3) ed (o) + TICODI,): (8.13)

099 3593049690 (8.13)-U s (8.6), (7.19) 506033690, 0300900 (8.5) MEHMEMdsL.
@905 7.2-0b 5b5¢rMmQ0mEs, (4.1), (4.2) 59m3560L 53mblbs™ds godmdobstgmdl

00 85JBH0s6, GMI (8.12)-0bd s (8.6)-0b Msbobdo, uy, vy, fi, up, Pr 39JAH®OHOOL

B©3900 056583M5 F9dmboBOZOME0s h-0b 00s60).

@935 ©IHZOEIOL0.
8.3. Lbgsmdosbo bggdol gromdomgdol gg3sligds. 999mg0wmm LY

a, = ;(y +s(1+ 2(6)§) %) (8.14)

5 B53M3545¢00m0o 9090 bLb3smdosbo Liggdol LoBLEOL Tqlobgd.

09gm®mqds 8.1. 09 d500L BOYO 53059430 9dL 9B oL
J J 7 00Q X0 0300MBOY 9003

0<t< : 8.15
T<— (8.15)

Loosg € 9ol 69doLdogmo Goisbzo (0,1) 0b@gMzswosb, 35d0b n-m6H Mmol dMgby,
n=12,..,P, (4.4), (4.5) bbgomdosbo bggdol 30mI0wgdoLsm30L JoMMJOI0s Fgg3eligds

Izl < C2 max ||y, (8.16)
5]
C, = ——exp (2, 2). (8.17)
2a, £

396Jdm, 0079 (3.2) 53bJ30900LmM30L LOHYIGdS 30MMDS
ui(t)i Uj(t), fl(t)ﬁ (P](t), l/)](t) € CZ[O' T]' (818)
i=12,..,N—1, j=0,1,..,N, 35306
zplln < ca1, (8.19)

boQS3
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¢, = (my,z + ; (ymyl + 51 (1 +2(6)> )b mv1)> C,. (8.20)

59 359myg9b9gdmen0s 5©0bodzbgdo
my; =my; +my; +me +my; +my,;, =12,
d'2;(t) d'u;(t)
dt dt!
i=12,..,.N-1, j=01,..,N, t €[0,T].

, U=1,9,,

my, = maxmax

: , A=u,f, mu,lzmjaxmgx

©333303905. (8.2)-0L msbsbdsco,

1
1 1 . .
Zt=z"1+ 747t EB(zﬁ +z7H + > Z (C(vn(tn=))yn(ta=;) —C(W}F Dy ) + 67 |.
{7=0

0v) 35dm3094gbgdom (6.2), (8.14) s (6.6), (7.21), (8.5), (6.1a) s (8.1)-0ob godmdobstrg

390mbobMgdsls
lentn-0Ip(tn-) = @,
(G e el W PG e N
+(Wonen0lln + o8 N,) (lonCens ), + 177 1,) IyaCenco = 9271,

_i 1 .\ D
<s, (227, + 2(6)2||zﬁ“||h)g,

90300900 EHMEMIS
3
z3lln < llz5~Hln + ZTaz(”Zh”h + 1257l + 31107l
536050,
+a,Tt T
Izhll < =g ozl + = 17

50 259mbsbmemgdob, (8.15)-0ls s (8.3)-0b Logwdzgu by,

04 n
Izilln < (1+202) |28,
n-—1

Py (1h 202 o, < o (14260 %) ma ok,

0<lsn
=0

(8.17) 500608360 g58my9gbgdols d9gyo doowgds (8.16) Tgzz5L9ds.
sbs Bggbl 30Bsbl Fo®dmoygbl 8}, 936mJlodsgool 3MIowgdol Fqislinds.
390m300m0 M599b0dg 50bodgzbs (3.13a) 39JBH™MOL Fo®dmgd e gdolmazol. 3mdzsm,
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dyn (tn—l,n,l)
dt

2
=12, @ D2lnan) Goggig, omd 22, 1=12, @0 T2 godemegdob

563996E0L 360336900mdgd0 FoMmoygbgb goM339w9c GoiEbagdl [t,—1, tn] LyadgbEo-
@56. Bmyo 99gdmnbz93580, ymzgwo gobbowriemo 39J@™MoL 3mA3MbgbEolsmzol, 9b
60363900 LsBMYSOMO Foblbg3YdS JMPNTSbgmOLYSb.

099 (8.4)-o 459m3099690m 3Hgowm®ol 3f3600350 230l FmOINWwL ©s (3.11)
3906GHM@gdsL, O3y t = t,_1, 30300900

3 3
dyn(t,—1)
0 = 42 (5 4 (o)) pilta + Y 0= Y o (B2D)
i=1 i=1
Lo
1 d2yp(tn-1n) dyn(tn-1n1) 1 dyn(tn-1n2)
p1 :§T<A dt; "~ —B c;t 2 >, P2 = _Efc(vh(tn—ﬂ)#,

1
ps = =7 (C@(t) = CWn(tn-1))) (a(t) + Yalta-1)):
(6.2)-0bo5 5 (8.18)-0b ™sbsbdsco,
)

d2yy(t)
dt?

ax dyn(t)
dt

1
<=
lpalln < 21(2 max )

boeoem (3.14c¢), (7.21),(6.1c) s (6.1a) 259mbobwyengdgd0sb doomqds

dvp(t)
dt

)

h

< —T7-—5; max
||,02||h o Ly o1

1b
llpslly < ah |”vh(tn)”12(,h - ”vh(tn—l)lllz(,hl(”vh(tn)”h + lvp(En-DIln)

dvy(t)
dt

)

h

b E
< TE51(6)2 max
Loog t € [0, T]. o9y (8.16)-80 358030996900 53 “9EHemdgdL (8.21)-056 gBmo, dogo-
090 (8.19)-U.

