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Some applications of additional set-theoretical axioms in the theory of 

real-valued functions and measure theory 

 

 

Abstract 

 

Intensive research in mathematical analysis, theory of functions and measure theory may be 

regarded  as a basis for studying  various paradoxical point sets.   We consider certain types of 

interesting and important point sets on the real line, such as Vitali sets, Bernstein sets, Hamel bases, 

Luzin sets, and Sierpinski sets. These classical pathological subsets of the real line are envisaged 

and their various descriptive properties are investigated from the measure-theoretical view-point.  

In this thesis we are dealing with the above-mentioned sets in light of function theory and measure 

theory, and establish some interrelations between them. In particular, it is shown that: 

(a) the existence of an additive function from R into 𝐑2 , whose range contains three non-

collinear points, implies (within ZF & DC theory) the existence of a nontrivial solution of 

Cauchy’s functional equation; 

(b) there exists a translation invariant measure μ on R extending the standard Lebesgue measure 

and such that all Sierpinski sets are measurable with respect to μ; 

(c) the relative measurability of a real-valued function with respect to the class of non-separable 

sigma-finite measures implies the relative measurability of the same function with respect to 

the class of separable sigma-finite measures.  
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Sesavali 

   winamdebare sadisertacio naSromi eZRvneba simravleTa Teoriisa da 
damatebiTi simravlur-Teoriuli aqsiomebis zogierT gamoyenebas zomis 
Teoriasa da maTematikur analizSi. cnobilia, rom simravleTa Teorias 
germanelma maTematikosma georg kantorma XIX saukunis bolos Cauyara 
safuZveli. maTematikuri analizis konkretuli sakiTxebis kvlevisas 
warmoqmnilma siZneleebma miiyvana kantori simravlur-Teoriuli cnebebisa 
da meTodebis Semotanis aucileblobamde. mogvianebiT cxadi gaxda, rom am 
cnebebisa da meTodebis SemoRebam Zirfesvianad Secvala maTematikuri 
koncefciebi da midgomebi. SemdgomSi, kantoris garda simravleTa Teoriis 
ganviTarebas da Camoyalibebas mravalma gamoCenilma maTematikosma Seuwyo 
xeli, maT Soris iyvnen beri, boreli, lebegi, vitali, bernSteini, 
hausdorfi, luzini, serpinski, kuratovski, giodeli, tarski, novikovi, 

koheni, solovei, Selaxi da sxvebi. (ix. [1], [2], [3], [4], [5]) 

   simravleTa Teoria intensiuri kvlevebis Sedegad ramdenime 
mimarTulebiT viTardeboda. am mimarTulebebs Soris gansakuTrebiT unda 
gamovyoT Semdegi xuTi mimarTuleba: 

1. simravleTa aqsiomaturi Teoria, rac gulisxmobs aqsiomebis logikur 
analizsa da saTanado modelebis agebis meSveobiT sxvdasxva tipis 
damatebiTi simravlur-Teoriuli debulebebis Tavsebadobis dadgenas; 

2. wertilovan simravleTa Teoria, romelic iTvaliswinebs wertilovani 
simravleebis Sinagani (anu deskrifciuli)  struqturis kvlevas 
maTematikuri analizis, zomis Teoriisa da zogadi topologiis 
TvalsazrisiT; 

3. nawilobrivad dalagebul simravleTa Teoria ordinalur (anu 
rigobriv) ricxvTa Teoriis CaTvliT; 

4. usasrulo simravleTa kombinatorika, romelic sasruli da usasrulo 
kardinaluri ricxvebisTvis avlens kombinatoruli xasiaTis Rrma 
kavSirebsa da damokidebulebebs, adgens usasrulo kardinalebis 
ierarqiis kanonzomierebs da a.S. 

5. simravlur-Teoriuli meTodebis gamoyeneba maTematikis sxvadasxva 
dargSi: maTematikur analizSi, topologiaSi, algebraSi, logikaSi, 
albaTobis TeoriaSi da sxva.  

   aRniSnuli xuTive mimarTulebiT (romlebic erTmaneTTan organulad 
arian dakavSirebulebi) aqtiurad mimdinareobs Rrma mecnieruli kvlevebi 
da miRebulia Zalze mniSvnelovani Sedegebi (ix. [1], [2], [3], [4], [5], [6], [7], [8], 

[9]). 

  disertaciis pirvel paragrafSi moyvanilia simravleTa Teoriis 
sxvadasxva aqsiomaTa sistemebi, dawvrilebiT aris ganxiluli 𝑍𝐹𝐶 aqsiomaTa 
sistema, romelic SedarebiT popularulia maTematikosebSi. es aqsomebi 
metad bunebrivi debulebebia da advili misaRebia intuiciisaTvis, Tumca 
maTSi imdenad Rrma da mniSvnelovani ideebia Tavmoyrili, rom isini mTel 
Tanamedrove maTematikas daedo safuZvlad. faqtobrivad, maTematikis 
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TiToeuli cneba zustad ganisazRvreba simravleTa TeoriaSi aqsiomebze 
dayrdnobiT da yoveli maTematikurad WeSmariti debuleba SeiZleba 
ganxiluli iqnes, rogorc simravleTa Teoriis Teorema. swored es aCvenebs 
simravleTa Teoriis universalurobas da misi gamoyenebebis efeqturobas 
maTematikis sxvadasxva dargSi.  

  amrigad, simravleTa Teoria aRebulia rogorc bazisi yoveli sakvlevi 
maTematikuri Teoriisa da masze dayrdnobiT metad advili xdeba sxva 
Teoriebis ageba da Seswavla. es Sedegi faqtiurad ekuTvnis giodels da 
misive Teorema sisrulis Sesaxeb pirveli rigis logikisaTvis (ix. [10], [11]) 
cxadad aCvenebs simravleTa Teoriis universalurobas aRniSnuli 
TvalsazrisiT. e.i. yovel arawinaaRmdegobriv maTematikur Teorias aqvs 
simravlur-Teoriuli modeli. xolo n. burbaki (ix. [3]) sagangebod xazs 
usvams imas, rom ZiriTadi gansxvaveba klasikur da Tanamedrove maTematikas 
Soris swored is aris, rom Tanamedrove maTematikaSi aqcenti gadatanilia 
arasruli Teoriebis Seswavlaze, romlebsac mravali modeli aqvT. 
burbakis mier warmodgenil TezisSi (ix. [1], [3]) Sedarebulia klasikuri da 
Tanamedrove maTematikuri Teoriebi, kerZod, ganxilulia calsaxa 
Teoriebis magaliTebi. calsaxa Teoria ikvlevs konkretul obieqtebs, 
magaliTad, iseTebs rogorebicaa: namdvil ricxvTa simravle, evkliduri 
sibrtye, usasrulo ganzomilebiani separabeluri hilbertis sivrce da sxva. 
burbakis Tezisis Tanaxmad, Tanamedrove maTematikis damaxiaseTebeli niSani 
aris mravalsaxa Teoriebis Seswavla, anu im Teoriebisa, romelTac uamravi 
araizomorfuli modeli gaaCniaT. aseTi Teoriebis magaliTebia: topologia, 
jgufTa Teoria, velTa Teoria, zomisa da integralis Teoria da mravali 
sxva. 

    magram  es Tezisi Tavis mxriv dazustebas moiTxovs, radgan giodelis 
Teoremis (arasisrulis Sesaxeb) Tanaxmad (ix. [12]), principSi calsaxa 
Teoriebi arc arseboben. 

   amasTan dakavSirebiT aRsaniSnavia, rom formalur ariTmetikasac ki aqvs 
arastandartuli modelebi (ix. [1], [4], [8], [13]), amitom burbakis 
zemoaRniSnuli Tezisi aris fardobiTi xasiaTis da mas azri aqvs mxolod 
winaswar SerCeuli sabaziso simravleTa Teoriis mimarT. Tu vigulisxmebT, 
rom amosavali simravleTa Teoria aris dafiqsirebuli, maSin burbakis 
Tezisi namdvilad asaxavs Tanamedrove maTematikaSi arsebul realobas. 
burbakis Tezisis fardobiToba simravleTa Teoriis TvalsazrisiT 
garkveuli gagebiT analogiuria evkliduri geometriis 
arawinaaRmegobriobis dedgenis. saxeldobr, evkliduri geometriisTvis 
verasdros ver vaCvenebT am Teoriis absoluturad arawinaaRmdegobriobas, 
magram vamtkicebT mis  fardobiT arawinaaRmdegobriobasa da calsaxobas 
Sesabamisi ariTmetikuli modelis arsebobis saSualebiT (ix. [1], [4], [8], [14], 
[15]). 

   naSromis meore paragrafi eZRvneba amorCevis aqsiomas, romelic esoden 
mniSvnelovan rols TamaSobs mTeli Tanamedrove maTematikisaTvis, kerZod 
ki maTematikuri analizis sxvadasxva sakiTxis Seswavlisas.  
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   amorCevis aqsioma (anu rogorc xSirad amboben, cermelos aqsioma) 
warmoadgens Tanamedrove maTematikis umniSvnelovanes postulats. 
simravleTa Teoriis aqsiomatikis agebis procesSi yvelaze cxare debatebi 
da mravalricxovani diskusiebi swored cermelos aqsiomis irgvliv 
gaimarTa mis paradoqsalur logikur SedegebTan dakavSirebiT (ix. [4], [14], 
[15], [16], [17], [18], [19],). es aqsioma gamoiyeneba maTematikis uamrav dargSi, 
gansakuTrebiT ki iseT mimarTulebebSi, rogoricaa simravleTa Teoria, 
maTematikuri logika, klasikuri maTematikuri analizi, funqcionaluri 
analizi, topologia, zogadi algebra, albaTobis Teoria, grafTa Teoria, 
usasrulo kombinatorika da a.S. (ix. [4], [6], [8], [14], [15], [16], [17], [20]). rogorc 
wesi, amorCevis aqsiomas aRniSnaven xolme AC simboloTi  (Axiom of Choice). 
Rrma logikuri gamokvlevebis Sedegad dadginda, rom cermelos aqsiomas 
gansakuTrebulad mniSvnelovani adgili ukavia Tanamedrove simravleTa 
Teoriis aqsiomatikaSi. 

   maTematikis ganviTarebaSi didi mniSvneloba eniWeba amorCevis aqsiomis 
araTvlad formebs. swored araTvladi formebis saSualebiT iqna naCvenebi 
namdvil ricxvTa RerZze lebegis azriT arazomadi simravlis arseboba (ix. 
[21], [22], [23]). cermelos aqsiomis gareSe SeiZleba 𝑍𝐹  Teorias hqondes 
ucnauri Tvisebebis mqone modelebi. magaliTad, s. fefermenisa da  a. levis 
mier agebuli iqna 𝑍𝐹-is iseTi modeli, romelSic  𝐑 warmoidgineba rogorc 
Tvladi simravleebis Tvladi gaerTianeba (ix. [24]). Tu Cven ugulvebelvyobT 
amorCevis aqsiomas da ganvixilavT mxolod 𝑍𝐹  Teorias, am Teoriis 
farglebSi mtkicdeba Semdegi debulebis samarTlianoba. 

    Teorema 1. (a) Tu SesaZlebelia 𝐑 namdvili RerZis warmodgena Tvladi 
simravleebis Tvladi gaerTianebiT, maSin arc  𝜔1 ≤ 𝑐  utolobas  da arc  
𝜔1 ≥ 𝑐  utolobas ara aqvs adgili,  e.i. es ori kardinaluri ricxvi 
erTmaneTTan arasadaria 

(b) Tu 𝛼 aris nebismieri ordinaluri ricxvi, maSin 𝜔𝛼+2 ver warmoidgineba 

𝜔𝛼+2 =  ⋃ 𝑋𝜉 ,

𝜉<𝜔𝛼

 

saxiT, sadac TiToeuli 𝑋𝜉 simravlis simZlavre 𝜔𝛼 -s ar aRemateba. kerZod, 

SeuZlebelia  𝜔2  meore araTvladi kardinaluri ricxvis warmodgena 
Tvladi simravleebis Tvladi gaerTianebiT. 

   mesame paragrafi eZRvneba wertilovan simravleebsa da maT deskrifciul 
struqturas. es Teoria XIX saukunis bolos da XX saukunis dasawyisSi 
Camoyalibda. SemdgomSi namdvilmniSvnelobian funqciaTa Teoriam 
Tvisebrivi cvlilebebi ganicada da es moxda ZiriTadad franguli 
maTematikuri skolis TvalsaCino warmomadgenelTa – r. beris (R. Baire), e. 
borelis (E. Borel ), a. lebegis (H. Lebesgue), a. danJuas (A. Denjoy) – SromebSi 
miRebuli SesaniSnavi Sedegebis wyalobiT. Semdeg ki am TematikaSi CaerTvnen 
rusuli da polonuri maTematikuri skolebis wamyvani warmomadgenlebi. 
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maTi intensiuri kvlevebis Sedegad warmoiSva metad mniSvnelovani dargi – 
simravleTa deskrifciuli Teoria. me-3 paragrafSi mokled mimovixilavT 
simravleTa deskrifciuli Teoriis elementebs da  ganvixilavT 𝐑  RerZze 
mdebare ucnauri Tvisebebis mqone wertilovan simravleebs. kerZod, Cveni 
yuradRebis centrSi arian: 

1. vitalis simravle – rogorc cnobilia, vitalis simravle aris 𝐑 ∕ 𝑸 
faqtor jgufis nebismieri seleqtori. aRsaniSnavia, rom vitalis 
simravleebis raodenoba 2𝑐-s tolia, sadac 𝑐 kontinuumis simZlavrea 

2. hamelis bazisi – 1905 wels g. hamelma ganixilia 𝐑 , rogorc 
veqtoruli sivrce 𝐐  racionalur ricxvTa velze da aago 𝐑  wrfis 
hamelis bazisebi. 

3. bernSteinis simravle - 𝐑 -is 𝑋  qvesimravles bernSteinis simravle 
ewodeba, Tu arc 𝑋  da arc misi damateba ar Seicavs arc erT 
aracariel srulyofil simravles. 

4. luzinis simravle – vityviT, rom 𝑋 ⊂ 𝐑  simravle aris luzinis 
simravle, Tu 𝑋 aris araTvladi simravle da yoveli pirveli 
kategoriis 𝑌 simravlisTvis 𝐑-dan, 𝑋 ∩ 𝑌 simravle araumetes Tvladia. 

5. serpinskis simravle – vityviT, rom 𝑋 ⊂ 𝐑  aris serpinskis simravle, 
Tu 𝑋  araTvladia da yoveli lebegis azriT nulzomis 𝑌 ⊂ 𝐑 
simravlisaTvis, 𝑋 ∩ 𝑌 simravle araumetes Tvladia 

   cnobilia am simravleebis roli da mniSvneloba maTematikis sxvadasxva 
dargebSi (ix. [4], [14], [25], [26], [27]). es simravleebi arsebiTad gamoiyeneba 
namdvili cvladis funqciaTa Teoriis, zomis Teoriisa da zogadi 
topologiis bevr sakiTxSi, gansakuTrebiT ki sxvadasxva tipis 
kontrmagalitebis agebis procesSi. sazogadod unda iTqvas, rom 
maTematikuri analizis ganviTarebam gamoiwvia ufro da ufro rTuli 
wertilovani simravleebis Seswavlis aucilebloba, kerZod, XIX saukunis 
bolos namdvili ricxvis cnebis dafuZnebam didi stimuli misca am 
mimarTulebiT mravalricxovan kvlevebs. im droisTvis aRmoCenili iqna 
maTematikuri obieqtebi, romlebic maSindel standartul maTematikur 
obieqtebTan disonansSi modioda. aseT cnobil obieqtTa ricxvs miekuTvneba 
kantoris mier agebuli SesaniSnavi simravle, e.w. kantoris diskontinuumi, 
romelmac udidesi roli Seasrula wertilovavani simravlebis zogad 
TeoriaSi. kantoris diskontinuumma safuZveli Cauyara Tanamedrove 
fraqtalebis Teoriasac (ix. [4], [27], [28]). magram gacilebiT ufro rTuli 
deskrifciuli struqturis mqone wertilovani simravleebi agebul iqna 
damatebiTi simravlur-Teoriuli aqsiomebis daxmarebiT.  

   amave paragragrafSi aRniSnulia hamelis bazisis mniSvneloba 
Tanamedrove maTematikisTvis. swored hamelis bazisebis saSualebiT aigeba 
koSis funqcionaluri gantolebis  

𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦)             (𝑥 ∈ 𝐑, 𝑦 ∈ 𝐑) 

e.w. aratrivialuri amonaxsni  da, ufro metic, mtkicdeba mravali aseTi 
amonaxsnis arseboba. 
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mesame paragrafSi naCvenebia zomis TeoriisTvis saintereso faqti lebegis 

zomasTan mimarTebaSi. kerZod, damtkicebulia Teorema (ix. [Beriash]). 

Teorema 2. Tu 𝑓 aris aditiuri asaxva 

                      𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦) ,           𝑓: 𝐑 → 𝐑2, 

romlis mniSvnelobaTa simravle Seicavs erT wrfeze aramdebare 3 wertils, 
maSin 𝑓 iZleva koSis funqcionaluri gantolebis aratrivialur amonaxsns.  

   miuxedavad imisa, rom intensiuri kvlevebi mimdinareobs  wertilovani 
simravleebis deskrifciul TeoriaSi da Seswavlilia mTeli rigi 
paradoqsaluri wertilovani simravleebi ( magaliTad vitalis simravleebi, 
bernSteinis simravleebi, hamelis bazisebi), TiTqmis ar iyo Seswavlili maT 
Soris urTierTkavSirebi da maTi kombinaciebi. winamdebare naSromSi 
warmodgenilia ramodenime debuleba, romelic maT Soris 
urTierTdamokidebulebebs gamoxatavs.  

   Teorema 3.  (a) arsebobs wertilovani simravle, romelic erTdroulad 
aris vitalis simravle da bernSteinis simravlec;  

   (b)  arsebobs iseTi simravle, romelic erTdroulad aris bernSteinis 
simravle da hamelis bazisic; 

   (g) ar arsebobs iseTi simravle 𝐑 -Si, romelic erTdroulad SeiZleba 
iyos vitalis simravle da hamelis bazisi. 

   meoTxe paragrafi eZRvneba konkretul damatebiT-simravlur Teoriuli 
aqsiomis, saxeldobr, kontinuumis hipoTezis gamoyenebas wertilovani 
simravleebis Seswavlisas. rogorc cnobilia, swored kontinuumis 
hipoTezaze dayrdnobiT aigeba iseTi cnobili wertilovani simravleebi, 
rogorebicaa  luzinis simravle da serpinskis simravle (ix. [25], [29], [30]). 
luzinis simravle da serpinskis simravle zomis TvalzasriT uaRresad 
saintereso obieqtebs warmoadgenen. luzinis simravleebi zomis Teoriis 
TvalsazrisiT arian Zalian mcire obieqtebi, radgan isini absoluturad 
nulzomis simravleebs waroadgenen yoveli 𝜎-sasrulo difuziuri borelis 
zomis gasrulebis mimarT 𝐑 -Si. xolo serpinskis simravleebi uaRresad 
cudi simravleebi arian lebegis zomis Teoriis TvlasazrisiT, radganac 
serpinskis simravlis yoveli araTvladi qvesimravle lebegis azriT 
arazomadia.   

   wina paragrafis msgavsad, aRniSnul paragrafSic vagrZelebT 
paradoqsalur wertilovan simravleTa urTierTkavSirebis dadgenas. aq 
mtkicdeba Semdegi debulebebi.  

  Teorema 4. kontinuumis hipoTezis daSvebiT arsebobs iseTi 𝑋  luzinis 
simravle 𝐑 RerZze, rom 

                        𝑋 + 𝑋 = {𝑥 + 𝑥′: 𝑥 ∈ 𝑋, 𝑥′ ∈ 𝑋 } = 𝐑.  
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    Teorema 5: (a) ar arsebobs luzinis simravle, romelic iqneba vitalis 
simravle; 

         (b) ar arsebobs luzinis simravle, romlic iqneba bernSteinis 
simravle; 

         (g) kontinuumis hipoTezis daSvebiT arsebobs iseTi luzinis 
simravle, romelic amavdroulad aris hamelis bazisi. 

    Teorema 6. kontinuum hipoTezis daSvebiT, arsebobs iseTi serpinskis 
simravle 𝑋, rom  

𝑋 + 𝑋 = {𝑥 + 𝑥′;  𝑥 ∈ 𝑋, 𝑥′ ∈ 𝑋} = 𝐑. 