096995 ©9(3H30(EJO0E00s.

9. 039m530MEo 36Hm3gLoL LoBNMUE

9.1. 300mdogrgdols gsblisBMaMYds. 5 B39bL FoBobL Foedmowagbl (5.1) o@ghsgomeo
36G3960L  3MI0Egdol Fgxzslgds. b3y Lo@yzgdom MM 304350, FgLogsligdgE0s
303000

zy" =Y = Vi €AY
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MHMdgoE 960L Bbgomds (4.1) Bbgsmdosbo 1dgdol sdmboblbls s (5.1) 3Gmgbol m-m6

90sbErmgdsly Gmeob.

9.2. @59bdshy MEHMEds. F935835Lm0m (4.3) 39dG™MOL BM@MTs. 530LsMZ0L 3F0M©YDdS

S2 LOOY, MMIGoE Ao6oLIBPZMYds (3.13b) Lofyobo 39JGMEOL 3m33MbgbEHJdOL Lo-

359000

1 as
5= (!l + w213 + 1113 + 21 + 19211307 exp (27-2).

59 € BgdobdogMo MoiEbgos (0,1) 06&gMH35¢0Esb s

3 b
a3 =§()/+Slﬁ)

wqgds 9.1. 09 35000L dOXO 530594MBOEIGOL 30MMOIL

0<t< ,
as

95906 856m09do0s Jgx35l90s

Iyalln < s2,

n=12,..,P.

©3593303905. (4.4)-0b ®sbsbHAsO,

n _ .,n—1 l -1 l n n—1 n n—1
Yo =Yn +5T4 B+2 Cwp) +Cwp 7)) |k +yn ).

2

0¥) 3590390 Md5d0 J030090m, OMJ, (3.14c), (6.1c) s (8.5) dsgrom,

it by iz e b, .
lc @iy, M, < 5 1R llvn ", < s 17l

Q5 359Mm30Yygb9d0m (6.2)-U, (9.3)-b, 35806 (9.6)-s6 dog0mgdm

3 b
Iyilln < lyR o5y + 517 ) AyRlla + 1yR7 W)
2 h

<y *ln + tasUlyilln + lyh~ IR
5360g5q, 099 5EA00 543U (9.4)-b, 35906 LEOYIEPYdS YYBHMEMS
a
lyila < (1+20=2) 193 I,
Mmdgwog (4.5), (3.13b) s (9.2)-05b ghmo 235de9al (9.5)-U.

€3> ©IHI0EIVILOo.

9.2)

(9.3)

(9.4)

(9.5)

(9.6)
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996038365 3. 0¥ 30LsMPIOMGOIM M58Yb0TY 25TMBsbmEgdom Wqgds 8.1-0l ©s3-
3303900050, M3 80535609, (8.12)-0L MEHMEMdOm, 3030093 (9.5) 9nsLgdsL T dox by

d9D0M30L 256939, MG Sz 3965F9BHOO A9bOLIBMIMYdS T9dIAbI0MS©

2

a? 8 c
Sz=3b(sl+(sl—5) )max(l,ri), n=4, =g, =

1<i<3 b 2’

9.3. 0¢9M530MEo 3MmEglol 3eM3ogrgds. Rsdm3o4se0dmo 3990 (5.1) 0@ghogomero
36Mm39LOL 30905MdOL s LoBMBEHOL Jglobgd.

0gmmgds 9.1. ©537935m, GMI doolL dox0, (9.4)-0b oM, 530594MTBOEIGOL
3065l

0<t(y+32(ky+kyr-2 e “3)2 AP 9.7

T\Y n\ le_q 3T1—q S2 —351' (9.7)

boog k1 =1, ky = 2%, ks = 2, bmem g 5ol 6gd0bdogmo Gogbgo (0,1) 0b@gtzswro-
@56. 35906 (5.1) 0GHIMs30MEo 3MM3gLo 0300090 (4.4) LoliEgdol s3mbsblboLy396 s

36m39LOL 3MI0EGdOLIMZ0L LOYIENEIdS Tgi3BYdS

lzp™, < Csq™ m=1,2,... (9.8)
5J
2

C3 = T82a3 m . (99)

©5983303905. (5.1)-005b 358m30bsOIGMBL
1
y;ll,m+1 _ yz,m — %A_l [(B + EC(VZ_1)> (y;ll,m _ y;ll,m—l)
1 1
5 D@ o+ )|, (9.10)
1=0

m=12,...

(6.6)-0bdS Qs (3.14c)-0b Lyxzdz9 b 9230d¢0s 3HIOHM™
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le@r ™D OR™ =™, —Ilvh Wenllyr™ =™,
lc (VZ’”)y -C (VZ”" LA

1 1
b _
s;Z}j“mm (me”n>w e ©11)
=0 i=0
|(c@r™) —c@pm) v

1
thmmmwmwﬁwm.
=0

| (o)

5369039 3330090 (6.1a), (4.3) s (5.2)-5b6 go8mMm30bstg Tgx3sligd9d0

IR i < I0R " ln < ¥R~ s,
o™ M < 2™, < 192 (5.12)
=01
(9.10)-(9.12) @05 (6.2) 259myqbgd0ol 899500 3030093m

3t _
Iy = i, <5 (14 o (A0 + I+ e

R (™ e+ 2™ ) + IIyZ’mIInIIyZ’m'llln)> lya™ = 2™, (913)
m=1,2,...
(5.1)-0056 @5 (5.3)-05b 93543
Aypt = Ayp° + (B + Cwp ) )ypt
6oL godmg (6.2), (3.14c¢), (3.9d)-obs s (8.5), (9.5), (9.3)-0b Logmdzge by
it =yl <o 'l <5240, (9.19)
Lo
0 = 215,03. (9.15)
0¥ 250M30Ygbgdm g 3561599BHML, 35d0b (9.7) 30OHMdOL Jorx396s MBHMEWMds Fgod-

905 2550(9M™L d909bsoMo

(y + —Z(l + 1) s (sz + . q)l> <q. (9.16)

(9.13)-(9.16) s (9.5), (5.3) godmbobwargd9d0@sb godmdobstrgmdls

Ive? =y, < allyr’ = yi°ll, < (9.17a)
(9.17a)-0bs5 s (9.14)-b dsewom,

a0, < el + Ivi? = yitll, < s2 + o1+ ). (9.17b)
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3009350, LOHYYP YIS MYEMELMOIOO

”y;ll,m _ y;ll,m—ln < q”ynm 1 y;ll,m—znh’ (9.18a)
ly™l, <s2+0 Z q', (9.18b)
1<m<l.
099 (9.18b) 5 (9.14)-5b 259m0bstrg
1
e, < sevor— . i=01

MMMl B335 (9.13)-d0 m = [-30U, s, JIOPS 5TobY, osdm309gbgdo (9.17)-bos
5 (9.5)-b, dogowgdm
R =l < allvrt =y (9.19a)

59 MMM 0sb s (9.18a), (9.14)-sb F00©gds WG MEOMdS

[

”ynl+1 y;ll,l”h < O'ql,
O0Ieol, m = [-030L (9.18b)-056 ghms, godmygbgdols dgwgas d9a30dw0s ©s309-

GIuTe))

Il < Il + i =l < ek ) af 0a90)

(9.19)-09b6 259mIOBsMYMOL, M (9.18) LEOWWEYds M = | + 1-0300. (9.17)-05b gPms©
9L 608bogL, MM (9.18) JsMmgdos BgdoldogMo m > [-m30b. (9.18a) s (9.14)-sb yo-
9d0bs6gMdL
lya™ = ya™ ', < oq™ (9.20)
Loosg m = 1.
398396mm, ®mA {y,""}, m = 0,1, ..., 300930™ds BMbsYBGHME0s. (9.20)-0b @d-
dm, 6300LdogMo boE oMo | Goibgzobmgzol, 43593

m

||ynm+l yﬁll Z”ynmﬂ nm+i— 1||h <GZ qm+1 1< O_1Q_ -
1=
Q9, 3585L5050Y,

m

q
~il. <or—o (9.21)

m=0,1,.., [ =1,2,... 6gdobdogmo [-:gz0L (9.21)-0L Jotrx396s TboGmg doobfiGoxnzol

nm+l

[

6eolggh, GmEs m = . 59G0ad©, {y;} 808©g3OMdS BMBEYBEHM0s. Bl gosBbos
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BO396M0. 4500530009 HB0356BYg (5.1)-00, OMEs M = 0. M) A59m30949690m A ©S B 9s¢)-

603900L H9g39GH™OOL M30LgdL s (6.6) MYEHMEWMOSL € FsBHMOEOLMZ0L, 035 IL-

336589, ®md {y;"™} 8000936d0L B360 (4.4) 336EM@9d0L 5dmbsblbos. 530y,
lim y,™ = yp.

39005300090 BE350HBY (9.21)-8o, Omas [ = 00, s 25dm3z094gbmo (9.1), (9.15) s (9.9) g96-

LsBPZMG0900. J03009dM

nml|  _ [ LM q" _ m
[E ”h = |lvi — vn ”h =0 —q C3q™.

1
0595b505d9, (9.8) TGOS,

096935 ©9(330(390E00s.

939800 9933060935 (9.9)-00m 2obloBOzOWo C3 39303096@GOL bbgs s0bodgbs,
Lobger®dE,
C3 = C3. (922)

10. 5¢am@®008ols LEHEro 3MI0E9ds

10.1. bLGHMEOo FEMI0EdOL JblsBEOZMYds. 5T 3560l BMUEO 53MbsblbO sofiggds y(t)
39d&HMM-13bd3000m (7.2)-s6. dobo 3609369cmds OMOL t = t, ImIgbEHdo sGob y(t,)
39d&H™O0, O@BGWLG SEaMOOMIoL HJooBgdol 9w 37sbemzgdom ¥, -00.
Y 39dH@OTo sLobmaos Lsbemem gagdgb@os dgmm@ol, Lbgsmdosbo Lggdols s
0395300 3MME9LOL F99g00. 9996 godmdoboty, d6gdMH030 0dbgds SeyMm-
60030l LEMEO 3MI0EGdS FIB3LEBOZIOM OMYMEF LbZOMDS

AZP™ = y(t,) — Y. (10.1)
3936086mm, M™A (7.2)-0bs @ (5.2)-0b sbsbdsc,
lazy™, = (leCea) = up™ [}, + o) = w3,

1
2

+IFt) = 0+ o) — @p™ [ + lwie) —wp™ ) ). (102)

10.2. sgogemtomdols Lexyeo gmdomgdols 8ggsligds. (10.1) s (7.3), (8.1), (9.1) g3m®In-
900sb 3513360m, HMI

Azy™ = (y(tn) — yu(t)) + Gn(t) — ¥R + (Vh — yi™) = za(t) + 25 + 23

536050,
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lazy™ I, < Iz (e ln + NzRlln + [l25™ ], (10.3)