 

    Teorema 7. (a) ar SeiZleba, rom serpinskis simravle iyos vitalis 
simravle; 

          (b) ar SeiZleba, rom serpinskis simravle iyos bernSteinis 
simravle; 

         (g) arsebobs iseTi serpinskis simravle, romelic amavadroulad 
aris hamelis bazisi. 

   mexuTe paragrafSi ki ganvixilavT wertilovani simravleebis iseT 
magaliTebs, romelTa arseboba da ageba kontinuumis hipoTezaze ufro sust 
simravlur-Teoriul daSvebas eyrdnoba, kerZod ki e.w. martinis aqsiomas 
moiTxovs (martinis aqsiomis Sesaxeb ix. [31], [26], [32], [8]).   

   swored martinis aqsiomis daSvebiT aigeba paradoqsaluri da saintereso 
wertilovani simravleebi, saxeldobr, luzinis ganzogadoebuli simravle 
da serpinskis ganzogadoebuli simravle.  

Teorema 8. (a) ar arsebobs ganzogadoebuli luzinis simravle, romelic 
aris vitalis simravle; 

           (b) ar arsebobs ganzogadoebuli luzinis simravle, romelic 
aris benSteinis simravle; 

           (g) martinis aqsiomis daSvebiT arsebobs iseTi ganzogadoebuli 
luzinis simravle, romelic amavdroulad aris hamelis bazisi. 

Teorema 9.A (a) ar arsebobs ganzogadoebuli serpinskis simravle, romelic 
aris vitalis simravle; 

          (b) ar arsebobs ganzogadoebuli serpinskis simravle, romelic 
aris bernSteinis simravle; 
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          (g) arsebobs iseTi ganzogadoebuli serpinskis simravle, romelic 
amavdroulad aris hamelis bazisi.  

   me-6 paragrafSi moyvanili da ganxilulia iseTi faqtebi da cnebebi, 
romlebsac Semdeg paragrafebSi arsebiTad viyenebT. esenia: zomis Teoriis 
zogadi cnebebi, invariantuli da kvazi-invariantuli zomebis Tvisebebi da 
zomis gagrZelebis amocana. dawvrilebiT aris ganxiluli zomis 
gagrZelebis marCevskis meTodi, romelic SemdegSi mdgomareobs.  

   vTqvaT,  mocemuli gvaqvs oTxeuli (𝐸, 𝐺, 𝑆, 𝜇), sadac  𝐸 aris ZiriTadi 
sabaziso sivrce, 𝐺 aris 𝐸  sabaziso simravlis gardaqmnaTa raime jgufi, 𝑆 
aris 𝐸 sabaziso sivrcis qvesimravleTa raime 𝐺-invariantuli  𝜎-algebra,  
𝜇 aris 𝐸-ze gansazRvruli raime 𝐺-invariantuli (𝐺-kvazi-invariantulia)   
𝜎-sasruli  zoma, xolo 𝐾 aris iseTi Tvladad aditiuri 𝐺-invariantuli 
ideali 𝐸 sivrcis buleanSi, rom samarTliania  

(∀𝑌 ∈ 𝐾)( 𝜇∗(𝑌) = 0)  

toloba. maSin arsebobs 𝜇 zomis gagrZeleba �̅� iseTi, rom 

�̅� ((𝑍 ∪ 𝑍′)\𝑍′′) = 𝜇(𝑍), 

sadac 𝑍 nebismieri 𝜇-zomadi simravlea sabaziso 𝐸 sivrceSi, xolo 𝑍′ da 𝑍′′ 
arian 𝐾 idealis nebismieri elementebi. amasTanave, Tu amosavali 𝜇 zoma 𝐺 -
invariantulia (𝐺-kvazi-invariantulia), maSin �̅� zomac iqneba 𝐺-invariantuli 
(𝐺-kvazi-invariantuli). 

   amave paragrafSi gamoyofilia zomis gagrZelebis amocanis sami ZiriTadi 
aspeqti: 

1. simravlur-Teoriuli aspeqti - SeiZleba Tu ara aranulovani 𝜎 -
sasruli difuziuri zoma ganisazRvros mocemuli araTvladi 
somravlis yvela qvesimravlisaTvis?  

2. algebruli aspeqti - Tu araTvlad 𝐺 jgufze mocemulia aranulovani, 
𝜎 -sasruli, 𝐺 -s yvela marcxena translaciaTa jgufis mimarT 
invariantuli (kvazi-invariantuli) zoma, SeiZleba Tu ara es zoma 
mkacrad gagrZeldes  invariantulobis (kvazi-invariantulobis) 
Tvisebis SenarCunebiT? 

3. topologiuri aspeqti - topologiur sivrceze mocemuli raime 
regularobis Tvisebis mqone zomisaTvis SesaZlebelia Tu ara misi 
gagrZeleba simravleTa ufro farTo 𝜎 -algebraze, Tanac aRniSnuli 
regularobis Tvisebis SenarCunebiT? 

   meSvide paragrafSi dasmulia konretuli problema, romelic SemdegSi 
mdgomareobs: wina paragrafebSi ganxilul paradoqsalur wertilovan 
simravleebze (vitalis simravle, bernSteinis simravle, hamelis bazisi, 
luzinis simravle da serpinskis simravle) ramdenad aris SesaZlebeli 
lebegis zomis gagrZeleba?  
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   dasmuli amocanis gadaWraSi did rols TamaSobs zomis gagrZelebis 
marCevskis meTodi. am mimarTulebiT miRebulia ramdenime Sedegi.  

   Teorema 10. arsebobs 𝑋 ⊂ 𝐑 bernSteinis simravle iseTi, rom: 

   (a) arsebobs invariantuli zoma 𝜇1 , romelic warmoadgens lebegis zomis 
gagrZelebas 𝐑-ze da 𝜇1(𝑋) = 0; 

   (b) arsebobs invariantuli zoma 𝜇2 , romelic warmoadgens lebegis zomis 
gagrZelebas 𝐑-ze da 𝜇2(𝐑\𝑋) = 0. 

   Teorema 11. arsebobs 𝑋 ⊂ 𝐑 bernSteinis simravle iseTi, rom Tu 𝜇  aris 
raime 𝜎 -sasrulo invariantuli zoma 𝐑 -ze, maSin imave 𝐑 -ze arsebobs 
invariantuli zoma 𝜇′,  romlisTvisac sruldeba Semdegi pirobebi: 

(a) 𝜇′ aris 𝜇 zomis gagrZeleba; 
(b) 𝑋 ∈ 𝑑𝑜𝑚(𝜇′) da 𝜇′(𝑋) = 0. 

   Teorema 12. arsebobs lebegis zomis iseTi invariantuli 𝜇  gagrZeleba, 
romlis mimarTac yvela serpinskis simravle zomadia da maTgan yvelas aqvs 
𝜇-zoma nuli. 

   kargad aris cnobili, rom zomis Teoriis erT-erTi fundamentur 
problemas warmoadgens Semdegi amocana:  
    𝐸 sabaziso  simravleze gansazRvruli aranulovani zomis gagrZeleba 𝐸 
simravlis qvesimravleTa rac SeiZleba farTo klasze. 
 
   merve paragrafSi Cvens mier naCvenebia, rom usasruloganzomilebian 
topologiur veqtorul sivrceSi, kerZod namdvil ricxvTa yvela SesaZlo 
mimdevrobebis 𝐑𝑁  sivrceSi arsebobs amave sivrceSi gansazRvruli 
aranulovani 𝜎 -sasrulo borelis invariantuli zomis araseparabeluri 
invariantuli gagrZeleba, romelic inarCunebs erTaderTobis Tvisebas. 
ufro metic, aigeba sawyisi zomis invariantuli araseparabeluri 
gagrZelebaTa udidesi SesaZlo simZlavris ojaxi. 
   
 Teorema 13. 𝐑𝑁 -ze 𝜒  borelis 𝜎 − sasrulo zomis invariantul, 
araseparabelur da erTaderTobis Tvisebis mqone zomaTa gagrZelebebis 

klasis simZlavre aris  22𝑐
. 

 
  mecxre paragrafi eZRvneba namdvilmniSvnelobiani funqciebis fardobiTad 
zomadobis cnebas zomaTa garkveuli klasebis mimarT. kerZod, Cvens mier 
gamokvleul iqna namdvilmniSvnelobebiani funqciis fardobiTad zomadobis 
sakiTxi separabelur da araseparabelur zomaTa klasebis  mimarT da 
damtkicebulia Semdegi faqtis samarTlianoba. 
 
   Teorema 14. Tu 𝑓: 𝐸 → 𝐑  funqcia aris fardobiTad zomadi 𝑀2  klasis 
mimarT, maSin is aseve fardobiTad zomadi iqneba 𝑀1  klasis mimarT, sadac 
 𝑀1-iT aRniSnulia yvela aranulovan 𝜎-sasrulo separabelur zomaTa klasi 
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𝐸-ze, xolo 𝑀2-iT aRniSnulia yvela aranulovan 𝜎-sasrulo araseparabelur 
zomaTa klasi 𝐸-ze. 
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$1. simravleTa Teoriis sxvadasxva aqsiomaturi sistemebis 
Sesaxeb 

   nebismieri maTematikuri Teoria agebulia mocemul sawyis debulebebze 
anu aqsiomebze dayrdnobiT, e.i.  winadadebebze, romlebsac damtkicebis 
gareSe vRebulobT, rogorc WeSmarit debulebebs. yvela danarCeni 
debuleleba unda iyos am aqsomebis TanmimdevrobiT gamoyenebisa da 
garkveuli gamoyvanis wesebis Sedegad damtkicebuli. rodesac TeoriaSi 
ukve calsaxad (cxadad) aris Camoyalibebuli aqsiomebi, misi Camoyalibebis 
bolo etaps warmoadgens damtkicebis wesebi (ix., magaliTad, [1] ,[2], [3], [4], [9], 

[13],[14],[17])  

   gansazRvreba: Teorias ewodeba sruli, Tu nebismieri Caketili A 
formulisaTvis am TeoriaSi damtkicebadia an formula A an am formulis 

uaryofa  A.  

   ar aris aucilebeli, rom agebuli Teoria iyos sruli, radgan 
Tanamedrove maTematikaSi arsebobs mravali Teoria, romelic sulac ar 
aris sruli. 

sruli Teoriis yvelaze naTel magaliTs warmoadgens propoziciuli 
aRricxva, xolo arasruli Teoriebis ricxvs miekuTvnebian:  

(a) dalagebis mimarTebis Teoria,  

(b) jgufTa Teoria,  

(g) rgolTa Teoria,  

(d) veqtorul sivrceTa Teoria,  

(e) topologia  

da a.S., radgan TiToeuls am Teoriebidan arsebiTad gansxvavebuli 
(araizomorfuli) modelebi gaaCniaT.  

   pirveli rigis Teoriis gavrcelebuli magaliTia jgufTa Teoria, 
romelsac 𝐾 asoTi aRvniSnavT. 

  vTqvaT, 𝐾 -s aqvs erTi predikatuli simbolo 𝐴1
2 , erTi funqcionaluri 

simbolo 𝑓1
2  da erTi sagnobrivi mudmivi 𝑎1.  SemovitanoT aRniSvnebi: 

nacvlad     𝐴1
2 ( 𝑡, 𝑠)  Cven CavwerT  𝑡 =  𝑠 , 𝑓1

2(𝑡, 𝑠) nacvlad  𝑡 + 𝑠  da 𝑎1-s nacvlad 
0. 

  𝐾 Teoriis sakuTrivi aqsiomebi arian Semdegi formulebi: 

1. x1x2x3( x1 + (x2 + x3) = (x1 + x2 ) + x3 )  (asociaciuroba); 

2. x1 ( 0 +  x1 = x1 ) ; 

3. x1x2( x2 + x1 = 0 ) (Sebrunebuli elementis arseboba);  

4. x1( x1 = x1 )  (tolobis refleqsuroba); 
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5. x1x2(x1 = x2  x2 = x1 )  (tolobis simetriuloba); 

6. x1x2x3( x1 = x2  (x2 = x3  x1 = x3)) (tolobis tranzituloba); 

7. x1x2x3 ( x2=x3  ( x1 + x2 = x1 + x3 da x2 + x1 = x3 + x1 ) (tolobis 
Casmadoba). 

   am Teoriis yovel models ewodeba jgufi.  

   jgufTa Teoria aris sasrulad aqsiomatizirebuli. sazogadod yoveli 
Teoria, romelsac gaaCnia sakuTrivi aqsiomebis sasruli ricxvi, aris 
efeqturad aqsiomatizirebuli, radgan arsebobs SesaZlebloba, rom 
nebismieri mocemuli formulisaTvis efeqturad (konstruqciulad) 
gadawydes sakiTxi, ekuTvnis Tu ara es formula Teoriis aqsiomaTa ricxvs. 

   n. burbaki (ix. [3]) sagangebod xazs usvams imas, rom ZiriTadi gansxaveba 
klasikur da Tanamedrove maTematikas Soris swored is aris, rom aqcenti 
Tanamedrove maTematikaSi gadatanilia arasruli Teoriebis Seswavlaze, 
romlebsac mravali arsebiTad gansxvavebuli modeli aqvT.  

  Tanamedrove maTematikis Seswavlasa da kvlevaSi did rols TamaSobs 
simravleTa Teoria. simravleTa Teoria aRebulia rogorc bazisi yoveli 
sakvlevi maTematikuri Teoriisa da masze dayrdnobiT xdeba sxva Teoriebis 
ageba, Seswavla da maTi Semdgomi ganviTareba. es mniSvnelovani garemoeba 
faqtiurad k. giodelis fundamentur Sedegs ukavSirdeba (ix. [10], [11]). misive 
Teorema sisrulis Sesaxeb pirveli rigis logikisaTvis cxadad aCvenebs 
simravleTa Teoriis universalurobas aRniSnuli TvalsazrisiT, e.i. yovel 
arawinaaRmdegobriv maTematikur Teorias aqvs simravlur-Teoriuli modeli.   

  simravleTa aqsiomaturi Teoria gulisxmobs amosavali aqsiomebis 
logikur analizs da, kerZod, saTanado modelebis agebis meSveobiT 
sxvadasxva tipis damatebiTi simravlur-Teoriuli debulebebis (anu 
hipoTezebis) Tavsebadobis dadgenas (magaliTad, amorCevis aqsiomisa da 
kontinuumis hipoTezis Tavsebadobis dadgenas, rac Tavis droze naCvenebi 
iyo imave giodelis mier (ix. [10], [4], [8],[32]). 

   sazogadod, aqsiomaturi anu formaluri Teoria SegviZlia Semdgegnairad 
ganvsazRvroT: 

   vityviT, rom formaluri anu aqsiomaturi Teoria J gansazRvrulia, Tu 
Sesrulebulia Semdegi pirobebi: 

1. mocemulia simboloTa raime Tvladi simravle, romelebsac J Teoriis 
simboloebi ewodeba. 𝐽  Teoriis simboloTa sasrul mimdevrobas 
ewodeba J Teoriis gamosaxuleba; 

2. arsebobs J Teooriis gamosaxulebaTa qvesimravle, romelebsac 
ewodeba Teoriis formulebi. Cveulebriv arsebobs efeqturi 
procedura, romelic saSualebas iZleva mocemuli gamosaxulebisTvis 
ganisazRvros, aris Tu ara is formula; 

3. gamoyofilia formulaTa garkveuli  simravle, romelebsac 𝐽 Teoriis 
aqsiomebi ewodebaT; im SemTxvevaSi, Tu SesaZlebelia raime 
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konstuqciuli meTodiT imis garkveva, mocemuli formula warmoadgens 
Tu ara Teoriis aqsiomas, vambobT rom mocemuli Teoria aris 
efeqturad aqsiomatizirebuli (anu aris aqsiomaturi Teoria); 

4. arsebobs formulaTa Soris mimarTebaTa sasruli simravle R1,. . . ,Rn, 
romlebsac gamoyvanis wesebi ewodeba. yoveli Ri-sTvis arsebobs 
calsaxad gansazRvruli naturaluri ricxvi 𝑗 = 𝑗(𝑖)  iseTi, rom 
yoveli  𝑗  raodenoba formulebisagan Sedgenili simravlisaTvis da 
yoveli A formulisaTvis efeqturad (konstruqciulad) wydeba 
sakiTxi imis Sesaxeb, aris Tu ara mocemuli 𝑗 raodenobis formulebi 
Ri mimarTebaSi A formulasTan, da Tu aris, maSin A-s ewodeba mocemul 
j raodenobis formulaTa uSualo Sedegi Ri wesis gamoyenebiT.  

   arseboben simravleTa Teoriis sxvadasxva tipis aqsiomatizaciebi.  

   pirvel rigSi ganvixiloT cermelo-frenkelis formaluri sistemis (anu 
ZFC sistemis) aqsiomaTa erT-erTi varianti, romelic yvelaze popularulia 
miRebul aqsiomatikebs Soris. simravleTa Teoria aris pirveli rigis 
logikuri Teoria, romlis alfabetSi gvaqvs ori oradgiliani realiciuri 

niSani: = (toloba) da  (kuTvnileba). 

1. eqstensionalobis aqsioma:  
 

(𝑥)(𝑦)((𝑧)(𝑧𝑥  𝑧𝑦)(𝑥 = 𝑦)). 
 
es aqsioma gveubneba, rom nebismieri simravle calsaxad ganisazRvreba 
misi yvela elementis saSualebiT. 

2. carieli somravlis arsebobis aqsioma:   

(𝑥)(𝑦)(𝑦𝑥). 

am aqsiomis Tanaxmad, arsebobs simravle, romelic arc erT elements ar 
Seicavs. SevniSnoT, rom eqstensionalobis aqsiomis gamo, aseTi simravle 

erTaderTia. mas carieli simravle ewodeba da igi  simboloTi 
aRiniSneba. 

3. simravlis buleanis arsebobis aqsioma:  

(𝑥)(𝑦)(𝑧)(𝑧𝑦  𝑧  𝑥). 

es aqsioma gveubneba, rom yoveli x simravlisTvis arsebobs misi yvela 
SesaZlo nawilTa simravle. am simravles x-is buleani hqvia da igi P(x) 

simboloTi aRiniSneba. 

4. simravleTa nebismieri ojaxis gaerTianebis aqsioma:  

(𝑥)(𝑦)(𝑧)(𝑧𝑦 (𝑡)(𝑡𝑥 & 𝑧𝑡)). 
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es aqsioma faqtobrivad gveubneba, rom simravleTa nebismieri   {𝐸𝑖 ∶  𝑖𝐼}   

ojaxisTvis  arsebobs  {𝐸𝑖 ∶  𝑖𝐼} simravle, romelic Seicavs im da mxolod 
im elementebs, romlebic ojaxis erT 𝐸𝑖 simravles mainc ekuTvnian. 

5. usasrulo simravlis arsebobis aqsioma: 

(𝑋)(𝑋&(𝑥)(𝑥𝑋  (𝑦)(𝑦𝑋&(𝑧)(𝑧𝑦  ( 𝑧𝑥𝑧 = 𝑥))))). 

am aqsiomis erT-erT ekvivalentur formas miviRebT, Tu yvela 
naturalur ricxvTa 𝑁 simravlis arsebobis aqsiomas davuSvebT. 

   cxadia, Tavidanve SegveZlo meore aqsioma  CagverTo usasrulo 
simravlis arsebobis aqsiomis CamoyalibebaSi. saxeldobr, axlaxan 

moyvanil formulirebaSi  X  damokidebulebis magivrad SegveZlo 
dagvewera   (𝑡)(𝑡𝑋 & (𝑢)(𝑢𝑡))   damokidebuleba. magram am or aqsiomebs 
(2 da 5) tradiciulad  cal-calke ayalibeben. 

6. amorCevis aqsioma (cermelos aqsioma): 

aracariel simravleTa yoveli {𝐸𝑖 ∶  𝑖𝐼}  ojaxisTvis arsebobs am ojaxis 
seleqtori, e.i Tu (𝑖𝐼)(𝐸𝑖  ), maSin arsebobs  {𝑒i∶  𝑖  𝐼} elementTa iseTi 
ojaxi, rom (𝑖𝐼)(𝑒𝑖𝐸𝑖). 