(10.3)-80 ||z (t) I llZR R, ”ZZ’m”h 99939L980LM30L odmz0Ygbmm MgMme9dgdo 7.1, 8.1

5 9.1 9909250 30009gds

09gm®mgds 10.1. ©s39935m, (1.3)-0l 2569,

v(x,t) € CP°([0,1] x [0, T]),
Loog p =1 96 p = 2 @5 T-030L LEMEEYds (8.15), (9.4) s (9.7) MBHMEMdJdo. 5806
d90Pgmwo h s T-mz0L t =t, 909Dy Mm-m6 0GIOSE30ME doxDBY swamGOoNTol
LEMWO 3MI0WGOOLMZOL FoMHJIMWOS FGRBYdS

”AZZ'm”h < orsrgi(nlleh(t)”h +C, gglzgl”%”h + Ciq™,

booss Cx, k =1,2,3, 30098030963 9005, MH®Aadoi 2o60bsbw3z®gds (7.35), (8.17), (9.9)
BOOHINgd0L L5Fgegd0m, By (t), 8% Laberw 9ugdgbEms LolEgdol s bbgsmdosbo
Lol 53MMJusodo300l (3EMIOWGdGd0, HMIGO0E FobolEBOZMYds (7.6) s (8.4) BMO-
399900l bsdMsEgdom, g SGMoL bgdoldogmo Mogbzo (0,1) 0bEHMm35¢ 06, HMIgwos
5305953093l (9.7) 89B0350.

396Jdm, 009 (2.1) s (3.2) B1bJE0gdobmz0L LOYIPYdS 30OMdGOO

u(x, t), v(x, t), f(x,t), e(xt) € C?([0,1] x[0,T]),
Y(x,t) € CY1([0,1] x [0,T])

@9
w(t), v(0), fi(®), @;(©), ¥;©) € C*[0,T],
35306
||AZZ’m||h < cih + ¢t + c3q™,
boog ¢k, k =1,2,3, 3098030963900 2560L5B0g6M9ds (7.38), (8.20), (9.22) gm®mdwmeryg-

dom.

99603365 4. 50amOmm»Iol MHgoeoHgdol dggye® WX, t) gwbdzool dosbermgdol
529000 Bs3ombo 49bbowrwos [60] 3mde03s305d0.

10.3. ®ogbgomo gdudgmodgbE)o. of gobbormmo sEam®0mdo ysdmygbgdwyemo odbs 99o-
Q930 3M59MHMY35MM3560 LOLEGIOL sTMLObLBYEIs©
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1

Wi =|cd—a+b f widx | Wy, — cdp, + a(x, t),
0

Vit = CPyx — C’Zd(l/) _Wx) +ﬁ(x; t);
0<x<1 0<t<l

930Y356m0m 359mM3gd0l J90939d0.

dsgosmomol. godzsm,
a=03 b=02 ¢=10, d=0.5

a(x,t) = <§ —mix(1 — x)) sinmt + 12—551n3 t + % (1 —exp(xt) (1 + t(x — 1))),

1 1 1
Bx,t) = E((x — 1)+ (2x — D) sinmt) — <<x3 —x% 4+ 2X = E) -2+ (x- 1)t)t> exp(xt),

5 bafigobo gbJ30gd0s
wl(x) =mx(1—x), w?(x)=0, P'(x)=-x(x—-1), Pp?>=0.
DMLEHL 5dIMBILLBL s (2.1) B6J3090L od3L 9gdgao Loby
w=x(1—-x)sinmt, P = (x—1)(1 — exp(xt))
o
u=mnx(1—x)cosnt, v=(1-2x)sinnt, [ =x(1—x)exp(xt),
p=1—explxt) 1+ x—1t), Y= (x—1)1 —exp(xt)).
5d9b0odg 99dmbz9g30Lm30L SEMOHOMToL LMo 3mdowgdol (10.2) bm®mdol
360083690™d5 dm 3999905 3bGOwo 3-Jo.

gb®oo 3
N 7 : n 3 m ] T8z,
1 0.1 0.1 5 0.5 10 0.0369772
2 0.05 0.05 10 0.5 20 0.0135773
3 0.025 0.025 40 1.0 20 0.0096951

dsgo@oomo 2.30mJ35m,
a=03, b=02 ¢=10, d=0.5,
a(x,t) = m?sinmx (0.2 + 0.172(t — D*)(t — 1)? + 2sinmx + 0.5(t + 1)?m cos mx,
B(x,t) = 0.5((t + 1)?sinmx — (t — 1)?mwcosmx) + (2 + (t + 1)?n?) sin mx,

5 Lafigolo gw9bJ309d00s
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wl(x) = —2sinmx, w?(x) = mcosmx,
Yl(x) = 2sinmx, P?(x) = sinmx.