7. Canacvlebis aqsioma: 

vTqvaT, mocemuli 𝑆(𝑥, 𝑦) binaruli mimarTeba funqcionaluria y sagnobrivi 
cvladis mimarT, e.i. yoveli x elementisTvis arsebobs erTaderTi y 

elementi, romlisTvisac S(x,y) WeSmaritia ( es gamonaTqvami formulis 
saxiT Semdegnariad Caiwereba (𝑥)(! 𝑦)𝑆(𝑥, 𝑦) ) . maSin, nebismieri X 

simravlisTvis arsebobs Y simravle iseTi, rom  

(𝑦)(𝑦𝑌  (𝑥)(𝑥𝑋 & 𝑆(𝑥, 𝑦))). 

   simravleTa Teoriis aqsiomatikis agebis procesSi yvelaze cxare 
debatebi da mravalricxovani diskusiebi gaimarTa cermelos aqsiomis 
irgvliv da mis paradoqsalur logikur SedegebTan dakavSirebiT (ix. 
magaliTad [16], [4], [14], [18], [19], [33], [15], [20]). 

   burbakiseuli midgomiT (ix. [3]), simrvaleTa Teoria aris egalitaruli 
Teoriis garkveuli gafarToeba, romelic miiReba erTaderTi simbolos, 

kuTvnilebis niSnis () damatebiT da saTanado aqsiomebis SemotaniT. 
sisrulisaTvis aqve moviyvanT tolobis niSanTan dakavSirebul aqsiomebs, 
romlebiTac xasiaTdebian egalitaruli Teoriebi. magram amisaTvis jer 
aucilebelad unda gavixsenoT logikuri da kvantoruli Teoriebis cnebebi. 

rogorc viciT, nebismieri formaluri maTematikuri Teoria Seicavs 

amosaval logikur niSnebs, magaliTad,  (uaryofas) da  (diziunqcias) an 

kidev   (uaryofas) da  (koniunqcias). sxva tipis logikuri niSnebi, 

magaliTad,  (implikacia) da  (eqvivalentoba) ganisazRvrebian amosavali 
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logikuri niSnebis terminebSi da, faqtobrivad, TamaSoben e.w. 
Semamoklebeli simboloebis rols (magaliTad, 𝑆  𝑇 formula warmoadgens  
(𝑆)  𝑇 formulis ubralo Semoklebas). 

 formalur maTematikur Teorias logikuri Teoria ewodeba, Tu masSi 
gvaqvs Semdegi oTxi sqema: 

1. (S  S)  S, 

2. S  (S  T), 

3. (S  T )  (T  S), 

4. (S T)  ((R  S)  (R  T)), 

 

sadac S, T da R Teoriis nebismieri formulebia. 

   amowerili sqemebi gansazRvraven logikis fundamentalur kanonebs da 
TavisTavad warmoadgenen klasikuri propoziciuli aRricxvis aqsiomaTa 
nusxis erT-erT variants, romelic jer kidev d. hilbertis mier iyo 
SemoTavazebuli (ix. [1],[ 3], [4] ,[13]). 

   logikur TeoriebSi gvaqvs Semdegi gamoyvanis wesi, romelsac modus 
ponensi (modus ponens) hqvia: 

                              Tu 𝑆 da 𝑆  𝑅, maSin 𝑅. 

   logikur Teorias kvantoruli Teoria ewodeba, Tu mis alfabetSi 
monawileobs   zogadobis kvantoris niSani da masTan dakavSirebiT 
Semotanilia aqsiomaTa Semdegi sqema:  

                        (𝑥)𝑆(𝑥)  𝑆(𝑦), 

sadac 𝑆(𝑧)  aris Cveni Teoriis nebismieri formula ( 𝑧  sagnobriv cvladze 
damokidebuli). 

   Sesabamisi gamoyvanis wesi Semdegnairad yalibdeba (-wesi) : 

Tu 𝑆  𝑅(𝑥) , sadac 𝑆  formula ar Seicavs 𝑥  sagnobrv cvlads, maSin 
𝑆  (𝑥)𝑅(𝑥).  

    arsebobis kvantoris niSani  e.i.   simbolo gansaxilav TeoriaSi 
Semotanili SeiZleba iqnas   zogadobis kvantoris meSveobiT, saxeldobr, 
gansazRvris Tanaxmad, (𝑥)𝑇(𝑥)  formula warmoadgens mxolod da mxolod 
Semamoklebel aRniSvnas (𝑥)𝑇(𝑥) formulisaTvis. 

   piruku, kvantoruli Teoria SeiZleba ganimartos  arsebobis kvantoris 
niSnis da misi Sesabamisi aqsiomisa da gamoyvanis wesis terminebSi. am 
SemTxevaSi gvaqvs aqsiomaTa Semdegi sqema: 

                          𝑆(𝑦)  (𝑥)𝑆(𝑥), 

sadac 𝑆(𝑧)  aris Cveni Teoriis nebismieri formula ( 𝑧  sagnobriv cvladze 
damokidebuli). 
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   garda amisa, gvaqvs Semdegi gamoyvanis wesic, romelsac -wesi ewodeba: 

 Tu 𝑆(𝑥)  𝑅 ,  sadac 𝑅  formula ar Seicavs 𝑥  sagnobriv cvlads, maSin          
(𝑥)𝑆(𝑥)  𝑅. 

   aseTi midgomis dros zogadobis kvantori SemoaqvT arsebobis kvantoris 
meSveobiT da (𝑥)𝑇(𝑥)  formula aris mxolod da mxolod Semamoklebeli 
aRniSvna (𝑥)𝑇(𝑥) formulisaTvis. 

   amrigad, Cven vxedavT, rom zogadobisa da arsebobis kvantorebi 
garkveuli gagebiT erTmaneTis mimarT dualur (oradul) obieqtebs 
warmoadgenen. 

   axla ukve SegviZlia ganvixiloT egalitaruli Teoriebi. 

kvantorul Teorias egalitaruli Teoria ewodeba, Tu mis alfabetSi 
monawileobs oradgiliani relaciuri (predikatuli) niSani = da am 
niSanTan dakavSirebiT Semotanilia Semdegi ori aqsioma (faqtobrivad, 
aqsiomaTa sqemebi). 

pirveli aqsioma:  

𝑥 = 𝑥 

sadac 𝑥 nebismieri sagnobrivi cvladia. 

meore aqsioma: 

                             (𝑥 =  𝑦)  (𝑆(𝑥)  𝑆(𝑦)), 

sadac 𝑥 da 𝑦 nebismieri erTmaneTisgan gansxvavebuli sagnobrivi cvladebia, 
xolo 𝑆(𝑧)  – Teoriis nebismieri formula (mesame 𝑧  Tavisufal sagnobriv 
cvladze damokidebuli da, SesaZloa, sxva Tavisufali sagnobrivi 
cvladebis Semcveli). 

moyvanili aqsiomebis intuiciuri Sinaarsi savsebiT gasagebia. pirveli 
aqsioma ambobs, rom yoveli obieqti Tavisi Tavis tolia, xolo meore 
aqsioma gveubneba, rom  toli obieqtebi erTmaneTis mimarT Canacvlebadia. 

   am aqsiomebidan advilad miiReba tolobis yvela bunebrivi Tviseba 
(magaliTad, is cnobili faqti, rom tolobas aqvs refleqsurobis, 
simetriulobisa da tranzitulobis Tvisebebi).  garda amisa, gvaqvs 
implikacia 

                     (𝑥 =  𝑦)  (𝑡(𝑥)  = 𝑡(𝑦)), 

sadac 𝑥  da 𝑦  erTmaneTisagan gansxvavebuli sagnobrivi cvladebia, xolo 
𝑡(𝑧)  – Teoriis nebismieri termi (mesame 𝑧  Tavisufal sagnobriv cvladze 
damokidebuli).  
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   rogorc ukve vTqviT, simravleTa Teoria egalitaruli Teoriis Semdgomi 

gafarToebaa. mas kuTvnilebis oradgiliani relaciuri  niSani Semoaqvs 

da, garkveuli aqsiomebis meSveobiT,  da = niSnebs erTmaneTs ukavSirebs. 
(ix. [1], [4] , [8], [13], [17], [32]) 

 burbakis mier warmodgenil TezisSi (ix. [3]) Sedarebulia klasikuri da 
Tanamedrove maTematikuri Teorebi, kerZod ganxilulia calsaxa Teoriebis 
magaliTebi. calsaxa Teoria ikvlevs konkretul obieqtebs, magaliTad, 
iseTebs rogorebicaa: evkliduri sibrtye, namdvil ricxvTa simravle, 
usasruloganzomilebiani separabeluri hilbertis sivrce, [0,1] intervalze 
gansazRvrul yvela namdvilmniSvnelobian uwyvet funqciaTa sivrce da sxva. 

   burbakis Tezisis Tanaxmad, Tanamedrove maTematikis damaxiaseTebeli 
niSani aris mravalsaxa Teoriebis Seswavla, anu im Teoriebisa, romelTac 
uamravi araizomorfuli modeli gaaCniaT. aseTi Teoriebis magaliTebia: 
topologia, jgufTa Teoria, velTa Teoria da sxva. 

   magram  es Tezisi Tavis mxriv dazustebas moiTxovs, radgan giodelis 
Teoremis (arasisrulis Sesaxeb) Tanaxmad (ix. [13]), sakmarisad mdidari 
calsaxa Teoriebi arc arseboben. 

   garda amisa, giodelis meore Teoremam arasisrulis Sesaxeb faqtiurad 
gardatexa moaxdina Tanamedrove maTematikaSi. es Teorema Semdegnairad 
yalibdeba: 

   Teorema (giodeli). Tu mocemuli Teoriis yvela WeSmarit winadadebaTa 
U erToblioba ar aris rekursulad gadaTvladi, maSin am TeoriisTvis 
arsebobs WeSmariti winadadeba, romelic ar aris damtkicebadi (anu ar aris 
Teorema). 

   aq WeSmaritobis cneba moisazreba Zalian farTo gagebiT (magaliTad, 
Caketili formulis WeSmaritoba SegviZlia gavaigivoT mis 
SesrulebadobasTan raime standartul modelSi an modelTa garkveul 
klasSi). amasTan erTad, nebisbieri formaluri TeoriisaTvis bunebrivia 
moviTxovoT, rom damtkicebadi formulebi iyvnen WeSmariti.  

   aRsaniSnavia, rom formalur ariTmetikasac ki aqvs arastandartuli 
modelebi, amitom burbakis zemoaRniSnuli Tezisi aris fardobiTi xasiaTis 
da mas azri aqvs mxolod winaswar SerCeuli sabaziso simravleTa Teoriis 
mimarT. Tu vigulisxmebT, rom amosavali simravleTa Teoria aris calsaxad 
dafiqsirebuli, maSin burbakis Tezisi namdvilad asaxavs Tanamedrove 
maTematikaSi arsebul realobas.  

   burbakis Tezisis fardobiToba simravleTa Teoriis TvalsazrisiT 
garkveuli gagebiT analogiuria evkliduri geometriis 
arawinaaRmegobriobis damtkicebisa. evklidur geometriaSi verasdros ver 
vaCvenebT am Teoriis absoluturad arawinaaRmdegobriobas, magram 
vamtkicebT mis  fardobiT arawinaaRmdegobriobas Sesabamisi ariTmetikuli 
modelis arsebobis saSualebiT. 
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   simravleTa Teoriis erT-erTi cnobili aqsiomaturi sistema aris e.w. 
neiman-bernais-giodelis sistema, anu NBG sistema (ix. [13],[14],[34],). am 
sistemaSi tolobis garda Cven gvaqvs mxolod erTi predikatuli simbolo  

𝐴2
2  da ar gvaqvs arc erTi funqcionaluri simbolo da sagnobrivi mudmiva. 

predikatuli simbolo SegviZlia Semdegnairad SevcvaloT Semamoklebeli 
simboloebiT: 

𝐴2
2(𝑋, 𝑌) 𝑋 ∈ 𝑌, 

𝐴2
2(𝑋, 𝑌) 𝑋 ∉ 𝑌. 

   am sistemis aqsiomebis Camoyalibebisas saubaria klasebze da ara 
simravleebze. klasis cnebis Semotana maTematikaSi uSualod ukavSirdeba 
raselis paradoqss, romelsac igi 1902 wels waawyda. raSi mdgomareobs es 
paradoqsi? simravlis intuiciuri anu kantoriseuli gansazRvris Tanaxmad, 
simravle aris raime obieqtTa erToblioba, romlebic garkveul Tvisebas 
akmayofileben. ganvixiloT simravle, gansazRvruli Semdegnairad:  

𝐴 =  {𝑋 ∶  𝑋𝑋}. 

am 𝐴 simravlis gansazRvris Tanaxmad, Tu 𝐴𝐴, maSin 𝐴𝐴 da Tu 𝐴𝐴, maSin 𝐴𝐴. 

mivediT aSkara winaaRmdegobamde, anu nebismier SemTxvevaSi A aris A-s 
elementic da Tan arc aris. es garemoeba gviCvenebs, rom simravlis 
intuiciuri kantoriseuli gansazRreba arsebiT dazustebas moiTxovs (ix. 
[1], [2], [3], [4], [9], [13],[14]). 

  aRniSnuli garemoebis gamo,  𝑁𝐵𝐺  Teoriis obieqtebi arian orgvari – 
simravleebi da klasebi, xolo Teoriis aqsiomebs warmoadgenen Semdegi 
winadadebebi:  

1. vTqvaT,  𝐴 = 𝐵   da  𝑅(𝑋)  klasis raime Tvisebaa. 𝑅(𝐴)  samarTliania, 
maSin da mxolod maSin, rodesac WeSamritia 𝑅(𝐵). 

magaliTad, Tu 𝐴 = 𝐵, maSin AC  im da mxolod im SemTxvevaSi, roca 𝐵𝐶. 

2. Tu 𝑅(𝑋)  raime Tvisebaa, maSin arseobobs klasi yvela iseTi 
elementebisa, romlebic warmoadgenen mxolod da mxolod im 𝑋 
simravleebs, romlebisTvisac samarTliania 𝑅(𝑋). 

anu gansazRvruli gvaqvs klasi {𝑋 ∶  𝑅(𝑋)}  ise rom, yoveli 
𝐴 simravlisTvis 𝐴{𝑋 ∶  𝑅(𝑋)}  maSin da mxolod maSin, rodesac 𝑅(𝐴) 

WeSmaritia.  

3.  = {X ∶  X ≠ X} aris simravle. 
4. simravlis yoveli qveklasi aris simravle. 
5. Tu A da B simravleebia, maSin {A, B} agreTve simravlea. 
6. Tu A simravlea, maSin misi buleani  𝑃(𝐴)  (anu 𝐴-s yvela qvesimravleTa 

klasi agreTve simravlea). 
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7. Tu A simravlea, maSin misi gaerTianebac simravlea, romelic ase 

aRiniSneba:  A. 

8. Tu F aris funqcia, romlis gansazRvris are aris simravle, maSim misi 
mniSvnelobaTa klasic iqneba simravle. 

9. yoveli simravle warmoadgens romelime universaluri simravlis 
elements (universaluri simravlis Sesaxeb ix. qvemoT). 

10. yoveli aracarieli klasi A Seicavs elements  X-s, romelic ar 
ikveTeba A-sTan. 

ganvixiloT CamoTvlili aqsiomebis ramdenime Sedegi: 

   Tu 𝐴  da 𝐵  simravleebia, maSin dalagebuli wyvili (𝐴, 𝐵) = {{𝐴}, {𝐴, 𝐵}} 
aseve simravlea da Tu sxva (𝐴′, 𝐵′)  dalagebuli wyvilic aseve simravlea, 
maSin (𝐴, 𝐵) = (𝐴′, 𝐵′) toloba eqvivalenturia ori 𝐴 = 𝐴′ da 𝐵 = 𝐵′ tolobis. 

   Tu 𝑅(𝑋)  aris raime Tviseba, xolo 𝐴  - raime simravle, maSin {𝑋 ∶  𝑋 ∈

𝐴 & 𝑅(𝑋)} aris 𝐴-s qvesimravle, rac me-4 aqsiomidan gamomdinareobs. 

   Tu 𝐴  da 𝐵  simravleebia, maSin maTi dekartuli namravli 𝐴 × 𝐵  aseve 
iqneba simravle. cxadia, Tu 𝑋 ∈ 𝐴 da 𝑌 ∈ 𝐵 , maSin {𝑋}, {𝑋, 𝑌} ⊆ 𝐴⋃𝐵 , aqedan ki 
{𝑋}, {𝑋, 𝑌} ∈ 𝑃(𝐴 ∪ 𝐵), ase rom (𝑋, 𝑌) ∈ 𝑃(𝑃(𝐴 ∪ 𝐵)). Amitom 

            𝐴 × 𝐵 = {𝑍 ∈ 𝑃(𝑃(𝐴⋃𝐵)) ∶ (∃𝑋)(∃𝑌)(𝑍 = (𝑋, 𝑌), 𝑋 ∈ 𝐴, 𝑌 ∈ 𝐵)},  

aqedan cxadad Cans rom 𝐴 × 𝐵 aseve simravlea. 

  yoveli funqcia, romlis gansazRvris are aris simravle, Tavadac 
warmoadgens simravles. marTlac vTqvaT, gvaqvs raime 𝐹  funqcia, xolo 𝐴 
iyos simravle, romelic warmoadgens misi gansazRvris ares. me-8 aqsiomis 
Tanaxmad, misi mniSvnelobaTa klasi aseve simravlea da aRvniSnoT igi 𝐵-Ti. 
radgan 𝐹 ⊆ 𝐴 × 𝐵, aqedan gamomdinareobs, ron 𝐹 aris simravle. 

   gansazRvra: aracariel 𝑈  simravles ewodeba universluri simravle, Tu 
igi akmayofilebs Semdeg pirobebs: 

(1) Tu 𝑋 ∈ 𝑈, maSin 𝑋 ⊆ 𝑈 (tranzitulobis piroba). 
(2) Tu 𝑋 ∈ 𝑈, maSin 𝑃(𝑋) ∈ 𝑈. 
(3) Tu 𝑋, 𝑌 ∈ 𝑈, maSin {𝑋, 𝑌} ∈ 𝑈. 
(4) Tu 𝐹 = (𝐹𝑖)𝑖∈𝐼, sadac 𝐹𝑖 ∈ 𝑈 da 𝐼 ∈ 𝑈, maSin ⋃𝐹 ∈ 𝑈. 

   univesaluri simravlis arsebobis aqsioma Caanacvlebs usasrulo 
simravlis arsebobis aqsiomas da masze bevrad Zlieric aris. misi 
saSualebiT SesaZlebelia klasebis ugulebelyofa da maSasadame, 
SesaZlebelia mxolod simravleebze laparaki. amasTan universaluri 
simravle Cvens mier Camoyalibebuli aqsiomaTa sistemisaTvis warmoadgens 
sakmaod bunebriv models yvela simravleTa klasisTvis. (ix. [10], [4],[34]). 

    ZFC TeoriaSi universaluri simravlis analogs iZleva fon neimanis 
universumis garkveuli sawyisi fragmenti. fon neimanis mier transfinituri 



21 
 

rekursiis meTodiT agebuli iyo simravleTa V erToblioba. mis 
simravleebs xSirad kargad dafuZnebul (an fundirebul) simravleebs 
uwodeben (ix. [1], [4], [8], [17], [32]).   

  fon neimanis universumis agebis sqema Semdegnairad gamoiyureba. 
transfinituri rekursiiT Tanmimdevrulad ganvsazRvravT  𝑉𝛼  simravleebs, 

sadac  nebismieri ordinalia. pirvel rigSi gvaqvs: 

𝑉0 = ∅, 

e.i. sawyis safexurze viRebT cariel simravles. Semdeg gvaqvs: 

𝑉𝛼+1 = 𝑃(𝑉𝛼), 

sadac 𝑃(𝑉𝛼)-Ti aRvniSnavT ukve agebuli  𝑉𝛼  simravlis yvela qvesimravleTa 
simravles, anu  𝑉𝛼 -s buleans. 

agreTve gvaqvs: 

𝑉𝛼 =∪ {𝑉𝛽: 𝛽 < 𝛼}, 

sadac  nebismieri zRvariTi ordinalia. 

sruliad cxadia, rom CamoTvlili pirobebi yoveli -sTvis koreqtulad da 
calsaxad gansazRvravs Sesabamis 𝑉𝛼 simravles.  

da bolos, Semogvaqvs simboluri aRniSvna: 

𝑉 =∪ {𝑉𝛼 ∶ 𝛼  ordinalia}. 

  es aRniSvna somboluria swored imitom, rom yvela oridnalTa 
erToblioba ar aris simravle. Tavis droze am faqts burali-fortis 
paradoqss uwodebdnen. momavalSi Cven ubralod vigulisxmebT, rom raime 
simravle ekuTvnis V klass maSin da mxolod maSin, roca igi romelime 
𝑉𝛼 simravles ekuTvnis. Tu 𝛼  aris mkacrad miuRwevadi ordinali, maSin 𝑉𝛼 
warmoadgens 𝑍𝐹𝐶  Teoriis models da igi SegviZlia ganvixiloT, rogorc 
universaluri simravlis magaliTi (ix. [8], [14], [17], [32]). 

  rogorc cnobilia, 𝑍𝐹  simboloTi aRiniSneba simravleTa Teoriis 
fragmenti, romlidanac amoRebulia amorCevis aqsioma. fefermanisa da levis 
mier naCvenebi iyo, rom arsebobs ZF Teoriis iseTi ucnauri modelebi, 
romlebSic 𝑹  RerZi warmoidgineba rogorc Tvladi simravleebis Tvladi 
ojaxis gaerTianeba (ix. [24],[33]). es mniSvnelovani garemoeba kidev erTxel 
miuTiTebs  imaze, rom klasikuri maTematikuri analizisTvis aucilebelia 
amorCevis aqsiomis raime formis miReba. winaaRmdeg SemTxvevaSi ver 
davamtkicebT analizisa da wertilovani simravleebis Teoriis zogierT 
ZiriTad faqtsac ki. 

   rogorc cnobilia, hilbertma amorCevis aqsiomis globalur formaze 

dayrdnobiT Semoitana globaluri operatori , romelsac aqvs Semdegi 
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Tviseba: 𝑥𝑅(𝑥)  obieqti asrulebs {𝑥 ∶ 𝑅(𝑥)}  klasidan amorCeuli elementis 

rols (Tu ki es klasi carieli ar aris). swored globaluri -operatoris 

saSualebiT SesaZlebelia  da  kvantorebis Semotana. es Semdegnariad 
xorcildeba:  

  rogorc viciT, (𝑥 )𝑅(𝑥) SegviZlia  warmovadginoT, rogorc    (𝑥)(𝑅(𝑥)) 

formula. marTebulia ekvivalentoba: 

                           (𝑥)𝑅(𝑥)  𝑅(𝑥𝑅(𝑥)). 

vaCvenoT, rom (𝑥)𝑅(𝑥)  𝑅(𝑥𝑅(𝑥)) . vTqvaT,  aris globaluri amorCevis 
funqcia anu 𝑥𝑅(𝑥)  aris obieqti, romelic {𝑥 ∶  𝑅(𝑥)}  aracarieli klasis 
elementia. (𝑥)𝑅(𝑥)  swored imas niSnavs, rom    {𝑥 ∶  𝑅(𝑥)}   , e.i. gvaqvs 
𝑥𝑅(𝑥){𝑥 ∶  𝑅(𝑥)} da, maSasadame, WeSmaritia 𝑅(𝑥𝑅(𝑥)).  

axla vaCvenoT, rom 𝑅(𝑥𝑅(𝑥)) (𝑥)𝑅(𝑥) . vTqvaT, sruldeba 𝑅(𝑥𝑅(𝑥)). aq 𝑥𝑅(𝑥) 
warmoadgens Cveni Teoriis romeliRac terms, magaliTad, 𝑡 =  𝑥𝑅(𝑥). amrigad 
𝑅(𝑡) aris samarTliani debuleba. magram Cven viciT, rom pirveli rigis 
logikis  𝑅(𝑡) (𝑥)𝑅(𝑥)   aqsiomis Tanaxmad, samarTliania implikacia 

𝑅(
𝑥

𝑅(𝑥)) (𝑥)𝑅(𝑥)   da, Sesabamisad, WeSmaritia (𝑥)𝑅(𝑥). amrigad, damtkicda, 
rom amorCevis aqsiomis globaluri formis saSualebiT SesaZlebelia 
formaluri TeoriisaTvis zogadobisa da arsebobis kvantorebis Semotana.  

   momdevno paragrafebSi SevexebiT sxvadasxva tipis wertilovan 
simravleebs da maT Tvisebebs. miuxedavad imisa, rom is simravleebi 
ganlagebulia konkretul sivrceebSi (magaliTad, 𝑹 namdvil RerZze da 𝑹2 
evklidur sibrtyeSi), maTi struqturuli Tvisebebi sakmaod xSirad 
ucnaurad airekleba abstraqtul simravleebze da maT simZlavreebze. 
magaliTad, amJamad cnobilia, rom wertilovani simravleebis lebegis 
azriT zomadobis sakiTxi zogjer uSualod ukavSirdeba did kardinalur 
ricxvTa arsebobis sakiTxebs (ix. [4], [6] , [8], [32]). 
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$2. amorCevis aqsioma, misi Tvladi da araTvladi formebi, misi 
roli Tanamedrove maTematikaSi 

  amorCevis aqsioma anu cermelos aqsioma warmoadgens Tanamedrove 
maTematikis umniSvnelovanes postulats. es aqsioma gamoiyeneba Tanamedrove 
maTematikis uamrav dargSi, konkretulad ki iseT mimarTulebebSi, 
rogoricaa simravleTa Teoria, maTematikuri logika, modelebis Teoria, 
klasikuri maTematikuri analizi, funqcionaluri analizi, topologia, 
algebra, albaTobis Teoria, grafTa Teoria, usasrulo kombinatorika da 
a.S. (ix. [4], [6] , [14], [15], [16], [17], [20], [33]). 

amorCevis aqsiomis Camoyalibeba ramodenime formiTaa SesaZlebeli: 

(1) multiplikaciuri forma, romelic rasels ekuTvnis: aracariel 
simravleTa nebismieri ojaxis dekartuli namravli aracarielia. 

(2) cermeloseuli forma: Tu mocemulia aracariel simravleTa 
nebismieri diziunqtiuri ojaxi, maSin arsebobs simravle, romelsac am 
ojaxis TiToeul wevrTan erTi da mxolod erTi saerTo elementi 
aqvs. 

(3) amorCevis funqciis arsebobis forma: yoveli E simravlisaTvis  
arsebobs   𝑓 ∶  𝑃(𝐸)\{}  𝐸  amorCevis funqcia, sadac 𝑃(𝐸) aRniSnavs 𝐸 
simravlis yvela qvesimravleTa simravles;   e.i. rogoric ar unda 

iyos  E-s aracarieli X qvesimravle,  gvaqvs  f (X)  X. 

   rogorc wesi, amorCevis aqsiomas aRniSnaven xolme AC simboloTi  (Axiom 

of Choice). Rrma logikuri gamokvlevebis Sedegad dadginda, rom cermelos 
aqsiomas gansakuTrebuli roli ukavia simravleTa Teoriis aqsiomatikaSi. 

   amorCevis aqsiomis yvelaze moulodnel da ucnaur Sedegad iTvleba e.w. 
banax-tarskis paradoqsi (ix. [35]). am paradoqsis Tanaxmad, ragind didi 
dadebiTi 𝑟  ricxvisaTvis erTeulovani radiusis mqone samganzomilebiani 
birTvi SeiZleba daiyos sasruli raodenobis nawilebad ise, rom am 
nawilebis sivrceSi saTanado gadaadgilebebiT (anu moZraobebiT) sruliad 
Seivseba 𝑟-radiusiani samganzomilebiani birTvi. 

   hilberti da Semdgom TviTon cermeloc amorCevis aqsiomas 
ganixilavdnen ara mxolod rogorc simravleTa Teoriis aucilebel 
postulats, aramed masSi xedavdnen zogad logikur princips, romlis 
gareSec Tanamedrove maTematika saerTod ver iarsebebs. es argumenti 
SemdgomSi sakmarisad gamyarda, radgan aRmoCnda, rom amorCevis aqsiomis 
globaluri formis saSualebiT SesaZlebelia arsebobisa (∃) da zogadobis 
(∀) kvantorebis Semotana (amasTan dakavSirebiT ix $1). 

   rogorc viciT, amorCevis aqsiomis globalur forma Semdegi saxiT 
yalibdeba: 

arsebobs globaluri operatori 𝜏 ,  romelic yovel aracariel klass 
uTanadebs am klasis erT-erT elements.  
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  rogorc cnobilia, klasis cneba warmoiSva mas Semdeg, rac simravleTa 
TeoriaSi raselis paradoqsma da sxva msgavsma paradoqsebma iCina Tavi (ix. 
$1). raselis paradoqsis Tanaxmad, zogierTi  klasi ar warmoadgens 
simravles (ix. [3]). vTqvaT, 𝑅(𝑥)  aris Tavisufali 𝑥  cvladis Semcveli 
damokidebuleba da ganvixiloT obieqti {𝑥 ∶  𝑅(𝑥)} , romelic sazogadod 
klass warmoadgens. 𝑅(𝑥)  damokidebulebas ewodeba makoleqtivizirebeli,  
Tu es obieqti aris simravle. Tu 𝑅(𝑥) -is rolSi aviRebT, 𝑥𝑥  
damokidebulebas, maSin am SemTxvevaSi 𝑅(𝑥)  ar aris makoleqtivizirebeli 
da, maSasadame, {𝑥 ∶  𝑥𝑥} ar aris simravle, anu aris sakuTrivi klasi. 

   hilbertma amorCevis aqsiomis globalur formas misca wminda logikuri 

saxe da masze dayrdnobiT Semoitana globaluri operatori , romelsac 
aqvs Semdegi Tviseba: 𝑥𝑅(𝑥) obieqti asrulebs {𝑥: 𝑅(𝑥)} klasidan amorCeuli 

elementis rols. swored globaluri -operatoris saSualebiT 

SesaZlebelia  da  kvantorebis Semotana (ix. $1) . 

   magram ramdenadac Tanamedrove maTematikis standartul dargebSi ar 
ganixilaven klasebs da ZiriTadad saqme aqvT simravleebTan, amitom qvemoT 
Cven ganvixilavT amorCevis aqsiomis lokalur formebs, kerZod ki 
cermelos aqsiomas. damtkicebulia, rom amorCevis aqsiomis lokaluri 
formidan ar gamomdinareobs amorCevis aqsiomis globaluri forma (ix. [1], 
[3], [13]). 

   Tavad amorCevis aqsiomis sasruli versiidan gamomdinareobs mesames 
gamoricxvis kanoni, romelic mdgomareobs SemdegSi: 𝐴𝐴  yoveli 𝐴 
debulebisaTvis, romelic Tavisufal sagnobriv cvladebs ar Seicavs. xolo 
mesames gamorcxvis kanonis ugulvebelyofiT logikur aqsiomatikaSi 
Camoyalibda araklasikuri logikebi, kerZod ki  l. brouerma gamoTqva idea 
imis Sesaxeb, rom klasikuri logikis aqsiomaTa rigidan amoegdoT „mesames 
gamoricxvis kanoni“ da SeeswavlaT miRebuli Teoria. aseTi midgomis 
safuZvelze Camoyalibda intuicionisturi logika. klasikuri logikisgan 
gansxvavebiT, romlis models warmoagdens bulis algebra. intuicionisturi 
logikis modelia heitingis algebra (ix. [4], [9], [35]). 

   amorCevis aqsiomas gaaCnia ramodenime logikuri ekvivalenti 𝑍𝐹 Teoriis 
CarCoebSi. 

1. cermelos Teorema nebismieri simravlis savsebiT dalagebis Sesaxeb: 
yoveli X simravlisaTvis arsebobs misi bieqcia savsebiT dalagebul 
simravleze. maSasadame, nebismieri X simravle SeiZleba agreTve 
ganxiluli iyos rogorc savsebiT dalagebuli simravle. 

2. kuratovski-hausdorfis Teorema: yoveli (E,) nawilobrivad 
dalagebul simravleSi arsebobs maqsimaluri (CarTvis 
damokidebulebis TvalsazrisiT) wrfivad dalagebuli qvesimravle. 

nawilobrivad dalagebul (E, ) simravles induqciuri ewodeba, Tu misi 
yoveli wrfivad dalagebuli qvesimravle zemodanaa SemosazRvruli (e.i 
yovel aseT qvesimravles aqvs erTi mainc maJoranti). 
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3. cornis lema: nebismier induqciur (𝐸,  )  simravleSi arsebobs erTi 
mainc maqsimaluri elementi, e.i. iseTi 𝑒 elementi, rom 𝑒 < 𝑥  
damokidebuleba mcdaria yvela 𝑥 𝐸 elementisaTvis.  

topologiur sivrces ewodeba kvazikompaqturi, Tu misi nebismieri Ria 
dafarvidan gamoiyofa sasruli qvedafarva (ix. [3]). 

topologiur sivrces ewodeba kompaqturi, Tu igi aris erTdroulad 
kvazikompaqturi da hausdorfis sivrce (ix. [3]). 

4. tixonovis Teorema kvazikompaqturi sivrceebis topologiuri 
namravlebis Sesaxeb: kvazikompaqturi sivrceebis topologiuri 
namravli kvlav kvazikompaqturi sivrcea.  

   aseve damtkicda, rom nebsmieri veqtoruli sivrcisaTvis misi bazisis 
arsebobis debuleba amorCevis aqsiomis garkveul ekvivalents warmoadgens. 
magram aq aris erTi mniSvnelovani niuansi, romelic regularobis 
aqsiomasTanaa dakavSirebuli. anu aRniSnuli ekvivalentobis damtkicebisas 
arsebiTad gamoiyeneba regularobis aqsioma (ix. [37]). 

   regularobis (anu fundirebis) aqsioma aris simravleTa Teoriis Semdegi 
winadadeba: 

(∀𝑋)(𝑋 ≠ ∅ ⇒ ((∃𝑌 ∈ 𝑋)(𝑋 ∩ 𝑌 = ∅)). 

igi Semotanili iyo fon neimanis mier da Cveulebriv 𝐴𝐹  simboloTi 
aRiniSneba (Axiom of Foundation) . aqve aRvniSnoT, rom am aqsiomas maTematikur 
praqtikaSi TiTqmis ar iyeneb (ix. [3]). 

amis garda dadginda, rom sasruli simravlis gansazRvrac mWidrodaa 
dakavSirebuli amorCevis aqsiomasTan. kerZod ki, sasrulobis sxvadasxva 
ganmartebebis ekvivalentobis saCveneblad saWiro gaxda amorCevis aqsiomis 
ama Tu im formis gamoyeneba. 

   moviyvanoT sasruli simravlis ramodenime ganmarteba. 

a. X simravle aris sasruli, Tu ar arsebobs X-is bieqcia Tavis 
sakuTriv nawilze (dedekindi); 

b. X simravle aris sasruli, Tu arsebobs X-is savsebiT dalageba iseTi, 
rom X-is yovel aracariel nawilSi moiZebneba udidesi elementi 
(cermelo); 

g. X simravle aris sasruli, Tu X-is nawilTa nebismier aracariel 
ojaxSi arsebobs minimaluri elementi CarTvis damokidebulebis 
TvalsazrisiT (tarski); 

d. X simravle aris sasruli, Tu arsebobs naturaluri ricxvi fon 
neimanis azriT, romelic bieqciurad aisaxeba X-ze. 

e. X simravle aris sasruli, Tu 𝑐𝑎𝑟𝑑(𝑋)  𝑐𝑎𝑟𝑑(𝑋)  +  1. 

   cermelos aqsiomis mniSvneloba cxadad Cans ukve klasikuri 
maTematikuri analizis ZiriTadi cnebebisa da faqtebis ganxilvis dros. 
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gavixsenoT, Tundac raime 𝑓 ∶  𝑹  𝑹  funqciis 𝑹 -is fiqsirebul wertilSi 
uwyvetobis cneba. analizSi farTod gamoiyeneba ori klasikuri gansazRvra. 
pirveli maTgani ekuTvnis o. koSis, xolo meore – h. haines. 

   koSis gansazRvra: amboben, rom f funqcia uwyvetia fiqsirebul 𝑥 𝐑 

wertilSi, Tu yoveli  > 0 ricxvisaTvis moiZebneba  > 0 ricxvi, 
romlisTvisac marTebulia 

(𝑦)((𝑦𝑹&  |𝑦 –  𝑥|  <  ) (|𝑓(𝑦) –  𝑓(𝑥)|  <  )) 

damokidebuleba. 

   haines gansazRvra: amboben, rom f funqcia uwyvetia fiqsirebul xR 
wertilSi, Tu 𝐑 -is wertilTa yoveli {𝑥𝑛 ∶  𝑛 𝑁} mimdevrobisTvis, romelic 
aris x-sken krebadi, wertilTa Sesabamisi {𝑓(𝑥𝑛): 𝑛𝑁 }  mimdevroba 𝑓(𝑥)-sken 
krebadia. 

klasikuri maTematikuri analizidan cnobilia, rom uwyvetobis orive 
moyvanili gansazRvra erTmaneTis ekvivalenturia. marTlac, araviTar 

siZneles ar warmoadgens imis dasabuTeba, ro Tu f : R  R funqcia uwyvetia 

𝑥  𝐑  wertilSi, koSis azriT, maSin igi amave 𝑥  wertilSi uwyveti iqneba 
haines azriTac. am gamomdinareobis Cveneba ar moiTxovs amorCevis aqsiomis 
gamoyenebas, magram Sebrunebuli implikaciis Cveneba arsebiTad eyrdnoba 
cermelos aqsiomas. moviyvanoT Sebrunebuli implikaciis detaluri 
damtkiceba amorCevis aqsiomis erT-erTi susti formis gamoyenebiT. 

   vTqvaT, f uwyvetia 𝑥𝐑  wertilSi haines azriT. unda vaCvenoT, rom f 
uwyvetia amave wertilSi koSis azriTac. davuSvaT sawinaaRmdego. es imas 

niSnavs, rom arsebobs iseTi  >  0 ricxvi, rom, rogoric ar unda iyos  > 0 
ricxvi, misTvis moiZebneba erTi mainc 𝑦𝐑  wertili, romlisTvisac 
marTebulia  

|𝑦 − 𝑥| < 𝛿 & |𝑓(𝑥) − 𝑓(𝑦)| ≥ 𝜀 

damokidebuleba, anu  

𝑌(𝛿) = {𝑦: 𝑦 ∈ 𝐑 & |𝑦 − 𝑥| < 𝛿 & |𝑓(𝑦) − 𝑓(𝑥)| ≥ 𝜀} 

simravle ar aris carieli. axla -s Tanmimdevrulad mivaniWoT 1, 1/2, 1/3, . .  

. 
1

𝑛
, . . . ,  mniSvnelobebi da ganvixiloT  

{𝑌 (
1

𝑛
) : 𝑛 ∈ 𝑁 ∖ {0}} 

aracariel simravleTa Tvladi ojaxi. amorCevis aqsiomis Tanaxmad, am 
Tvladi ojaxisaTvis arsebobs seleqtori, e.i. gvaqvs {𝑦𝑛: 𝑛 ∈ 𝑁 ∖ {0}} 
wertilTa mimdevroba, iseTi, rom 𝑦𝑛 ∈ 𝑌(1/𝑛) yvela 𝑛 ∈ 𝑁/{0} indeqsisaTvis. 
anu gvaqvs Semdegi debulebebi: 
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|𝑦𝑛 − 𝑥| <
1

𝑛
 & |𝑓(𝑦𝑛) − 𝑓(𝑥)| ≥ 𝜀     (𝑛 ∈ 𝑁 ∖ {0}). 

amrigad, Cven vxedavT, rom aRniSnuli {𝑦𝑛: 𝑛 ∈ 𝑁 ∖ {0}} mimdevroba krebadia 𝑥-
sken, magram misi Sesabamisi {𝑓(𝑦𝑛): 𝑛 ∈ 𝑁 ∖ {0}}  mimdevroba ar aris krebadi 
𝑓(𝑥) − sken, rac ewinaaRmdegeba haines gansazRvraSi monawile pirobas. 
miRebuli winaaRmdegoba miuTiTebs imaze, rom Cveni Tavdapirveli daSveba 
ar iyo swori da, maSasadame, amiT mkacrad dadginda, rom haines 
gansazRvridan gamomdinareobs koSis gansazRvra. (ix. [1], [15], [16],  [19]) 

   garda amisa, moyvanili msjelobidan Cans, rom aq Cven gamoviyeneT 
amorCevis aqsiomis sakmaod susti forma. saxeldobr, am msjelobaSi Cvens 
mier mxolod is iyo nagulisxmevi, rom: 

   𝐑 -is aracariel qvesimravleTa nebismieri mimdevrobis namravli agreTve 
aracarieli simravlea. 

   Tu saqme gvaqvs aracariel simravleTa sasrul mimdevrobasTan, maSin 
cermelos aqsioma ar aris saWiro. magram Tu saqme exeba aracariel 
simravleTa usasrulo mimdevrobebs, maSin mTel rig SemTxvevebSi cermelos 
aqsiomas ver gaveqceviT da iZulebulni viqnebiT arsebiTad gamoviyenoT igi. 

   amorCevis aqsiomis erT-erTi sakmaod susti forma SeiZleba Semdegnairad 
Camoyalibdes:  

   Tu mocemulia orelementian simravleTa nebismieri ojaxi, maSin am 
ojaxs gaaCnia erTi seleqtori mainc. 

   aqve xazi unda gaesvas im garemoebas, rom amorCevis aqsiomis es susti 
formac ki maTematikaSi ucnauri Tvisebebis mqone wertilovani simravleebis 
arsebobas iZleva, kerZod, namdvil ricxvTa 𝐑   RerZze lebegis arazomadi 
simravlis arsebobas, rac Tavis droze naCvenebi iyo v. serpinskis mier (ix. 
[6], [13], [16] ,[18],[19], [38]).  

  maTematikis ganviTarebaSi didi mniSvneloba eniWeba amorCevis aqsiomis 
araTvlad formebs. swored araTvladi formebis saSualebiT iqna naCvenebi 
namdvil ricxvTa RerZze lebegis azriT arazomadi simravlis arseboba.  