BMLEL 59MbsblBL s (2.1) 3bd3090L 5g300 99dga0 Lobg

w=(t—1)%sinmx, ¢ =(t+1)?sinnx
o

u=2(t—1)sinnmx, v=(t—1)mcosnx, f=2(t+1)sinmx,
@ = (t+1)?mcosmx, Y= (t+ 1)?sinmx.
658096089 9990b3930LM30L seEMOOMTol LGMEo 3Emdowgdols (10.2) bemmdol

36083690 mds Im39gdos sbMowo 4-do.

gbMowo 4
N h : " s m | e,
1 0.1 0.01 100 1.0 10 0.4172802083
2 0.02 0.002 500 1.0 10 0.0405548647
3 0.01 0.001 1000 1.0 10 0.0147005675
4 0.003 0.001 1000 1.0 10 0.0028410878

dosgo@oomo 3. 30J35m,
a=03 b=02 ¢=10, d=0.5
a(x,t) =2 ((1 —x)x? + §t2(3x -+ 12—5t4)> + (—x + %t(l — x2)> exp(xt),
L(x,t) = (—1 + ;x) xt? + (g + 4xt — t? + (% - x2+ tz) xz) exp(xt)
5 bafigolo gbJ309d009
wl(x) =0, w?(x) =0,
P =x(1-x)? P*(x) =1-x%
BDMBEL 53MbsbLBL o (2.1) 3mbd3090L 5g300 99dga0 Lobg
w=(1-x)x%t?, P =(1—x)%exp(xt)
Q5
u=2(1-x)x% v=2-3x)xt?, f=(1-x*xexp(xt),
@ = (—2x+ (1 —x?t)exp(xt), Y = (1—x)%exp(xt).
58096039 9990b3930LM30L seaMGOMIol LMo 3Emdogdols (10.2) bem®dol
36003690 mds Im393wwos 3bGowo 5-do.
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gbMowo 5

N h T n tn m lazy™ ],

1 0.1 0.01 100 1.0 10 0.207770907318323
2 0.02 0.002 500 1.0 10 0.018525780152704
3 0.01 0.001 1000 1.0 10 0.006627663802431
4 0.003 0.001 1000 1.0 10 0.001243702027224

95gowomo  1-0b ym3z9e0 35005630l MgooBs300l @OM 96 509T53HJOMOS

10 §58b. 85350000 3-0b 5dMbLBoLMZ30L IbsMK MO EOHMOL BMbs(399900 356M056EHGOOL

dobgz0m dm39d9os 3BGowo 6-do.

gbMoo 6
N 1 2 3 4
6™ (H0) 0.054275 0.725173 10.746824 113.878027

Mogbgzomo 9Judgmodgb@o Bos@GoMos 3m330vEgOHIo 3OMY™msdol Matlab R2010a

153995 q00m. 259MmYgbgdo 3md30mE Mol dmbszgdgdos: CPU Ryzen 5 3600, RAM

DDR4 2933 16GB, OCWindows 10 Enterpise 6420H2.
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53365

LoOoLMEGHSE0M BodMmAo  [o®mBmoygbl godmmawomo dgdsbogols dods®r0orv)-

q00m BoGoMgdner  33w935L. B396 8096 93900 sEaMGOMTGIOL  LodMeEgdom
d9Lodegdgeos dglfogeroe 0dbsl dgergdoll obsdozmo gmxsdEglzs, Gog 960d3b9-
mg3sbos  1odIgbgdm  3bLEHWYJ30900L  3MMYJBHJOOL  OML. gl oIS
339993l Loxzdz9gwl 3035MoMEM®, MM 65dOMdo FJorgdmewr Fggagdl 94b69ds
365430310 godmygbgdos.

HobolfoMTs 33¢09350 230P3965 93Mgm39, MM OLYOESE030 A5TMYgbgdmEo
LO3OEMWO  (335©OL 0B HTMBILLBOL  Foobermgdol Jomdol oM@ gdom
3990mygbgds  IgLodegdg0s  MmMPbBMI0Egd0sbo M350  LBbgmwgdols ©s bbgs
abaoglbo  5M5HOR03MdOL  dJmbg B0B0ZMMO  Fobss®lol  s8m(3569800.  BogIOMS,
36Gm9daomwo  dgomEol  209mygbgds  doBsbdgfimbowo  50dmBbs  @oxMHBool
35650MmMH0  0639yMM-0RIMHI6305W MO 5MMR030 F5BEGMEgdol dosbermgdomo
53mblbols s LoBMLEBHOL 33930l F9d0mbzg3580s.

108



10.

11.

12.

13.

14.

0B JMOGHIOS

Almeida Junior D. S., Conservative semidiscrete difference schemes for Timoshenko
systems. J. Appl. Math. 2014, Art. ID 686421, 7 pp.

Ammari K., Global existence and uniform stabilization of a nonlinear Timoshenko
beam. Portug. Math. 59 (2002), 125-140.

Arosio A., On the nonlinear Timoshenko-Kirchhoff beam equation. Chin. Ann. Math.,
Ser. B 20 (1999), 495-506.

Bae J. J., Park J. Y., Jeong J. M., On uniform decay of solutions for wave equation of
Kirchhoff type with nonlinear boundary and memory source term. Appl. Math. Comp.
138 (2003), no. 2-3, 463-478.

Balachandran K., Park J. Y., Existence of solutions of a class of abstract second order
nonlinear integro-differential equations. J. Appl. Math. Stoch. Anal. 15 (2002), no. 2,
115-124.

Balachandran K., Park J. Y., Jung I. M., Existence of solutions of nonlinear extensible
beam equations. Math. Comp. Model. 36 (2002), no. 7-8, 747-754.

Ball J., Stability theory for an extensible beam. J. Diff. Equ. 14 (1973), 399-418.
Beckenbach E., Bellman R., Ergebnisse der Mathematik und ihrer Grenzgebiete. N. F.,
Bd. 30 Springer-Verlag, Berlin-Gottingen-Heidelberg, 1961.

Berger H. M., A new approach to the analysis of a large deflections of plates. J. Appl.
Mech. 22 (1955), no. 4, 465-472.

Berikelashvili G., Papukashvili A., Peradze J., Iterative solution of a nonlinear static
beam equation. Ukrainian Math. J. 72 (2021), no. 8, 1185-1196.

Bernardi C., Copetti M. I. M., Discretization of a nonlinear dynamic thermoviscoelastic
Timoshenko beam model. ZAMM Z. Angew. Math. Mech. 97 (2017), no. 5, 532-549.
Bernardi C., Copetti M. I. M., Finite element discretization of a thermoelastic beam.
Archive ouverte HAZI-UPMC, 29/05/2013, 23 p.

Bernardi C., Copetti M. I. M., Finite element discretization of a nonlinear thermoelastic
beam model with penalized unilateral contact. SeMA J. 64 (2014), 41-64.

Burden R. L., Faires J. G., Numerical Analysis. Cengagae, 2016.

109



15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Burgreen D., Free vibration of a pin ended column with constant distance between
ends. J. Appl. Mech. 18 (1951), 135-139.

Cheng X. L., Xue W. M., Linear finite element approximations for the Timoshenko
beam and the shallow arch problems. J. Comput. Math. 20 (2002), no. 1, 15-22.

Choo S. M., Chung S. K., Finite difference approximate solutions for the strongly dam-
ped extensible beam equations. Appl. Math. Comp. Comp. 112 (2000), no. 1, 11-32.
Choo S. M., Chung S. K., Kannan R., Finite element Galerkin solutions for the strongly
damped extensible beam equations. Korean J. Comp. Appl. Math. 9 (2002), no. 1, 27-
43.

Claeyssen J. R., The Timoshenko beam model in vibrating AFM cantilevers. 9th Brazili-
an Conference on Dynamics, Control and their Applications, June 07-11, 2010, pp. 59-
70.

Cousin A. T., Regular solution of a nonlinear model for vibrations of beams in unboun-
ded domains. Nonl. Anal.: Theor. Meth. Appl. 22 (1994), no. 9, 1153-1162.

Cruz-Uribe D., Neugebauer C. ]., An elementary proof of error estimates for the tra-
pezoidal rule. Math. Mag. 76 (2003), no. 4, 303-306.

De Andrade N. G., On a nonlinear system of partial differential equations. J. Math.
Anal. Appl. 91 (1983), no.1, 119-130.

Dickey R. W., Free vibrations and dynamic buckling of the extensible beam. J. Math.
Anal. Appl. 29 (1970), 443-454.

Ducceschi M., Bilbao S., Conservative finite difference time domain schemes for the
prestressed Timoshenko, shear and Euler-Bernoulli beam equations. Wave Motion 89
(2019), 142-165.

Elishakoff I., Who developed the so-called Timoshenko beam theory? Math. Mech. Sol.
25 (2020), no. 1, 97-116.

Elishakoff 1., Handbook on Timoshenko-Ehrenfest beam theory and Uflyand-Mindlin
Plate Theories, World Scientific, 2019.

Eringen A. C., On the non-linear vibration of elastic bars. Quart. Appl. Math. 9 (1952),
361-369.

110


https://www.sciencedirect.com/science/article/abs/pii/S0096300399000053#!
https://www.sciencedirect.com/science/article/abs/pii/S0096300399000053#!
https://www.sciencedirect.com/science/journal/00963003
https://www.sciencedirect.com/science/journal/00963003/112/1
https://www.sciencedirect.com/science/article/abs/pii/S0096300399000053#!
https://www.sciencedirect.com/science/article/abs/pii/S0096300399000053#!
https://link.springer.com/journal/12190

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

4].

Feng M. F., Xie X. P., Xiong H. X., Semi-discrete and fully discrete partial projection
finite element methods for the vibrating Timoshenko beam. J. Comput. Math. 17
(1999), no. 4, 353-368.

Franca L. P., Loula A. F. D., A new mixed finite element method for the Timoshenko
beam problem. RAIRO Mod. Math. Anal. Num. 25 (1991), no. 5, 561-578.

Li Fu-le, Sun Zhi-zhong, A finite difference scheme for solving the Timoshenko beam
equations with boundary feedback. J. Comput. Appl. Math. 200 (2007), no. 2, 606-627.
Golub C. H., Van Loan C. F., Matrix computations, Third edition. Johns Hopkins
Studies in the Mathematical Sciences. Johns Hopkins University Press, Baltimore, MD,
1996.

Henriques de Brito E. M., A nonlinear hyperbolic equation. Inter. J. Math.Math. Sci. 3
(1980), 505-520.

Henriques de Brito E. M., Decay estimates for the generalized damped extensible string
and beam equations. Nonl. Anal.: Theor. Meth. Appl. 8 (1984), no. 12, 1489-1496.
Jangveladze T., Kiguradze Z., Neta B., Numerical solutions of three classes of nonlinear
parabolic integro-differential equations. Elsevier/Academic Press, Amsterdam, 2016.
Kantorovich L. V., On Newton’s method. (Russian) Trudy Mat. Inst. Steklov. 28 (1949).
104-144.

Kalichava Z., The exactness of an algorithm step for a dynamic beam. Collec. Scien.
Artic. Yerevan State Univ., Natur. Phys.-Math. Sci. 1 (24) (2018), 95-101.

Kalichava Z., Peradze J., Approximation with respect to the spatial variable of the solu-
tion of a nonlinear dynamic beam problem. SCCTW 2016, South-Caucasus Computing
and Technology Workshop, 15 p.

Kalichava Z., Peradze J., Galerkin approximation of the solution of a nonlinear beam
equation. Rep. Enlarg. Sess. Semin. I. Vekua Inst. Appl. Math. 31 (2017), 67-70.
Kalichava Z., Peradze J., The iteration stage of a numerical algorithm for a Timoshenko
type beam equation. Appl. Math. Inform. Mech. 23 (2018), no. 1, 23-29.