   1905 wels j. vitalis mier pirvelad agebuli iqna lebegis azriT 
arazomadi simravlis magaliTi (ix. [22]). dawvrilebiT ganvixiloT igi, 
radgan es magaliTi SemdgomSic gvWirdeba. 

   aviRoT binaruli mimarTeba 𝑉(𝑥, 𝑦) namdvil ricxvTa 𝐑 RerZze, romelic 
gansazRvrulia Semdegnairad: 

𝑉(𝑥, 𝑦)    𝑥𝐑  &  𝑦𝐑  &  𝑥 − 𝑦 𝐐, 

sadac 𝐐  aris yvela racionalur ricxvTa simravle. radgan 𝐐  aris (𝐑, +) 

aditiuri jgufis qvejgufi, amitom  𝑉(𝑥, 𝑦)  warmoadgens eqvivalentobis 
mimarTebas. ganvixiloT eqvivalentobis klasebi Semotanili  𝑉(𝑥, 𝑦) binaruli 
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damokidebulebis mimarT. es klasebi qmnian 𝐑 RerZis garkveul danawilebas 
(dayofas). aseTi saxis danawilebas ewodeba 𝐑  simravlis vitalis 
danawileba da aRiniSneba 𝐑/𝐐  simboloTi. vitalis danawilebis nebismier 
seleqtors ewodeba 𝐑 RerZis vitalis qvesimravle. 

   Cveni mizania vaCvenoT, rom nebismieri vitalis simravle aris lebegis 
azriT arazomadi. davuSvaT sawinaaRmdego: vTqvaT, X aris vitalis simravle 
da amasTan lebegis azriT zomadi. samarTliania warmodgena 

𝐑 =  ⋃{𝑋 + 𝑞 ∶  𝑞  𝐐}, 

saidanac gamomdinareobs, rom 𝑋 unda iyos dadebiTi zomis simravle (lebegis 
zomis invariantulobis gamo). amave dros, 𝑞0  racionaluri ricxvisaTvis 
gvaqvs 

(𝑋 + 𝑞)𝑋 =  . 

radgan  X aris vitalis danawilebis seleqtori. bolo tolobaSi 𝑞 
SeiZleba iyos ragind mcire aranulovani racionaluri ricxvi, es ki 
ewinaaRmdegeba Stainhauzis Tvisebas (ix. [29]). maSasadame, X lebegis azriT 
arazomadi simravlea.  

gavixsenoT, raSi mdgomareobs Stainhauzis Tviseba, romelic wina 
msjelobaSi arsebiTad gamoviyeneT. (ix. [4], [25], [38],[39]).  

vTqvaT, X aris 𝐑–is raime qvesimravle. vityviT, rom X-s aqvs Stainhauzis 
Tviseba, Tu arsebobs  > 0 iseTi, rom 

( ℎ𝜖𝐑)(|ℎ| < 𝜀 (𝑋 + ℎ) ∩ 𝑋 ≠ ∅). 

Tu 𝑋  lebegis azriT zomadia da mas aqvs mkacrad dadebiTi zoma, maSin 
arsebobs iseTi  > 0, rom  

( ℎ𝜖𝐑)(|ℎ| < 𝜀 𝜇((𝑋 + ℎ) ∩ 𝑋)) > 0). 

   es faqti martivad gamomdinareobs lebegis cnobili Teoremidan, romlis 
Tanaxmadac 𝑋-s aqvs simkvrivis wertilebi (ix. [4], [25], [29], [40]). 

   amrigad vRebulobT, rom yoveli lebegis azriT zomad da dadebiTi 
zomis mqone simravles aqvs Stainhauzis Tviseba, rac zemoT arsebiTad 
dagvWirda. 

   amorCevis aqsiomis erT-erT mniSvnelovan formas warmoadgens 
damokidebuli amorCevis principi. es forma SemoRebuli iqna p. bernaisis 
mier da sayovelTaod iqna miRebuli simravleTa Teoriis specialistebis 
mier, radgan igi metad sasargeblo gamodga zogierTi simravlur-Teoriuli 
modelis ganxilvis procesSi (ix. [5]). 

  am princips 𝐷𝐶-Ti aRniSnaven da yalibdeba Semdegnairad: 
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   vTqvaT, aracariel 𝑋  simravleze mocemulia binaruli 𝑆(𝑥, 𝑦)  mimarTeba 
iseTi, rom  

(∀𝑥 ∈ 𝑋)(∃𝑦 ∈ 𝑋)𝑆(𝑥, 𝑦). 

maSin arsebobs am simravlis elementTa {𝑥𝑛: 𝑛 ∈ 𝑁} mimdevroba iseTi, rom  

(∀𝑛 ∈ 𝑁)(𝑥𝑛, 𝑥𝑛+1). 

   bernaisis damokidebuli amorCevis principi intuiciurad TiTqmis cxadia 
da 𝑍𝐹 -is farglebSi logikurad gamomdinareobs cermelos aqsiomidan. 
marTlac, cermelos aqsiomis ZaliT, 𝑋  simravlisTvis SegviZlia 
davafiqsiroT raime amorCevis funqcia 

𝑔: 𝑃(𝑋) ∖ ∅ → 𝑋 

e.i. iseTi 𝑔  funqcia, romelic 𝑋 -is yovel aracariel qvesimravles 
uTanadebs am qvesimravlis garkveul elements. 

radgan 𝑋 ≠ ∅,  amitom SegviZlia aviRoT 𝑥0 = 𝑔(𝑋) . amis Semdeg msjelobas 
vawarmooT maTematikuri induqciis meTodis gamoyenebiT. Tu 𝑥𝑛 ∈ 𝑋 elementi 
ukve gansazRvrulia, vixilavT  

𝑌(𝑛) = {𝑦: 𝑦 ∈ 𝑋&𝑆(𝑥𝑛, 𝑦)} 

simravles, romelic pirobis Tanaxmad aracarielia. maSasadame SegviZlia 
aviRoT 𝑥𝑛+1 = 𝑔(𝑌(𝑛)). am procesiT calsaxad aigeba 𝑋 simravlis elementTa 
CvenTvis sasurveli {𝑥𝑛: 𝑛 ∈ 𝑁} mimdevroba. 

   amJamad cnobilia, rom 𝐷𝐶  principi ufro sustia, vidre amorCevis 
aqsioma. 

   nebismieri 𝑚 > 1 naturaluri ricxvisaTvis AC(m)-iT aRvniSnoT Semdegi 
winadadeba:  

   Tu mocemulia m -elementian simravleTa raime ojaxi, maSin mas aqvs erTi 
seleqtori mainc. 

   saintereso gamokvlevebi iyo Catarebuli im mimarTulebiT, rom 
daedginaT, romeli m da n  naturaluri ricxvebisaTvis AC(m) winadadebidan 
gamomdinareobs AC(n) winadadeba.  aRmoCnda, rom es sakiTxi mWidrod aris 
dakavSirebuli m da n ricxvebis erTobliv ariTmetikul TvisebebTan (ix. [1], 
[6], [14], [18]). 

  cermelos aqsiomis gareSe SeiZleba 𝑍𝐹  Teorias hqondes ucnauri 
Tvisebebis mqone modelebi. magaliTad, s. fefermenisa da  a. levis mier 
agebuli iqna 𝑍𝐹 -is iseTi modeli, romelSic  𝐑  ricxvTa RerZi 
warmoidgineba rogorc Tvladi simravleebis Tvladi gaerTianeba (ix. [24], 
[33]). 
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   Teorema 1 (ZF). (a) Tu SesaZlebelia 𝐑  namdvili RerZis warmodgena 
Tvladi simravleebis Tvladi gaerTianebiT, maSin arc  𝜔1 ≤ 𝑐  utolobas  
da arc  𝜔1 ≥ 𝑐 utolobas ara aqvs adgili,  e.i. es ori kardinaluri ricxvi 
erTmaneTTan arasadaria 

(b) Tu 𝛼 aris nebismieri ordinaluri ricxvi, maSin 𝜔𝛼+2 ver warmoidgineba  

𝜔𝛼+2 =  ⋃ 𝑋𝜉

𝜉<𝜔𝛼

 

saxiT, sadac TiToeuli 𝑋𝜉 simravlis simZlavre 𝜔𝛼 -s ar aRemateba. kerZod, 

SeuZlebelia  𝜔2  meore araTvladi kardinaluri ricxvis warmodgena 
Tvladi simravleebis Tvladi gaerTianebiT. 

   damtkiceba. (a) 𝑍𝐹  Teoriis CarCoebSi cnobilia Semdegi faqti: 𝐑 ≈ 𝐑𝜔 . 
maSasadame, Tu 𝐑 = ⋃ 𝑋𝑛𝑛∈𝑁  , maSin 𝐑𝜔 = ⋃ 𝐹𝑛𝑛<𝜔 , sadac TiToeuli 𝐹𝑛 Tvladia. 
Cveni mizania vaCvenoT, rom Tu sruldeba zemoaRniSnuli warmodgena 𝐑 =

⋃ 𝑋𝑛𝑛∈𝑁 , maSin utolobebs 𝜔1 ≤ 𝑐 da 𝜔1 ≥ 𝑐 adgili ar aqvT, anu SeuZlebelia 
𝜔1 ⊂ 𝐑 Cadgmis ganxorcileba. 

davuSvaT sawinaaRmdego, e.i vTqvaT 𝐑  aris Tvladi simravleebis Tvladi 
gaerTianeba da amasTan 𝜔1 ≤ 𝑐  utolobac sruldeba. avagoT funqcia ℎ: 𝜔 →

𝐑𝜔  iseTi, rom h gansazRvrulia 𝜔 -ze  da  ℎ ∉ ⋃ 𝐹𝑛𝑛∈𝜔 , sadac TiToeuli 𝐹𝑛 
aris Tvladi simravle da 𝐑𝜔 =  ⋃ 𝐹𝑛𝑛<𝜔 . Cxadia SegviZlia davweroT 

𝐹𝑛 = {𝑓1, 𝑓2, … , 𝑓𝑘 , … }, 

sadac  ( 𝑘 ∈ 𝑁 )( 𝑓𝑘: 𝜔 → 𝐑).  davafiqsiroT 𝑛 ∈ 𝜔 da ganvixiloT simravle 
{𝑓𝑘(𝑛): 𝑘 ∈ 𝑁} ⊂ 𝐑. 

radgan 𝜔1  savsebiT dalagebuli araTvladi simravlea, SegviZlia aviRoT 
misi umciresi elementi 𝑡𝑛 , romelic ar ekuTvnis {𝑓𝑘(𝑛): 𝑘 ∈ 𝑁}  araumetes 
Tvlad simravles da ganvsazRvroT ℎ(𝑛) = 𝑡𝑛 , riTac miviRebT yoveli 𝑛 -
sTvis   ℎ(𝑛) ∈  𝐑  mniSvnelobas amorCevis aqsiomis gamoyenebis gareSe. anu 
miviReT funqcia ℎ ∶  𝜔 → 𝐑. vaCveno, rom es ℎ ar ekuTvnis ⋃ 𝐹𝑛𝑛∈𝑁  simravles. 

marTlac, davuSvaT, romelime 𝐹𝑛 –sTvis ℎ ∈ 𝐹𝑛 , e.i. ℎ = 𝑓𝑘.  maSin vRebulobT 
ℎ(𝑛) = 𝑓𝑘(𝑛) , magram Cveni agebis Tanaxmad  ℎ(𝑛) = 𝑡𝑛 ≠ 𝑓𝑘(𝑛).  miviReT 
winaaRmdegoba. amrigad ver Sesruldeba 𝜔1 ⊂ 𝐑 Cadgma da verc utolobebi 
𝜔1 ≤ 𝑐 da 𝜔1 ≥ 𝑐. 

 (b) davamtkicoT kerZo SemTxvevisaTvis. davuSvaT sawinaaRmdego, vTqvaT 
samarTliania warmodgena 𝜔2 = ⋃ 𝑋𝑛𝑛∈𝑁 , sadac TiToeuli 𝑋𝑛  aris Tvladi 
simravle.  savsebiT dalagebuli simravleebisaTvis 𝑍𝐹  Teoriis CarCoebSi 
cnobilia Semdegi igiveoba 

𝜔𝛼 ∙ 𝜔𝛽 = 𝜔max (𝛼,𝛽) 
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(ix. [3], [13], [14], [17]). kerZo SemTxvevaSi gveqneba  

𝜔0 ∙ 𝜔1 = 𝜔1, 

Tavis mxriv ki, 𝜔0 < 𝜔1 <  𝜔2 imave 𝑍𝐹 TeoriaSi. 

kantoris Teoremis Tanaxmad, nebismieri ori savsebiT dalagebuli simravle 
erTmaneTis sadaria. anu Tu gvqavs toloba 𝜔2 = ⋃ 𝑋𝑛𝑛∈𝑁 , maSin yoveli 𝑋𝑛 -
saTvis arsebobs 𝜔2 -is sawyisi intervali 𝛼𝑛 , romelic 𝑋𝑛 -is izomorfulia, 
𝛼𝑛 ≈ 𝑋𝑛, xolo amasTan 𝛼𝑛 sakuTrivad Cadgmulia 𝜔1-Si, vinaidan 𝑋𝑛 Tvladia.  

aviRoT 𝜔1  simravle 𝜔 -jer, e.i. ganvixiloT 𝜔1 -ebis mimdevroba. am 
mimdevrobis 𝑛-ur wevrSi Cavardeba Sesabamisi 𝛼𝑛. 

aqedan gamomdinareobs, rom  

∑|𝛼𝑖| . 𝜔 ≤ 𝜔1. 𝜔 = 𝜔1 

 da vRebulobT, rom 𝜔2 ≤ 𝜔1,  rac winaaRmdegobas iZleva. maSasadame meore 
araTvladi kardinaluri ricxvis warmodgena Tvladi simravleebis Tvladi 
gaerTianebiT SeuZlebelia.  

moyvanili msjelobis analogiurad 𝑍𝐹 Teoriis CarCoebSi mtkicdeba zogadi 
debulebac. 

   SeniSvna: es Sedegi gacilebiT ufro martivad mtkicdeba, vidre s. 
Selaxis cnobili Sedegi, romelic SemdegSi mdgomareobs: Tu 𝑍𝐹&𝐷𝐶 
TeoriaSi gvaqvs  𝜔1 ≤ 𝐜 , maSin 𝐑 -ze arsebobs lebegis azriT arazomadi 
simravle (ix. [41], [42]). 

   aRvniSnoT, rom analogiuri debulebis marTebulobis  Cveneba 𝜔1 
kardinaluri ricvisaTvis ZF-Si SeuZlebelia, anu 𝑍𝐹 Teoriis CarCoebSi ver 
damtkicdeba 𝜔1-is regularoba (ix. [15]). 
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$3 wertilovani simravleebi 

da maTi deskrifciuli struqtura 

 am paragrafSi saubari gveqneba 𝐑  RerZze, an ufro zogadad 𝐑𝑛, 𝑛 ≥ 1 
evklidur sivrceSi mdebare wertilovani simravleebis deskrifciul 
Tvisebebze. wertilovani simravleebis deskrifciuli anu aRweriTi 
struqtura didad aris damokidebuli amosaval logikur saSualebebze, 
romelTa meSveobiTac es simravleebi ganimarteba (ganisazRvreba, aRiwereba). 
Tu mocemuli simravle SeiZleba iqnes gansazRvruli efeqturad, e.i 
amorCevis aqsiomis gareSe, maSin met-naklebi albaTobiT SegviZlia 
vivaraudoT, rom aseTi simravle ufro martivi bunebisaa, vidre is 
simravleebi, romelTa gansazRvraSi amorCevis aqsioma arsebiTad 
monawileobs. zogjer iseTi situaciebic gvxvdeba, roca amorCevis aqsiomac 
ki ar aris sakmarisi da ama Tu im wertilovani simravlis arsebobisaTvis 
an misi Tvisebebis dadgenisaTvis axali  damxmare aqsiomebis Semotana xdeba 
aucilebeli. 

   XIX saukuneSi g. kantori ikvlevda zogadi trigonometriuli mwkrivis 
krebadobis wertilTa simravlis struqturas da am kvlevis procesSi man 
Camoayaliba wertilovan simravleebTan dakavSirebuli mTeli rigi 
mniSvnelovani cnebebisa, romlebic SemdgomSi warmatebulad gamoiyena 
maTematikuri analizis konkretuli sakiTxebisa da problemebis 
gadasawyvetad. kantoris gamokvlevebis Semdeg cxadi gaxda, rom  
maTematikuri analizisTvis mniSvnelovan rols TamaSobs wertilovani 
simravleebi da maTi Tvisebebi. 

ganvixiloT 𝐑𝑛, 𝑛 ≥ 1 , sivrce da masTan dakavSirebuli ramodenime 
ganmarteba, rac fundamentur rols asrulebs maTematikur analizsa da 
zogad topologiaSi (ix. [3], [15], [16], [18], [19],  [27], [28]) 

cnobilia Semdegi faqtebi: 

1. 𝐑𝑛sivrcis yvela racionalur wertilTa simravle Tvladia.  
2. 𝐑𝑛sivres aqvs kontinuumis simZlavre.  

𝐑𝑛 sivrceSi aRebuli raime E simravlisaTvis amave sivrceSi aRebul p 
wertils ewodeba E simravlis dagrovebis wertili, Tu misi nebismieri 
midamo Seicavs E simravlis wertilTa usasrulo simravles.  

Tu romelime wertili ekuTvnis E simravles, magram ar warmoadgens mis 
dagrovebis wertils, maSin mas ewodeba E simravlis izolirebuli 
wertili. 

𝐑𝑛 -dan aRebul raime simravles ewodeba SemosazRvruli simravle, Tu 
arsebobs am simravlis Semcveli n-ganzomilebiani paralelepipedi. 
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3. yovel SemosazRvrul usasrulo simravles aqvs erTi mainc 
dagrovebis wertili. (es debuleba damtkicebadia 𝑍𝐹  Teoriis 
farglebSi). 

   Tu simravle Seicavs Tavis yvela dagrovebis wertils, maSin mas 
Caketili simravle ewodeba.  

    E simravlis raime p wertils ewodeba am simravlis Siga wertili, Tu 
arsebobs am wertilis iseTi midamo, romelic mTlianad Sedis E-Si. 

    E simravlis p wertils ewodeba misi sazRvriTi wertili, Tu is ar aris  
arc Siga da arc gare wertili. 

  simravles Ria simravle ewodeba, Tu igi Sedgeba mxolod Siga 
wertilebisgan. Ria simravlis damatebas Caketili simravle ewodeba 

  simravles ewodeba srulyofili simravle, Tu is aris Caketili da misi 
yoveli wertili aris misi dagrovebis wertili. 

   maTematikuri analizis ganviTarebam gamoiwvia ufro da ufro rTuli 
wertilovani simravleebis Seswavlis aucilebloba, kerZod namdvili 
ricxvis cnebis dafuZnebam didi stimuli misca am mimarTulebiT kvlevas. im 
droisTvis aRmoCenili iqna maTematikuri obieqtebi, romlebic maSindel 
standartul maTematikur obieqtebTan disonansSi modioda. aseT cnobil 
obieqtTa ricxvs miekuTvneba kantoris mier 𝑍𝐹 Teoriis CarCoebSi agebuli 
SesaniSnavi srulyofili simravle, e.w. kantoris diskontinuumi, romelmac 
udidesi roli Seasrula wertilovavani simravlebis zogad TeoriaSi. 
kantoris diskontinuumma safuZveli Cauyara Tanamedrove fraqtalebis 
Teorias. amJamad kantoris diskontiniumis qveS igulisxmeba nebismieri 
topologiuri sivrce, romelic aris {0,1}𝑁  sovrcis homeomorfuli, sadac 
{0,1}  simravle aRWurvilia diskretuli topologiiT, xolo 𝑁  simbolo 
yvela naturalur ricxvTa simravles aRniSnavs. SeiZleva iTqvas, rom 
kantoris diskontinuums aqvs mTeli rigi saintereso da paradoqsaluri 
Tvisebebisa. 

 am tipis sxva uamravi magaliTic arsebobs. moviyvanoT mxolod sami 
maTgani.  

(a) arsebobs [0,1] segmentis iseTi homeomorfuli saxe 𝐑2  sibrtyeSi, rom 
mas arc erT mis wertilSi ar gaaCnia mxebi wrfe; 
 

(b) arsebobs uwyveti asaxva [0,1] erTeulvani segmentisa [0,1]2 erTeulovan 
kvadratze (e.w. peanos wiri); 

(g) arsebobs [0,1] segmentis iseTi homeomorfuli saxe 𝐑2  sibrtyeSi, 
romlis organzomilebiani lebegis zoma mkacrad dadebiTia. 

   namdvil funqciaTa Teoriasa da evkliduri sivrcis elementarul 
topologiaSi iwyeben sxvadasxva tipis wertilovani simravleebis met-
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naklebad detalurad ganxilvasa da Seswavlas. Tanamedrove maTematikur 
analizSi, zogad topologiasa da zomis TeoriaSi udides rols TamaSoben 
borelis simravleebi (ix. [4], [14], [26], [27]). 

   vTqvaT, E aris topologiuri sivrce. misi borelis -algebra Cveulebriv 

ganisazRvreba rogorc -algebra, warmoqmnili E-s yvela Ria qvesimravleTa 
ojaxiT. igi B(E) simboloTi aRiniSneba, mis wevrebs ki E-s borelis 
qvesimravleebs uwodeben. 

   borelis simravleebze dayrdnobiT ganisazRvreba borelis azriT 
zomadi anu borelis asaxvebi, romlebic erTi topologiuri sivrcidan 
meore topologiur sivrceSi moqmedeben. kerZod, vTqvaT E da F ori 

topologiuri sivrcea da g aris asaxva E-dan F-Si, anu g : E  F; maSin g-s 
ewodeba borelis azriT zomadi anu borelis asaxva, Tu F-is yoveli Ria 
qvesimravlis winare saxe g-s mimarT warmoadgens borelis simravles E-Si. 

  advilad mowmdeba, rom  Tu f :X  Y da h :Y Z borelis asaxvebia, maSin  
maTi kompozicia ℎ ∘ 𝑓: 𝑋 → 𝑍 aseve borelis asaxvaa. 

  topologiur sivrces ewodeba polonuri sivrce, Tu is aris romeliRac 
sruli separabeluri metrikuli sivrcis homeomorfuli. polonuri sivrcis 
standartul magaliTs warmoadgens e.w. beris kanonikuri sivrce, romelic 
Semdegnairad ganisazRvreba. ganvixiloT yvela naturalur ricxvTa 𝑁 
simravle, aRWurvili diskretuli topologiiT, da aviRoT 𝑁𝑁  Tvladi 
namravli, aRWurvili tixonovis topologiiT. mas beris kanonikuri sivrce 
ewodeba (ix. [27], [28]). 

  polonur sivrceSi mdebare simravles ewodeba analizuri (anu suslinis) 
simravle, Tu igi warmoadgens romeliRac polonuri sivrcis uwyvet 
anasaxs. 

  zogjer ufro xelsayrelia analizuri simravleebis Semdegi 
gansazRvreba: polonur 𝐸 sivrceSi mdebare X simravles ewodeba analizuri 
simravle, Tu arsebobs polonuri F sivrce da arsebobs 𝐸 × 𝐹 topologiuri 
namravlis iseTi borelis Z qvesimravle, rom X warmoadgens Z-is proeqcias 
E-ze. 

  E-Si mdebare yvela analizur simravleTa klasi, rogorc wesi, A(E) 
simboloTi aRiniSneba.  

  dadginda, rom adgili aqvs CarTvas B(E) A(E). agreTve dadginda, rom E-Si 
Semaval analizur simravleTa nebismieri Tvladi ojaxis gaerTianeba da 
TanakveTa isev analizuri simravleebia. garda amisa, analizur simravleTa  
Tvladi ojaxis topologiuri namravli isev analizuri simravlea (ix. [4], 
[14], [27]) 
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   gansxvavebuli mdgomareba gvaqvs damatebis operaciis SemTxvevaSi, 
saxeldobr, analizuri simravlis damateba sazogadod ar warmoadgens 
analizur simravles. suslinma aCvena, rom adgili aqvs Semdeg debulebas. 

   Teorema (suslini). yovel araTvlad polonur E sivrceSi arsebobs 

analizuri A simrvale, romelic ar ekuTvnis B(E) borelis  -algebras. 

  aseTi 𝐴 simravlis damateba 𝐸-Si ar aris analizuri simravle. 

am Teoremis damtkiceba moyvanilia Semdeg wignebSi [8], [14],  [28], [43]. 

  aRsaniSnavia, rom analizur simravleebamde mivyavarT Zalze martiv 
amocanebs, romlebsac gamokveTili geometriuli xasiaTi aqvT. 

  vTqvaT, 𝐑𝑛  sivrceSi mocemulia Caketili  A simravle. amboben, rom 𝑎 ∈ 𝐴 
wertili aris miRwevadi (garedan), Tu arsebobs 𝑏 ∈ 𝐑𝑛 ∖ 𝐴  wertili, 
romlisTvisac 

[𝑎. 𝑏] ∩ 𝐴 = {𝑎}. 

ismis kiTxva: ra bunebisaa 𝐴 simravlis yvela miRwevad wertilTa simravle? 
davweroT am simravlis Sesabamisi logikuri formula. amisaTvis 𝐑𝑛 × 𝐑𝑛 ×

𝐑𝑛 namravlSi ganvixiloT Semdegi simravle: 

𝑃 = {(𝑥, 𝑦, 𝑧): 𝑥 ∈ 𝐴, 𝑦 ∈ 𝐑𝑛 ∖ 𝐴, 𝑧 ∈ 𝐴, 𝑧 ≠ 𝑥, ‖𝑥 − 𝑧‖ + ‖𝑧 − 𝑦‖ = ‖𝑥 − 𝑦‖}. 

  advilad Cans, rom P aris kompaqtebis Tvladi gaerTianeba. amitom misi 
proeqcia pirveli ori Tanamamravlis namravlze iqneba aseve kompaqtebis 
Tvladi gaerTianeba. es proeqcia aRvniSnoT 𝐵 simboloTi. cxadia, rom (𝐑𝑛 ×

𝐑𝑛) ∖ 𝐵 simravle aris Ria simravleebis Tvladi ojaxis TanakveTa, da aseve 
advilad mowmdeba, rom imave (𝐑𝑛 × 𝐑𝑛) ∖ 𝐵  simravlis proeqcia pirvel 
Tanamamravlze swored 𝐴 -s miRwevad wertilTa simravles warmoadgens. igi 
SeiZleba iyos sakuTriavad analizuri, e.i. ar ekuTvnodes 𝐑𝑛 -is borelis 𝜎-
algebras.  

  analizuri (suslinis) simravleebis damatebebs ko-analizur simravleebs 
uwodeben. isinic sakmaod xSirad gvxdeba maTematikis sxvdasaxva sakiTxis 
kvlevis procesSi.   

   Tanamedrove maTematikaSi amozneqili simravlis kidura anu 
eqstremaluri wertilis cneba uaRresad mniSvnelovan rols TamaSobs. 
moviyvanoT am cnebis ganmarteba.  

   vTqvaT, 𝐸  raime veqtoruli sivrcea namdvil ricxvTa velze da 𝑋 – 
amozneqili simravle 𝐸 -Si. amboben, rom 𝑋 simravlis raime 𝑥 wertili aris 
𝑋 -is kidura wertili, Tu ar arsebobs 𝑋 -Si Semavali aragadagvarebuli 
monakveTi, romlis Sua wertili 𝑥-s emTxveva.  
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   axla davuSvaT, rom 𝑋 aris 𝐸  polonuri topologiuri veqtoruli 
sivrcis Caketili amozneqili qvesimravle. maSin 𝑋 -is yvela kidura 
wertilTa simravle aris ko-analizuri 𝐸-Si. 

   literaturaSi intensiurad iyo Seswavlili borelis da analizuri 
simravleebis e.w. regularobis Tvisebebi, aq igulisxmeba Semdegi faqtebis 
dadgena: 

(1) mocemuli wertilovani simravlis simZlavris zusti mniSvnelobis 
povna; 

(2) mocemul wertilovan simravleSi aracarieli srulyofili nawilis 
arsebobis damtkiceba; 

(3) mocemul wertilovan simravles gaaCnia Tu ara beris Tviseba; 
(4) mocemuli wertilovani simravlis zomadobis damtkiceba raime 

konkretuli borelis zomis gasrulebis mimarT. 

   am mimarTulebiT naCvenebi iyo, rom polonuri sivrcis yovel araTvlad 
analizur qvesimravles aqvs kontinuumis simZlavre (ix [8], [27], [44]). amrigad 
kontinuumis hipoTeza (ix. $4) realizirebuli iqna yvela analizur 
simravleTa klasSi. agreTve damtkicda, rom yovel analizur da ko-
analizur simravles aqvs beris Tviseba (ix. [8], [27], [44]). 

   zomis Teoriis TvalsazrisiT analizuri da ko-analizuri simravleebis 
mniSvneloba imiTac aixsneba, rom isini arian universalurad anu 
absoluturad zomadi simravleebi zomaTa Zalian bunebrivi klasis mimarT 
(ix. [6], [8], [27], [44]).   

   vTqvaT, mocemulia 𝐸  simravle da am simravleze gansazRvruli raime 𝜇 
zoma. gavixsenoT, rom raime 𝑓: 𝐸 → 𝐑  funqcias ewodeba zomadi 𝜇  zomis 
mimarT, Tu nebiemieri 𝐵 ∈ ℬ(𝐑) simravlisaTvis sruldeba Tanafardoba 

𝑓−1(𝐵) ∈ 𝑑𝑜𝑚(𝜇). 

zemoT moyvanili standartuli gansazRvreba SeiZleba arsebiTad 
ganzogaddes (ix. [45]). 

   𝑀 -iT aRvniSnoT 𝐸 simravleze gasnasRvrul zomaTa raime klasi. 
sazogadod vigulisxmoT, rom 𝑀  klasSi Semavali zomebi sxvadasxva 𝜎 -
algebrebzea gansazRvruli (kerZo SemTxvevebSi es 𝜎 –algebrebi SeiZleba 
erTmaneTs emTxveodnen). 

   vityviT, rom  𝑓: 𝐸 → 𝐑 funqcia fardobiTad zomadia 𝑀 klasis mimarT, Tu 
arsebobs erTi mainc 𝜇 ∈ 𝑀   zoma iseTi, rom 𝑓 funqcia zomadia  𝜇  zomis 
mimarT.   

   Tu yoveli 𝜇 ∈ 𝑀   zomisaTvis 𝑓  zomadia 𝜇  zomis mimarT, maSin mas 𝑀 
klasis mimarT absoluturad (anu universalurad) zomadi funqcia ewodeba.  
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   Tu 𝑓 arc erTi 𝜇 ∈ 𝑀 zomisTvis ar aris zomadi, maSin 𝑓-s absoluturad 
arazomadi ewodeba 𝑀 klasis mimarT.                           

   𝑀 zomaTa klasis mimarT funqciis zomadoba (raime azriT) avtomaturad 
iwvevs simravlis zomadobis (imave azriT) gansazRvras amave klasis mimarT. 
amisaTvis sakmarisia ganvixiloT simravlis maxasiaTebeli funqcia. 

analizuri da ko-analizuri simravleebi absoluturad zomadi 
simravleebia  𝐑 -ze gansazRvruli yvela  𝜎 -sasruli borelis zomaTa 
gasrulebebis klasis mimarT. es Sedegi faqtobrivad ekuTvnis luzins (ix. 
[6], [27], [8], [43]). 

   𝐸  simravleze mocemul raime 𝜇  zomas ewodeba difuziuri, Tu 𝐸 -s 
wertilebze misi mniSvneloba nulis tolia. 

   𝑀(𝐸) -Ti aRvniSnoT yvela aranulovani 𝜎 -sasrulo difuziuri zomebis 
klasi 𝐸 simravleze. 

   𝑋 topologiur sivrces ewodeba universalurad nulzomadi (anu 
absoluturad nulzomadi), Tu masze ar SeiZleba ganisazRvros aranulovani 
𝜎-sasrulo difuziuri borelis zoma.  

   marTebulia Semdegi debuleba (ix. [45]). 

debuleba 1. funqcia 𝑓: 𝐸 → 𝐑 absoluturad arazomadia 𝑀(𝐸) klasis mimarT 
maSin da mxolod maSin, roca Sesrulebulia Semdegi pirobebi: 

(1) yoveli 𝑡 ∈ 𝐑 wertilisaTvis 𝑓−1(𝑡) simravle araumetes Tvladia; 
(2) 𝑓  funqciis mniSvnelobaTa simravle 𝑟𝑎𝑛(𝑓)  universalurad 

nulzomadia. 

   am Teoremidan Cans, rom Tu 𝐸  araTvladia da 𝑓  absoluturad 
arazomadia 𝑀(𝐸)  klasis mimarT, maSin 𝑟𝑎𝑛(𝑓)  simravlec aucileblad inda 
iyos araTvladi. amitom, bunebrivad daismis kiTxva, 𝑍𝐹𝐶 Teoriis farglebSi 
arsebobs Tu ara 𝐑 -is araTvladi universalurad nulzomis qvesimravle. 
pasuxi am kiTxvaze dadebiTia, magram aseTi qvesimravlis amJamad cnobili 
konstruqciebi sakmaod rafinirebulia da amorCevis aqsiomis araTvlad 
formebs eyrdnoba (ix. [6], [27], [30], [44],). garda amisa dadginda, rom 𝑍𝐹𝐶 
Teoriis garkveul modelSi, sadac kontinuumis hipoTeza mcdaria, 𝐑 -is 
nebismieri universalurad nulzomadi qvesimravlis simZlavre 𝜔1 -s ar 
aRemateba. 

   borelis, analizuri da ko-analizuri simravleebis kvlevis procesSi 
ZiriTadad amorCevis aqsiomis Tvladi forma gamoiyeneba an ukidures 
SemTxvevaSi 𝐷𝐶 aqsioma. 

   SedarebiT rTuli bunebis simravleebi ki ukve amorCevis aqsiomis 
araTvladi formebis gamoyenebiT aigeba. magaliTad, am gziT miiReba 
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lebegis azriT arazomadi wertilovani simravle da araTvladi 
universalurad nilzomadi wertilovani simravle.  

   rogorc ukve iTqva $2-Si, 1905 wels vitalis mier pirvelad iqna agebuli 
lebegis azriT arazomadi simravlis magaliTi 𝐑 -ze. rogorc cnobilia, 
vitalis simravle aris 𝐑 ∕ 𝐐  faqtor-jgufis nebismieri seleqtori. 
aRsaniSnavia, rom vitalis simravleebis raodenoba 2𝑐 -s tolia, sadac 𝑐 
kontinuumis simZlavrea. 

   paradoqsaluri wertilovani simravleebis sxva magaliTs gvaZlevs 
bernSteinis simravle, romelic 1908 wels bernSteinis mier iyo agebuli (ix. 
[22]) da Semdegnairad ganimarteba: 

   𝐑 -is 𝑋  qvesimravles bernSteinis simravle ewodeba, Tu 𝑋 -ic da misi 
damatebac TanaikveTebian namdvil ricxvTa RerZis yovel aracariel 
srulyofil qvesimravlesTan. 

meorenairad es gansazRvreba SegviZlia ase CamovayaliboT: 

    𝐑-is 𝑋 qvesimravles bernSteinis simravle ewodeba, Tu arc 𝑋 da arc misi 
damateba ar Seicavs arc erT aracariel srulyofil simravles. 

   nebismieri bernSteinis simravle aris lebegis azriT arazomadi, 
konntinuumis simZlavris da ar gaaCnia beris Tviseba (ix. [6], [27], [29],[30], 

[46]).  

   bernSteinis simravle, iseve rogorc vitalis simravle, aigeba amorCevis 
aqsiomis araTvladi formebis gamoyenebiT. ufro metic, bernSteinis 
simravlis asagebad gamoiyeneba transfinituri rekursiis meTodi.  

namdvili cvladis funqciaTa Teoriis kvlevisas arsebiT rols TamaSobs 𝐑 
ricxviTi RerZis hamelis bazisi.  

1905 wels g. hamelma (ix. [23]) ganixila 𝐑 , rogorc veqtoruli sivrce 
𝑄 velze da aago 𝐑  wrfis hamelis bazisebi. hamelis bazisebis ageba 
SesaZlebeli gaxda veqtoruli sivrcis zogad Teoremaze dayrdnobiT: 
yovel veqtorul sivrces gaaCnia bazisi, anu am sivrcis yoveli elementis 
warmodgena calsaxad SeiZleba bazisis elementebis wrfivi kombinaciis 
saSualebiT (es Teorema Cveulebriv cornis lemis gamoyenebiT mtkicdeba). 

 ganvixiloT wrfe, rogorc veqtoruli sivrce Q racionalur ricxvTa 
velze. Semdeg, ukve naxsenebi Teoremis gamoyenebiT miviRebT, rom arsebobs 
𝐑  -is bazisi Q-ze. aseT bazis ewodeba 𝐑  sivrcis hamelis bazisi. swored 
hamelis bazisebis saSualebiT igeba koSis funqcionaluri gantolebis  

𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦)             (𝑥 ∈ 𝐑, 𝑦 ∈ 𝐑) 

e.w. aratrivialuri amonaxsni.  
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   hamelis bazisis arsebobidan advilad gamomdinareobs lebegis azriT 
arazomadi simravlis arseboba 𝐑 RerZze (ix.  [14], [25], [26], [47]). 

  debuleba 2. arsebobs koSis funqcionaluri gantolebis aratrivialuri 
amonaxsni. 

  damtkiceba:  davuSvaT {𝑒𝑖 ∶ 𝑖 ∈ 𝐼}  aris    𝐑 -is hamelis bazisi. rogorc 
aRvniSneT, yoveli 𝑥 ∈ 𝐑 elementis warmodgena SegviZlia Semdegi saxiT 

𝑥 = ∑ 𝑞𝑖

𝑖∈𝐼

(𝑥) ∙ 𝑒𝑖    (𝑞𝑖(𝑥) ∈ 𝐐), 

sadac mxolod sasruli raodenoba 𝑞𝑖(𝑥) gansxvavdeba nulisagan. 

davafiqsiroT raime 𝑖0 ∈ 𝐼 indeqsi da ganvsazRvoT funqcia 

𝜑: 𝐑 → 𝐑 

Semdegi formuliT: 

𝜑(𝑥) = 𝑞𝑖0
(𝑥)         (𝑥 ∈ 𝐑). 

cxadia, rom 𝜑 akmayofilebs koSis funqcionalur gantolebas. amis garda, 𝜑 
funqciis mniSvnelobaTa simravle Sedis 𝐐 -Si. agebuli funqcia ar aris 
mudmivi, radgan 

𝜑(0) = 0,          𝜑(𝑒𝑖0
) = 1. 

maSasadame, 𝜑 ar aris uwyveti funqcia.  

debuleba 3. davuSvaT, 𝑓  aris koSis funqcionaluri gantolebis amonaxsni, 
maSin Semdegi ori winadadeba aris eqvivalenturi: 

(1) mocemuli 𝑓 funqciis grafiki aris yvelagan mkvrivi 𝐑2 sibrtyeSi; 
(2) 𝑓  aris aratrivialuri amonaxsni koSis funqcionaluri gantolebis. 

debuleba 4. koSis funqcionaluri gantolebis aratrivialuri amonaxsni 
aris lebegis azriT arazomadi. 

zemoT moyvanili Teoremebis gaTvaliswinebiT 𝑍𝐹&𝐷𝐶 TeoriaSi mtkicdeba 
Semdegi implikacia: 

(arsebobs hamelis bazisi 𝐑-ze )  (arsebobs 𝐑-is lebegis azriT arazomadi 
qvesimravle). 

cnobilia Semdegi faqti, rom Tu arsebobs izomorfizmi 𝐑  jgufisa 
𝐑2 jgufze, maSin es izomorfizmi iZleva  koSis funqcionaluri gantolebis 
aratrivialur amonaxsns. moviyvanoT Cvens mier miRebuli gacilebiT ufro 
zogadi debuleba. 