Kim J. U, Renardy Y., Boundary control of the Timoshenko beam. SIAM ]. Control
Optim. 25 (1987), no. 6, 1417-1429.

Kirchhoff G., Vorlesungen iiber Mechanik. Teubner, Leipzig, 1876.

111



42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

Lions ].-L., Some Methods of Solving Non-Linear Boundary Value Problems. Dunod-
Gauthier-Villars, Paris, 1969.

Lions J.-L., On Some Questions in Boundary Value Problems of Mathematical Physics.
Lectures Notes, Inst. Matem., Universidad Federal do Rio de Janeiro, 1977.

Ma T. F., Existence results and numerical solutions for a beam equation with nonlinear
boundary conditions. Appl. Numer. Math. 47 (2003), 189-196.

Marchuk G., Agoshkov V., Introduction to Projection-Grid Methods. (Russian) Nauka,
Moscow, 1981.

Medeiros L. A., On a new class of nonlinear wave equations. J. Math. Anal. Appl. 69
(1979), no. 1, 252-262.

Medeiros L. A., Limaco J., Menezes S. B., Vibrations of elastic strings: mathematical
aspects. L. J. Comput. Anal. Appl. 4 (2002), no. 2, 91-127.

Medeiros L. A., Limaco J., Menezes S. B., Vibrations of elastic strings: mathematical
aspects. II. ]. Comput. Anal. Appl. 4 (2002), no. 3, 211-263.

Meladze H., Davitashvili T., Parallel algorithms for solution of one mathematical model
of electropower systems. Proc. 8th Intern. Conf. Comput. Sci. Inform. Techn.
(CSIT’2011), September 26-30, pp. 259-263, Yerevan, Armenia, 2011.

Menzala G. P., Une solution d’'une equation non lineaire devolution. C. R. Acad. Sci.
Paris 286 (1978), 273-275.

Menzala G. P., Zuazua E., The beam equation as a limit of 1D nonlinear von Karman
model. Appl. Math. Lett. 12 (1999), 47-52.

Menzala G. P., Zuazua E., Timoshenko’s beam equation as limit of a nonlinear one-
dimensional von Karman system. Proc. Roy. Soc. Edinburg Sect. A 130 (2000), 855-875.
Narciso V., Cousin A. T., Local solutions for a Timoshenko system in noncylindrical
domains. Port. Math. 65 (2008), no. 3, 345-371.

Odisharia V., Existence of a solution and validation of the Bubnov-Galerkin method for
one-dimensional Reissner system. Comp. Math. Math. Phys. 32 (1992), no. 11, 1756-
1766.

Peradze J., A numerical algorithm for a Kirchhoff-type nonlinear static beam. J. Appl.

Math. 2009, Art. ID 818269, 12 pp.

112



56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

Peradze J., On the accuracy of the Galerkin method for a nonlinear dynamic beam
equation. Math. Methods Appl. Sci. 34 (2011), no. 14, 1725-1732.

Peradze J., The existence of a solution and a numerical method for the Timoshenko
nonlinear wave system. M2AN Math. Model. Numer. Anal. 38 (2004), no. 1, 1-26.
Peradze J., On the accuracy of an iteration method when solving a system of Timo-
shenko equations. Semin. I. Vekua Inst. Appl. Math. Rep. 34 (2008), 4-10.

Peradze J., A Kirchhoff type equation in a nonlinear model of shell vibration. ZAMM
Z. Angew. Math. Mech. 97 (2017), no. 2, 144-158.

Peradze J., Kalichava Z., A numerical algorithm for the nonlinear Timoshenko beam
system. Numer. Meth. Part. Diff. Equat. 36 (2020), no. 6, 1318-1347.

Peradze ]., Kalichava Z., Tsiklauri Z., The accuracy of the finite difference scheme for a
nonlinear dynamic beam problem. Rep. Enlarged Sess. Semin. I. Vekua Appl. Math. 33
(2019), 55-58.

Pokhozhaev S. I., On a class of quasilinear hyperbolic equations. Mat. USSR Sbornik 25
(1975), no. 1, 145-158.

Reddy J. N., On the dynamic behaviour of the Timoshenko beam finite elements.
Sadhana 24 (1999), no. 3, 175-198.

Rivera Rodriguez P. H., On a nonlinear hyperbolic equation in Hilbert spaces. An.
Acad. Brasil. Ciénc. 50 (1978), no. 2, 133-135.

Rogava J., Tsiklauri M., On local convergence of a symmetric semi-discrete scheme for
an abstract analogue of the Kirchhoff equation. J. Comput. Appl. Math. 236 (2012), no.
15, 3654-3664.

Sapir M. H., Reiss E. L., Dynamic buckling of a nonlinear Timoshenko beam. SIAM J.
Appl. Math. 37 (1979), no. 2, 290-301.

Semper B., Semi-discrete and fully discrete Galerkin methods for the vibrating Timo-
shenko beam. Comput. Methods Appl. Mech. Engrg. 117 (1994), no. 3-4, 353-360.
Sherman J., Morrison W., Adjustment of an inverse matrix corresponding to a change

in one element of a given matrix. Ann. Math. Statistics 21 (1950), 124-127.

113



69.

70.

71.

72.

73.

74.

Torabi K., Ghassabi M., Heidari-Rarani M., Sharifi D., Variational iteration method for
free vibration analysis of a Timoshenko beam under various boundary conditions,
Inter. J. Engrg. Transactions A: Basics 30 (2017), no. 10, 1565-1572.

Timoshenko S., Young D., Vibration Problems in Engineering. John Wiley & Sons,
Inc., New York, 1974.

Timoshenko S., On the correction for shear of the differential equation for transvese
vibrations of prismatic bars. Phil. Mag. 41 (1921), no. 6, 744-746.

Tucsnak M., On an initial and boundary value problem for the nonlinear Timoshenko
beam. An. Acad. Brasil. Ciénc. 63 (1991), no. 2, 115-125.

Wah T., Large amplitude flexural vibration of rectangular plate. Int. J. Mech. Sci. 5
(1963), 425-438.

Woinowsky-Krieger S., The effect of an axial force on the vibration of hinged bars. J.

Appl. Mech. 17 (1950), 35-36.

b. goe0obhs35L IOMI7d0L Lo

Kalichava Z., Peradze J., Approximation with respect to the spatial variable of the solu-
tion of a nonlinear dynamic beam problem. SCCTW 2016, South-Caucasus Computing
and Technology Workshop, 15 p.
https://indico.cern.ch/event/572800/contributions/2319225/attachments/1347739/2032

986/conference 2016.pdf

Kalichava Z., Peradze J., Galerkin approximation of the solution of a nonlinear beam
equation. Rep. Enlarg. Sess. Semin. I. Vekua Inst. Appl. Math. 31 (2017), 67-70.

http://www.viam.science.tsu.ge/enl ses/vol31/Kalichava Peradze.pdf

Kalichava Z., Peradze J., The iteration stage of a numerical algorithm for a Timoshenko
type beam equation. Appl. Math. Inform. Mech. I. Vekua Inst. Appl. Math. 23 (2018),
no. 1, 23-29.

https://www.viam.science.tsu.ge/Ami/2018 1/Kalichava,%20Peradze AMIM 2018 1.p

df

114


https://indico.cern.ch/event/572800/contributions/2319225/attachments/1347739/2032986/conference_2016.pdf
https://indico.cern.ch/event/572800/contributions/2319225/attachments/1347739/2032986/conference_2016.pdf
http://www.viam.science.tsu.ge/enl_ses/vol31/Kalichava_Peradze.pdf
https://www.viam.science.tsu.ge/Ami/2018_1/Kalichava,%20Peradze_AMIM_2018_1.pdf
https://www.viam.science.tsu.ge/Ami/2018_1/Kalichava,%20Peradze_AMIM_2018_1.pdf

Kalichava Z., The exactness of an algorithm step for a dynamic beam. Collec. Scien.
Artic. Yerevan State Univ., Natur. Phys.-Math. Sci. 1 (24) (2018), 95-101.

http://www.ysu.am/files/collection of scientific articles of vsu sss 1.1(24) pages 95-

101.pdf

Peradze ]., Kalichava Z., Tsiklauri Z., The accuracy of the finite difference scheme for a
nonlinear dynamic beam problem. Rep. Enlarged Sess. Semin. I. Vekua Appl. Math. 33
(2019), 55-58.

http://www.viam.science.tsu.ge/enl ses/vol33/Peradze Jemal.pdf

Peradze J., Kalichava Z., A numerical algorithm for the nonlinear Timoshenko beam
system. Numer. Meth. Part. Diff. Equat. 36 (2020), no. 6, 1318-1347.
(2019-2020 impact factor 2.236).

https://onlinelibrary.wiley.com/doi/epdf/10.1002/num.22475

B. 45¢0bhs35L dmbsfowrgmds 3mbxgM9gb30gddo

SCCTW’2016 — South-Caucasus Computing and Technology Workshop (Tbilisi, Geor-
gia, October 4-7, 2016).

https://www.cadcamge.ch/2016/index.php?do=pro

VIII Annual International Meeting of the Georgian Mechanical Union (Tbilisi, Georgia,
September 27-29, 2017).

http://www.viam.science.tsu.ge/others/gnctam/GeoMech8/AbstractBook.pdf

XXXI International Enlarged Sessions of the Seminar of I. Vekua Institute of Applied
Mathematics (Tbilisi, Georgia, April 19-21, 2017).

http://www.viam.science.tsu.ge/enlarged/2017/sa.pdf

IV International Conference for Students and Young Researches, Yerevan State Uni-
versity (Yerevan, Armenia, October 2-6, 2017).

http://www.ysu.am/files/collection of scientific articles of ysu sss 1.1(24) pages 95-

101.pdf

XXXIII International Enlarged Sessions of the Seminar of I. Vekua Institute of Applied
Mathematics (Tbilisi, Georgia, April 23-25, 2019).

http://www.viam.science.tsu.ge/enlarged/2019/program eng.pdf

115


http://www.ysu.am/files/collection_of_scientific_articles_of_ysu_sss_1.1(24)_pages_95-101.pdf
http://www.ysu.am/files/collection_of_scientific_articles_of_ysu_sss_1.1(24)_pages_95-101.pdf
http://www.viam.science.tsu.ge/enl_ses/vol33/Peradze_Jemal.pdf
https://onlinelibrary.wiley.com/doi/epdf/10.1002/num.22475
https://www.cadcamge.ch/2016/index.php?do=pro
http://www.viam.science.tsu.ge/others/gnctam/GeoMech8/AbstractBook.pdf
http://www.viam.science.tsu.ge/enlarged/2017/sa.pdf
http://www.ysu.am/files/collection_of_scientific_articles_of_ysu_sss_1.1(24)_pages_95-101.pdf
http://www.ysu.am/files/collection_of_scientific_articles_of_ysu_sss_1.1(24)_pages_95-101.pdf
http://www.viam.science.tsu.ge/enlarged/2019/program_eng.pdf