Teorema 2. Tu 𝑓 aris aditiuri asaxva 
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                      𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦) ,           𝑓: 𝐑 → 𝐑2, 

romlis mniSvnelobaTa simravle Seicavs erT wrfeze aramdebare 3 wertils, 
maSin 𝑓  mogvcems koSis funqcionaluri gantolebis aratrivialur 
amonaxsns.  

   damtkiceba. vTqvaT, arsebobs 𝑓aditiuri asaxva  

𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦) 

 𝐑 jgufisa 𝐑2   jgufSi, iseTi rom, misi mniSvnelobaTa simravle Seicavs 
erT wrfeze aramdebare sam wertils,  

cxadia 𝑓  warmoadgens funqciaTa wyvils 𝑓 = (𝑓1, 𝑓2), sadac  

𝑓1: 𝐑 → 𝐑,              𝑓1 = 𝑝𝑟1 ∘ 𝑓,     𝑝𝑟1: 𝐑2 → 𝐑, 

𝑓2: 𝐑 → 𝐑,              𝑓2 = 𝑝𝑟2 ∘ 𝑓,      𝑝𝑟2: 𝐑2 → 𝐑. 

davuSvaT sawinaaRmdego, e.i. vTqvaT  𝑓1  da 𝑓2 orive funqcia warmoadgens 
koSis funqcionaluri gantolebis triavialur amonaxsnebs. maSin  

                             𝑓1(𝑥) = 𝑐1𝑥  (𝑐1 ≠ 0) 

 da 

                             𝑓2(𝑥) = 𝑐2𝑥   (𝑐2 ≠ 0)  

da Tavad 𝑓 funqcia ki iqneba Semdegi saxis asaxva:  

𝑥 → (𝑐1𝑥, 𝑐2𝑥)           (𝑥 ∈ 𝐑),   

rac, Tavis mxriv, gviCvenebs, rom 𝑓 funqciis mniSvnelobaTa are aris wrfe, 

mocemuli 𝑦 =
𝑐2

𝑐1
𝑥 gantolebiT. aqedan cxadia, rom 𝑓funqciis mniSvnelobaTa 

are ar Seicavs erT wrfeze aramdebare sam wertils, anu miviReT 
winaaRmdegoba. maSasadame, an  𝑓1  an 𝑓2  warmoadgens koSis funqcionaluri 
gantolebis aratrivialur amonaxsns, rac gvaZlevs lebegis azriT 
arazomad simravlesac RerZze. 

  zemoT damtkicebuli Teoremidan martivad gamomdinareobs Semdegi 
faqtebi. 

debuleba 5. Tu 𝑓  aditiuri asaxva 𝐑  jgufidan 𝐑2  jgufze aris 
izomorfizmi, maSin es izomorfizmi gvaZlebs 𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦) koSis 
funqcionaluri gantolebis aratrivialur amonaxsns.  

debuleba 6. Tu 𝑓 aris aditiuri asaxva 

𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦) ,           𝑓: 𝐑 → 𝐑2, 
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romlis mniSvnelobaTa simravle ar aris lebegis azriT nulzomis 
simravle 𝐑2 -Si (an ar aris pirveli kategoriis simravle  𝐑2 -Si), maSin is 
iZleva koSis funqcionaluri gantolebis  aratrivialur amonaxsns. 

 

  Teorema 3.  (a) arsebobs wertilovani simravle, romelic erTdroulad 
aris vitalis simravle da bernSteinis simravlec;  

(b)  arsebobs iseTi simravle, romelic erTdroulad aris bernSteinis 
simravle da hamelis bazisic; 

(g) ar arsebobs iseTi simravle 𝐑-Si, romelic erTdroulad SeiZleba iyos 
vitalis simravle da hamelis bazisi. 

   damtkiceba. (a) davuSvaT, rom 𝛼 aris umciresi ordinaluri ricxvi, 
romlisTvisac 𝑐𝑎𝑟𝑑(𝛼) = 𝐜  da ganvixiloT 𝐑 -is yvela araTvlad Caketil 
simravleTa ojaxi  {𝐹𝜉: 𝜉 < 𝛼}, inieqciuri mimdevrobis saxiT.  

   bernSteinis simravlis konstruqciis msgavsad transfinituli induqciis 
meTodiT avagoT {𝑥𝜉: 𝜉 < 𝛼} ⊂ 𝐑  wertilTa inieqciuri ojaxi. davuSvaT, rom 

𝛽 < 𝛼  ordinalisaTvis ukve agebulia {𝑥𝜉: 𝜉 < 𝛽} mimdevroba.  

   SemoviRoT aRniSvna 

𝑍𝛽 =∪ {𝑥𝜉 + 𝐐: 𝜉 < 𝛽}, 

sadac 𝐐,  rogorc yovelTvis, yvela racionalur ricxvTa simravlea.  
cxadia, rom 

𝑐𝑎𝑟𝑑(𝑍𝛽) ≤ 𝑐𝑎𝑟𝑑(𝛽) ∙ 𝜔 < 𝐜 

   radgan 𝑐𝑎𝑟𝑑(𝐹𝛽) = 𝐜, amitom 

𝐹𝛽\𝑍𝛽 ≠ ∅. 

   aviRoT nebismieri 𝑧 ∈ 𝐹𝛽\𝑍𝛽  elementi da aRvniSnoT 𝑥𝛽 = 𝑧. aRwerili 

procesis meSveobiT  {𝑥𝜉: 𝜉 < 𝛼} wertilTa mimdevroba agebulia. 

   axla Tu SemoviRebT aRniSvnas 𝑋′ = {𝑥𝜉: 𝜉 < 𝛼}, maSin 𝑋′ simravlis agebidan 

gamomdinareobs, rom vitalis dayofis yoveli ekvivalenturobis klasi 𝑥 +

𝐐 (𝑥 ∈ 𝐑)Seicavs araumetes erT wertils 𝑋′-dan.  

ganvixiloT im ekvivalentobis klasebis ojaxi, romlebic 𝑋′ + 𝐐 
simravlesTan ar ikveTebian. 𝑍 -iT aRvniSnoT am ukanaskneli ojaxis 
seleqtori da, sabolood, ganvixiloT  

𝑉 = 𝑋′ ∪ 𝑍 

simravle. agebidan gamomdinareobs, rom 𝑉 aris vitalis simravle. 
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vaCvenoT, rom miRebuli 𝑉 simravle namdvilad bernSteinis simravlea. 

 marTlac vinaidan 𝑋′ ⊂ 𝑉,  vRebulobT, rom 𝑉 TanaikveTeba yovel aracariel 
srulyofil simravlesTan 𝐑-Si.  

axla aviRoT raime aranulovani elementi 𝐐 -dan da ganvixiloT simravle 
𝑉 + 𝑞.  

cxadia,  (𝑉 + 𝑞) ∩ 𝑉 = ∅    da  𝑉 + 𝑞 ⊂ 𝐑.  

aviRoT nebismieri araTvladi Caketili simravle 𝐹 ⊂ 𝐑. Caketili araTvladi 
simravle iqneba aseve 𝐹 − 𝑞  simravlec. agebis Tanaxmad, (𝐹 − 𝑞) ∩ 𝑉 ≠ ∅ . 
amitom 

𝑞 + ((𝐹 − 𝑞) ∩ 𝑉) ≠ ∅ 

Anu, rac igivea,  

𝐹 ∩ (𝑉 + 𝑞) ≠ ∅, 

e.i. 𝑉 aris bernSteinis simravle, r.d.g. 

 (b) vTqvaT 𝛼  aris umciresi ordinali, romlisTvisac 𝑐𝑎𝑟𝑑(𝛼) = 𝑐 , xolo 
{𝐹𝜉: 𝜉 < 𝛼} aris 𝐑 RerZis yvela araTvlad Caketil simravleTa ojaxi. 

transfinituri rekursiis meTodis gamoyenebiT ganvsazRvroT {𝑒𝜉: 𝜉 < 𝛼} ⊂ 𝐑 
wertilTa ojaxi. 

davuSvaT, rom 𝜉 < 𝛼  ordinalisTvis agebulia {𝑒𝜁: 𝜁 < 𝜉}  mimdevroba da am 

mimdevrobaze movdoT veqtoruli sivrce 𝐐 -ze e.i. miviRebT 𝑙𝑖𝑛𝐐{𝑒𝜁: 𝜁 < 𝜉} 
simravles. 

cxadia, rom 

𝑐𝑎𝑟𝑑(𝑙𝑖𝑛𝑄{𝑒𝜁: 𝜁 < 𝜉}) ≤ 𝑐𝑎𝑟𝑑(𝜉) + 𝜔 < 𝑐. 

maSasadame,  

𝐹𝜉 ∖ (𝑙𝑖𝑛𝑄{𝑒𝜁: 𝜁 < 𝜉}) ≠ ∅ 

da SegviZlia aviRoT wertili 

𝑒𝜉 ∈ 𝐹𝜉 ∖ (𝑙𝑖𝑛𝑄{𝑒𝜁: 𝜁 < 𝜉}). 

agebuli wertilTa simravle {𝑒𝜉: 𝜉 < 𝛼}  gavafarTovoT 𝐻  hamelis bazisamde 

cornis lemis gamoyenebiT. da aRvniSnoT miRebuli simravle 𝐻 -iT. agebidan 
gamomdinareobs, rom 𝐻 ∩ 𝐹𝜉 ≠ ∅  yoveli 𝜉 < 𝛼 ordinalisTvis. 

vaCvenoT, rom 𝐻 -is damateba TanaikveTeba nebismier araTvlad Caketil 
simravlesTan.  
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advilad mowmdeba (ix. wina Teoremis damtkiceba), rom arsebobs  ℎ ∈ 𝐑 iseTi, 
rom 

(ℎ + 𝐻) ∩ 𝐻 = ∅ .  

vTqvaT, 𝐹  aris nebismieri araTvladi Caketili simravle 𝐑 -ze, maSin 𝐹 − ℎ 
aseve iqneba araTvladi Caketili simravle 𝐑-ze. 𝐻-is gansazRvris Tanaxmad, 
gvaqvs 

(𝐹 − ℎ) ∩ 𝐻 ≠ ∅. 

amitom 

ℎ + ((𝐹 − ℎ) ∩ 𝐻) ≠ ∅ 

anu, rac igivea, 

𝐹 ∩ (𝐻 + ℎ) ≠ ∅. 

es ki uSualod iZleva, rom 𝐹 ∩ (𝐑 ∖ 𝐻) ≠ ∅, e.i. 𝐻 aris bernSteinis simravle, 
r.d.g. 

   (g) rogorc cnobilia Tu mocemuli gvaqvvs 𝑉  vitalis simravle maSin 
samarTliania toloba  

⋃(𝑉 + 𝑞)

𝑞∈𝑄

= 𝐑. 

davuSvaT, rom arsebobs iseTi 𝐻 = {𝑒𝜉: 𝜉 ∈ Ξ}  hamelis bazisi, romelic 
amavdroulad aris vitalis simravle.  

maSin zemoT naTqvamis Tanaxmad, iarsebebs {ℎ𝑛}  wertilTa mimdevroba, 
romlisTvisac 

⋃(𝐻 + ℎ𝑛)

𝑛

= 𝐑. 

am mimdevrobis TiToeuli wevri warmovadginoT 𝐻  bazisis wrfivi 
kombinaciiT. TiToeul aseT kombinaciaSi Sedis sasruli raodenoba 𝐻 -is 
elementebi, e.i. yvela ℎ𝑛 -ebis warmodgenebSi monawile 𝐻 -is  elementebis 
raodenoba araumetes Tvladia. vinaidan 𝑐𝑎𝑟𝑑(𝐻) = 𝑐,  imave 𝐻 -is darCenil 
nawilSi davafiqsiroT 𝑒𝜉0

elementi da ganvixiloT ℎ = 2𝑒𝜉0
. 

davuSvaT, rom  ℎ ∈ ⋃ (𝐻 + ℎ𝑛)𝑛 , e.i. ℎ = 𝑒𝜉 + ℎ𝑛 romeliRac 𝑛-sTvis, anu  

2𝑒𝜉0
=  𝑒𝜉 + 𝑞𝑖1

𝑒𝜉1
+ 𝑞𝑖2

𝑒𝜉2
+ ⋯ + 𝑞𝑖𝑛

𝑒𝜉𝑛.
. 

amrigad, 𝑒𝜉0
 gansazRvris Tanaxmad, SesaZlebelia mxolod ori SemTxveva: 

1. 𝜉0 = 𝜉, maSin   
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2𝑒𝜉0
=  𝑒𝜉0

+ 𝑞𝑖1
𝑒𝜉1

+ 𝑞𝑖2
𝑒𝜉2

+ ⋯ + 𝑞𝑖𝑛
𝑒𝜉𝑛.

, 

𝑒𝜉0
=  𝑞𝑖1

𝑒𝜉1
+ 𝑞𝑖2

𝑒𝜉2
+ ⋯ + 𝑞𝑖𝑛

𝑒𝜉𝑛.
 

rac winaaRmdegobaSi modis 𝐻 hamelis bazisis gansazRvrasTan. 

2. 𝜉0 ≠ 𝜉, maSin vRebulobT 

2𝑒𝜉0
=  𝑒𝜉 + 𝑞𝑖1

𝑒𝜉1
+ 𝑞𝑖2

𝑒𝜉2
+ ⋯ + 𝑞𝑖𝑛

𝑒𝜉𝑛
,  

saidanac  

𝑒𝜉0
=  

𝑒𝜉

2
+

𝑞𝑖1

2
𝑒𝜉1

+
𝑞𝑖2

2
𝑒𝜉2

+ ⋯ +
𝑞𝑖𝑛

2
𝑒𝜉𝑛

, 

es tolobac ki winaaRmdegobaSi modis hamelis bazisis gansazRvrebasTan. 

anu orive SemTxvevaSi miviReT winaaRmdegoba, maSasadame  

ℎ ∉ ⋃(𝐻 + ℎ𝑛)

𝑛

, 

rac imis maCvenebelia, rom 𝐻 ar SeiZleba iyos vitalis simravle, r.d.g. 
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$4. kontinuumis hipoTeza da misi zogierTi gamoyeneba lebegis 
zomis TeoriaSi 

   kantoris klasikuri Teoremis Tanaxmad, Tu gvaqvs kardinalur ricxvTa 
raime ojaxi, maSin am ojaxis gaerTianebis buleanis simZlavre mkacrad 
metia ojaxis nebismieri wevris simZlavreze. maSasadame, aq gvaqvs 
konkretuli operacia, romelic ojaxis nebismieri wevris Sesabamis 
kardinalze gacilebiT ufro did kardinals iZleva. am gzaze miiReba 
sustad miuRwevadi da Zlierad miuRwevadi kardinaluri ricxvebi (ix. 
[8],[14],[32]). buleanis operaciasTan dakavSirebiT kantoris droidan dgas 
Semdegi sakiTxi: arsebobs Tu ara kardinaluri ricxvi, romelic 𝜔 -sa da 𝑐  
ricxvebs Sorisaa moTavsebuli? 

   kantoris mier dasmuli es sakiTxi warmoadgens kontinuumis problemas, 
romelzec dadebiTi pasuxi kontinuumis hipoTezis saxeliTaa cnobili. 

   kontinuumis hipoTeza: 𝑐 = 2𝜔 = 𝑐𝑎𝑟𝑑(𝐑) = 𝜔1.  

   kontinuumis hipoTeza literaturaSi, rogoc wesi, 𝐶𝐻  simboloTi 
aRiniSneba. 

   ganzogadoebuli kontinuumis hipoTeza: 2𝜔𝛼 = 𝜔𝛼+1 , sadac 𝛼  nebismieri 
ordinaluri ricxvia. 

   ganzogadoebuli kontinuumis hipoTeza 𝐺𝐶𝐻 simboloTi aRiniSneba. 

   Tanamedrove maTematikaSi cnobilia, rom 𝑍𝐹𝐶 Teoria Tavsebadia maSin da 
mxolod maSin, roca Tavsebadia Semdegi Teoriebi:  

1. 𝑍𝐹𝐶 & 𝐺𝐶𝐻 
2. 𝑍𝐹𝐶 &  𝐶𝐻-is uaryofa. 

   agreTve cnobilia, rom  𝑍𝐹𝐶 Teoria Tavsebadia, maSin da mxolod maSin, 
roca Tavsebadia Semdegi Teoriebi: 

a) 𝑍𝐹𝐶 & 𝑐 aris regularuli kardinali; 
b)  𝑍𝐹𝐶 & 𝑐 aris singularuli kardinali. 

  zemoT CamoTvlili faqtebis Sesaxeb ix. ([6], [8], [9], [14], [32]). 

  vTqvaT, 𝑎 aris raime usasrulo kardinaluri ricxvi. 

   amboben, rom 𝑎 aris singularuli kardinaluri ricxvi, Tu arsebobs 𝑎-ze 
mkacrad naklebi kardinalebis ojaxi, romlis simZlavre agreTve naklebia 
𝑎-ze, magram am ojaxis wevrebis jami udris 𝑎-s.  

   amboben, rom 𝑎  aris regularuli kardinaluri ricxvi, Tu is ar aris 
singularuli. 
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   rogorc cnobilia, 𝐴𝐶 -s daSvebiT  nebismieri usasrulo kardinali 
Caiwereba 𝜔𝛼  saxiT, sadac 𝛼  aris garkveuli ordinaluri ricxvi. aseTi 
warmodgenis SesaZlebloba martivad miiReba transfinituri induqciis 
meTodis gamoyenebiT. cxadia, rom umciresi usasrulo kardinali 𝜔 = 𝜔0 
aris regularuli. agreTve martivad mtkicdeba, rom yoveli 𝜔𝛼+1  saxis 
kardinalic aris regularuli. meores mxriv, advili Sesamowmebelia, rom 
Tvladi jami  

𝜔𝜔 = 𝜔0 + 𝜔1 + ⋯ + 𝜔𝑛 + ⋯ 

warmoadgens umcires singularul kardinals. adgili aqvs ufro zogad 
faqtsac, saxeldobr, Tu ordinaluri rixvi 𝛼 aris 𝜔 -s kofinaluri, maSin 
𝜔𝛼 kardinali singularulia. 

   garkveuli tipis didi kardinaluri ricxvebis arsebobis daSvebiT, m. 
gitikma aCvena, rom SesaZlebelia ZF Teoriis iseTi modelis arseboba, 
romelSic nebismieri araTvladi kardinali aris 𝜔 -s kofinaluri da, 
maSasadame aris singularulic (ix. [48]). aq xazi unda gaesvas erT niuanss. 
gavixsenoT, rom ZF Teoriis farglebSi SeuZlebelia yvela simZlavris 
sadarobis dadgena. magaliTad, am TeoriaSi 𝜔1 -s da 𝑐 -s erTmaneTTan ver 
SevadarebT (ix. $2). amitom gitikis aRniSnuli Sedegi exeba mxolod iseT 
simZlavreebs anu kardinalur ricxvebs, romlebic arian bieqciur 
TanadobaSi savsebiT dalagebul simravleebTan. 

   amboben, rom 𝜔𝛼  aris sustad miuRwevadi kardinali, Tu igi 
regularulia da misi indeqsi 𝛼 aris zRvariTi ordinali. 

   amboben, rom 𝜔𝛼  aris Zlierad miuRwevadi kardinali, Tu igi sustad 

miuRwevadia da yoveli 𝑏 < 𝜔𝛼 kardinaluri ricxvisTvis gvaqvs 2𝑏 < 𝜔𝛼. 

   debuleba 7. ganzogadoebuli kontinuumis hipoTezis daSvebiT yoveli 
sustad miuRwevadi kardinaluri ricxvi aris imave dros Zlierad 
miuRwevadic. 

   am debulebis damtkiceba ix., magaliTad, [3], [13], [14]. 

   rogorc ukve aRvniSneT (ix. $1), Tu 𝑎  aris Zlierad miuRwevadi 
kardinaluri ricxvi, maSin fon neimanis unoversumis 𝑉𝑎  simravle 
warmoadgens 𝑍𝐹𝐶 Teoriis models.   

   arTvlad 𝑎 kardinalur ricxvs ewodeba zomadi, Tu arsebobs erTi mainc 
𝜇: 𝑃(𝑎) → {0,1}  albaTuri zoma, romelic Rebulobs nulis tol 
mniSvnelobebs 𝑎 -s yvela erTelementian nawilze da, imave dros, aris 𝑎 -
aditiuri. 

   𝑎 -aditiuroba niSnavs Semdegs: rogoric ar unda iyos 𝜇 -nulzomis 
simravleTa {𝑋𝑖: 𝑖 ∈ 𝐼}  ojaxi iseTi, rom 𝑐𝑎𝑟𝑑(𝐼) < 𝑎 , am ojaxis gaerTianeba 
agreTve 𝜇-nulzomisaa. 
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   bunebrivia, araTvlad kardinalur ricxvs arazomadi ewodeba, Tu igi ar 
aris zomadi.  am cnebebis Sesaxeb ufro dawvrilebiT ix. [4], [8], [14], [32]. 

   cnobilia Semdegi klasikuri debuleba (ix. [8],[14],[32]). 

   Teorema (ulami): pirveli zomadi kardinali aris Zlierad miuRwevadi. 

   zemoT Cven moviyvaneT did kardinalur ricxvTa ierarqiis ramdenime 
warmomadgenlis ganmarteba. rasakvirvelia, am ierarqiaSi arsebobs mravali 
sxva warmomadgeneli, romlebic mniSvnelovania maTematikuri logikis, 
simravleTa Teoriis, topologiis, zogadi algebrisa da funqcionaluri 
analizis konkretuli sakiTxebisaTvis (ix. [6], [8], [32]). 

   ganvixiloT [0,1] segmenti da masze mocemuli lebegis klasikuri zoma, 
romelic 𝜇  simboloTi aRvniSnoT. cnobilia, rom amave segmentze gvaqvs 
simravleebi, romlebic arazomadia 𝜇 -s mimarT (magaliTad, vitalis 
simravleebi an bernSteinis simravleebi). es garemoeba 𝜇  zomis garkveul 
naklovanebaze miuTiTebs. agreTve cnobilia, rom [0,1]-ze SegviZlia 
ganvsazRvroT mTeli rigi zomebisa, romlebic 𝜇 -s sakuTrivad agrZeleben 
(ix. [7], [49]). amasTan dakavSirebiT Tavis droze daisva kiTxva:  

   SeiZleba Tu ara 𝜇  ise gagrZeldes, rom [0,1]-Si Semavali yvela 
wertilovani simravle aRmoCndes zomadi miRebuli gagrZelebis mimarT? 

   samwuxarod, es bunebrivi da maTematikuri analizisTvis uaRresad 
mniSvnelovani kiTxva ver poulobs pasuxs ZFC Teoriis farglebSi. erTis 
mxriv, kontinuumis hipoTezis daSvebiT banaxisa da kuratovskis mier 
dadginda, rom [0,1] segmentze aRniSnuli “universaluri” zoma ar arsebobs 
(ix. [50]). meores mxriv, soloveim [5] aCvena, rom aRniSnuli “universaluri” 
zomis arsebobis problema uSualod ukavSirdeba didi kardinaluri 
ricxvebis arsebobis sakiTxs.  

   ganvixiloT Semdegi ori Teoria: 

(1) ZFC & (arsebobs [0,1]-ze mocemuli 𝜇  lebegis zomis universaluri 
gagrZeleba); 

(2) ZFC & (arsebobs zomadi kardinali). 

   soloveis erT-erTi SesaniSnavi Sedegis Tanaxmad, (1) Teoria 
arawinaaRmdegobrivia maSin da mxolod maSin, roca (2) Teoria aris 
arawinaaRmdegobrivi (ix. [4], [8]). 

   maTematikuri Teoriebis Seswavlisas Kkontinuumis hipoTezaze 
dayrdnobiT mravali santereso obieqti aigeba. aseTi obieqtebis 
mniSvnelovani magaliTebia luzinis simravleebi da serpinskis simravleebi.  

   pirvel rigSi ganvixiloT luzinis simravle, romelic luzinis mier 
iqna agebuli 1914 wels kontinuumis hipoTezaze dayrdnobiT. luzinis 
simravleebi mniSvnelovan rols TamaSoben namdvil funqciaTa TeoriaSi da 
zomis klasikur TeoriaSi. 



48 
 

   ganvsazRvroT luzinis simravle:  

   vityviT, rom 𝑋 ⊂ 𝐑 simravle aris luzinis simravle, Tu: 

(1) 𝑋 aris araTvladi simravle; 
(2) yoveli pirveli kategoriis 𝑌  simravlisTvis 𝐑 -dan, 𝑋 ∩ 𝑌  simravle 

araumetes Tvladia. 

   cnobilia, rom 𝐑  RerZis yvela luzinis qvesimaravle warmoqmnis 
sakuTriv 𝜎-ideals (ix. [25], [26], [29], [30]). 

   aRvniSnoT, rom luzinis simravlis arsebobis damtkiceba SeuZlebelia 
mxolod 𝑍𝐹𝐶  Teoriis farglebSi. meores mxriv, imisaTvis rom vaCvenoT 
luzinis simravlis arseboba, sakmarisia miviRoT kontinuumis hipoTeza.  

  Teorema (luzini). Tu miviRebT kontiunuumis hipoTezas, maSin arsebobs 
luzinis simravle 𝐑 RerZze.  

es klasikuri Teorema mtkicdeba transfinituri induqciis meSveobiT. Cvens 
mier modificirebuli iqna klasikuri konstruqcia da naCvenebia Semdegi 
debulebis samarTlianoba, romelic Semdgomi Teoremebis damtkicebaSi 
arsebiT rols TamaSobs. 

  Teorema 4. kontinuumis hipoTezis daSvebiT arsebobs iseTi 𝑋  luzinis 
simravle 𝐑 RerZze, rom 

                        𝑋 + 𝑋 = {𝑥 + 𝑥′: 𝑥 ∈ 𝑋, 𝑥′ ∈ 𝑋 } = 𝐑.  

damtkiceba. kontinuumis hipoTezis Tanaxmad: 𝑐 = 𝜔1  da Sesabamisad 𝐑 
simravlis yvela borelis qvesimravleTa ojaxis simZlavrea 𝜔1 . 
vTqvaT, {𝐹𝜉: 𝜉 < 𝜔1 }  aris yvela arsad mkvrivi Caketil simravleTa 

ojaxi 𝐑 -ze. analogiurad, 𝐑 SegviZlia warmovadginoT rogorc 𝐑 =

{𝑟𝜉: 𝜉 < 𝜔1}. 

 transfinituri induqciis meTodis gamoyenebiT avagoT ori  {𝑥𝜉: 𝜉 < 𝜔1} da 

{𝑥′
𝜉: 𝜉 < 𝜔1}   wertilTa simravle 𝐑 -dan, iseTi rom 𝑥𝜉 + 𝑥′

𝜉 =  𝑟𝜉 .  

davuSvaT, rom 𝜉  ordinalisTvis wertilTa nawilobrivi ojaxebi 

{𝑥𝜁: 𝜁 < 𝜉}  da {𝑥′
𝜁: 𝜁 < 𝜉}  ukve agebulia. ganvixiloT simravleTa ojaxi 

(𝐹𝜁)𝜁<𝜉 da maTi gaerTianeba ⋃ 𝐹𝜁𝜁<𝜉 .  

cxadia, rom arsebobs namdvili ricxvi 

𝑥𝜉 ∉ (⋃ 𝐹𝜁) ∪

𝜁<𝜉

{𝑥𝜁: 𝜁 < 𝜉} 

magram, amasTan erTad gvinda, rom 
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𝑥′𝜉 = 𝑟𝜉 − 𝑥𝜉 ∉ ⋃ 𝐹𝜁

𝜁<𝜉

. 

CavataroT martivi gardaqmnebi da davweroT 

−𝑟𝜉 + 𝑥𝜉 ∉  − ⋃ 𝐹𝜁 ,

𝜁<𝜉

 

saidanac miviRebT, rom  

𝑥𝜉 ∉ 𝑟𝜉 − ⋃ 𝐹𝜁

𝜁<𝜉

. 

miRebuli damokidebulebebis safuZvelze SegviZlia 𝑥𝜉 SevarCioT ise, rom  

𝑥𝜉 ∉ (⋃ 𝐹𝜁

𝜁<𝜉

) ∪ (𝑟𝜉 − ⋃ 𝐹𝜁)

𝜁<𝜉

. 

maSasadame, transifinituri induqciis gamoyenebiT {𝑥𝜉: 𝜉 < 𝜔1} da {𝑥′𝜉: 𝜉 < 𝜔1} 
simravleebi agebulia 

vaCvenoT, rom 𝑋 = {𝑥𝜉: 𝜉 < 𝜔1} ∪ {𝑥′𝜉: 𝜉 < 𝜔1} simravle aris luzinis simravle.  

agebis konstruqciidan gamomdinareobs, rom Tu 𝜁 < 𝜉 < 𝜔1, maSin 𝑥𝜁 ≠ 𝑥𝜉 

da, maSasadame, gvaqvs tolobebi 𝑐𝑎𝑟𝑑(𝑋) = 𝑐 = 𝜔1. 

vTqvaT, 𝑌 aris nebismieri pirveli kategoriis simravle, es imas niSnavs, rom 
romeliRac 𝜉 < 𝜔1 ordinalisTvis gvaqvs 

𝑌 ⊂ ⋃ 𝐹𝜁

𝜁<𝜉

, 

Cveni konstruqciis mixedviT agreTve gveqneba 

({𝑥′
𝜉 , 𝑥′

𝜉+1 , … } ∪ {𝑥𝜉 , 𝑥𝜉+1 , … }) ∩ (⋃ 𝐹𝜁

𝜁<𝜉

) = ∅. 

amitom,  

𝑋 ∩ 𝑌 ⊂ 𝑋 ∩ (⋃ 𝐹𝜁

𝜁<𝜉

) ⊂ {𝑥𝜁: 𝜁 < 𝜉} ∪ {𝑥′𝜁: 𝜁 < 𝜉}. 

es ki imas niSnavs, rom 𝑐𝑎𝑟𝑑(𝑋 ∩ 𝑌) ≤ 𝜔1 e.i. 𝑋 luzinis simravlea.   
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Semdegi debuleba gvaCvenebs, rom luzinis simravle absoluturad 
nulzomisaa (ix. [25]). 

debuleba 8. vTqvaT, 𝑋 ⊂ 𝐑 luzinis simravlea. maSin adgili aqvs Semdeg or 
ekvivalentur winadadebebs: 

(1) Tu 𝜇  nebismieri 𝜎 -sasruli difuziuri borelis zomaa 𝑋  topologiur 
sivrceze, maSin 𝜇(𝑋) = 0; 

(2) Tu 𝜇 nebismieri 𝜎-sasruli difuziuri borelis zomaa 𝐑-ze, maSin 𝜇∗(𝑋) =

0. 

rogorc ukve aRiniSna, Tu miviRebT kontinuumis hipoTezas, luzinis 
klasikuri konstruqciis saSualebiT aigeba luzinis simravle. am 
konstruqciis Semdgomi modificirebiT SeiZleba agebuli iqnas iseTi 
luzinis simravle, romelic imavdroulad iqneba veqtoruli sivrce 𝐐 
velze. kerZod, aseTi luzinis simravle iqneba 𝐑-is qvejgufi (ix. [25], [44]).  

SevniSnoT, rom Tu 𝑋 aris luzinis simravle, maSin 𝑋 ∪ 𝐐  aseve aris 
luzinis simravle, sadac 𝐐 racionalur ricxvTa simravlea. maSasadame, Tu 
davuSvebT kontinuumis hipoTezas, maSin arsebobs yvelgan mkvirivi luzinis 
simravle 𝐑-Si.  

vTqvaT, 𝑋 ⊂ 𝐑 luzinis simravlea da 𝑋 ∪ 𝐐 sivrce aRWurvilia inducirebuli 
topologiiT. maSin 𝑋 ∪ 𝐐  sivrceSi yoveli pirveli kategoriis simravle 
araumetes Tvladia da piriqiT, yoveli araumetes Tvladi simravle 𝑋 ∪ 𝐐 
sivrceSi pirveli kategoriisa. 

luzinis simravleebis kvlevaSi siaxles warmoadgens Semdegi Teorema. 

  Teorema 5: (a) ar arsebobs luzinis simravle, romelic iqneba vitalis 
simravle; 

         (b) ar arsebobs luzinis simravle, romlic iqneba bernSteinis 
simravle; 

         (g) kontinuumis hipoTezis daSvebiT arsebobs iseTi luzinis 
simravle, romelic amavdroulad aris hamelis bazisi. 

   damtkiceba. (a) davuSvaT arsebobs 𝑋 ⊂ 𝐑 simravle, romelic erTdroulad 
aris vitalisa da luzinis simravle. 

rogorc cnobilia, nebismieri 𝑋 vitalis simravlisaTvis arsebobs ricxviTi 
{𝑟𝑛}𝑛∈𝑁 mimdevroba, iseTi, rom ⋃ (𝑋 + 𝑟𝑛)𝑛 = 𝐑.  

meores mxriv, cnobilia, rom yoveli luzinis simravle aris nulzomadi 
simravle  𝜇 nebismieri 𝜎-sasruli difuziuri borelis zomis gasrulebebis 
mimarT (kerZod, lebegis standartuli zomis mimarT), xolo nulzomad 
simravleTa Tvladi gaerTianebiT SeuZlebelia 𝐑  RerZis dafarva. e.i. 
miviReT winaaRmdegoba. r.d.g. 
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(b) davuSvaT sawinaaRmdego. vTqvaT 𝑋 ⊂ 𝐑 aris luzinis simravle, romelic 
amavdroulad warmoadgens bernSteinis simravles.  

rogorc ukve vTqviT, rom yoveli luzinis 𝑋  simravlisaTvis Tu 𝜇 
nebismieri 𝜎 -sasruli difuziuri borelis zomaa 𝐑 -ze, maSin 𝜇∗(𝑋) = 0  anu, 
sxva sityvebiT,  luzinis simravle absouluturad nulzomadi simravlea.  

ganvixiloT 𝑋  simravle lebegis zomis mimarT. radgan luzinis simravle 
abosolutrad nulzomadi simravlea nebismieri 𝜇  𝜎 -sasruli difuziuri 
borelis zomis gasrulebis mimarT, maSasadame 𝑋  nulzomadi iqneba aseve 
lebegis zomis mimarTac. radgan Cveni daSvebiT, 𝑋  simravle amasTanave 
warmoadgens bernSteinis simravles, Sesabamisad vRebulobT, rom 
bernSteinis simravlec absoluturad nulzomadia. 

magram cnobilia, rom bernSteinis gare zoma lebegis zomis mimarT +∞ , 
xolo aseTi gare zomis mqone simravle ar SeiZleba iyos absoluturad 
nulzomadi, anu miviReT winaaRmdegoba. r.d.g. 

(g) davuSvaT kontinuum hipoTeza samarTliania. maSin, rogorc ukve vaCveneT, 
arsebobs iseTi 𝑋 luzinis simravle, rom 𝑋 + 𝑋 = {𝑥 + 𝑥′;  𝑥 ∈ 𝑋, 𝑥′ ∈ 𝑋} = 𝐑. 

ganvsazRvroT CarTvis damokidebulebis mimarT maqsimaluri 𝑄 -ze wrfivad 
damoukidebeli simravle 𝐻 ⊂ 𝑋. vaCvenoT, rom 𝐻 aris hamelis bazisi. 

davuSvaT sawinaaRmdego, vTqvaT arsebobs 𝑡 ∈ 𝐑  elementi iseTi, rom 𝐻 -ze 
wrfivad damoukidebelia. maSin 𝑡 = 𝑥 + 𝑥′ , sadac 𝑥  da 𝑥′ arian 𝑋  simravlis 
raime elementebi. cxadia an 𝑥  an 𝑥′  aris 𝐻 -sgan wrivad damoukidebeli. 
zogadobis SeuzRudavad vigulisxmoT, rom 𝑥 aris aseTi elementi. maSin 𝐻 ∪
{𝑥} simravle aris 𝐐-ze wrfivad damoukidebeli simravle, romelic Seicavs 
𝐻  simravles da Sedis 𝑋  simravleSi. miviReT winaaRmdegoba 𝐻 -is 
Tavdapirvel gansazRvrasTan, saidanac gamomdinareobs, rom 𝐻 aris hamelis 
bazisi. 

 amasTan, radgan 𝐻  aris araTvladi qvesimravle 𝑋  luzinis simravlis, 
maSasadame Tavad 𝐻 aris luzinis simravle. r.d.g. 

   luzinis simravlis dualur obieqts warmoadgens serpinskis simravle, 
romelic 1924 wels serpinskis mier iqna agebuli imave kontinuumis 
hipoTezis daSvebiT.  

   vityviT, rom 𝑋 ⊂ 𝐑 aris serpinskis simravle, Tu: 

1. 𝑋 araTvladia; 

2.  yoveli lebegis azriT nulzomis 𝑌 ⊂ 𝐑  simravlisaTvis, 𝑋 ∩ 𝑌  simravle 
araumetes Tvladia. 

  serpinskim aCvena Semdegi debulebis marTebuloba. 
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  Teorema (serpinski).  Tu miviRebT kontinuumis hipoTezas, maSin 𝐑 -ze 
arsebobs serpinskis simravle.  

iseve, rogorc luzinis simravlis SemTxvevaSi, gavaZliereT serpinskis 
Teorema serpinskis simravleebis Sesaxeb da vaCveneT Semdegi debulebis 
samarTlianoba. 

   Teorema 6. kontinuum hipoTezis daSvebiT, arsebobs iseTi serpinskis 
simravle 𝑋, rom  

𝑋 + 𝑋 = {𝑥 + 𝑥′;  𝑥 ∈ 𝑋, 𝑥′ ∈ 𝑋} = 𝐑. 

   am Teoremis damtkiceba analogiuria luzinis simravlis arsebobis 
mtkicebis. mxolod Tu wina damtkicebaSi Cven vixilavdiT pirveli 
kategoriis simravleTa ojaxs, am SemTxevevaSi lebegis azriT nulzomis 
simravleTa ojaxs aviRebT, da isev transfinituri induqciis meTodis 
gamoynebiT davamtkicebT aRniSnul Teoremas. 

   zogierT SemTxvevaSi SesaZlebelia, rom arsebobdes serpinskis simravle 
𝐑 -ze, magram ar sruldebodes kontinuumis hipoTeza. ufro metic, arsebobs 
𝑍𝐹𝐶 -s iseTi modelebi, romlebSic kontinuumis hipoTezis uaryofa 
mtkicdeba da amasTan arsebobs kontinuumis simZlavris mqone serpinskis 
simravle. analogiur garemoebas adgili aqvs luzinis simravleebisaTvisac. 

   serpinskis simravleebTan dakavSirebiT davamtkiceT Semdegi axali faqti.  

   Teorema 7. (a) ar SeiZleba, rom serpinskis simravle iyos vitalis 
simravle; 

          (b) ar SeiZleba, rom serpinskis simravle iyos bernSteinis 
simravle; 

          (g) arsebobs iseTi serpinskis simravle, romelic amavadroulad 
aris hamelis bazisi. 

   damtkiceba. (a) davuSvaT arsebobs 𝑋 ⊂ 𝐑 simravle, romelic erTdroulad 
aris vitalisa da serpinskis simravle. 

rogorc cnobilia, nebismieri 𝑋  vitalis simravlisaTvis arsebobs 
racionalur ricxvTa {𝑟𝑛}𝑛∈𝑁 mimdevroba, iseTi, rom ⋃ (𝑋 + 𝑟𝑛)𝑛 = 𝐑.  

meores mxriv, cnobilia, rom yoveli serpinskis simravle aris pirveli 
kategoriis simravle da pirveli kategoriis simravleTa Tvladi 
gaerTianebiT SeuZlebelia 𝐑  RerZis dafarva, e.i. miviReT winaaRmdegoba. 
r.d.g. 

   b) axla davuSvaT, rom  𝑋  serpinskis simravle, amasTanave bernSteinis 
simravlesac warmoadgens.  

rogorc viciT, nebismieri serpinskis simravle warmoadgens pirveli 
kategoriis simravles da, maSasadame, misi damateba Seicavs aracariel 
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srulyofil simravles (ix. [29]). radgan Cveni daSvebiT 𝑋  simravle 
amavdroulad aris bernSteinis simravle, e.i. bernSteinis simravlis 
damateba Seicavs aracariel srulyofil simravles, es ki bernSteinis 
simravlis gansazRvrebas ewinaaRmdegeba, anu miviReT winaaRmdegoba. r.d.g. 

(g) iseve, rogorc luzinis simravleebis SemTxvevaSi, gamoviyenebT Semdegi 
faqtis samarTlianobas: kontinuum hipoTezis daSvebiT arsebobs iseTi 
serpinskis simravle, rom 

                        𝑋 + 𝑋 = {𝑥 + 𝑥′;  𝑥 ∈ 𝑋, 𝑥′ ∈ 𝑋} = 𝐑. 

Semdeg, analogiuri msjelobiT, rogorc luzinis simravleebis SemTxvevaSi, 
vaCvenebT, rom arsebobs 𝐻  hamelis bazisi, romelic amavdroulad aris 
serpinskis simravle. amiT Teorema damtkicebulia. 
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$5. martinis aqsioma da misi roli wertilovani simravleebis 
kvlevis procesSi 

   wina paragrafebSi dawvrilebiT ganvixileT sxvdasxva  aratrivialuri 
wertilovani simravleebi, romlebic gansakuTrebul rols TamaSoben 
maTematikur analizSi da, kerZod, zomis TeoriaSi. aseTi simravleebis erT–
erTi yvelaze mniSvnelovani magaliTia vitalis simravle, romelic 1905 
wels vitalis mier iqna agebuli da romelic aigeba amorCevis aqsiomis 
araTvladi formebis gamoyenebiT. vitalis simravle warmoadgens lebegis 
azriT arazomadi simravlis istoriulad pirvel magaliTs. aseve 
ganvixileT luzinis simravleebi da serpinskis simravleebi, romelTa 
arseboba da ageba kontinuumis hipoTezas moiTxovs (ix. $4). 

   am paragrafSi ki ganvixilavT wertilovani simravleebis iseT 
magaliTebs, romelTa arseboba da ageba kontinuumis hipoTezaze ufro sust 
simravlur-Teoriul daSvebas moiTxovs, kerZod ki e.w. martinis aqsiomas 
moiTxovs. (ix. [8], [26], [31], [32]). 

   amJamad cnobilia, rom mniSvnelovan damatebiT simravlur-Teoriul 
aqsiomas warmoadgens martinis aqsioma, romelic nawilobrivad dalagebuli 
simravleebis terminebSi yalibdeba. winaswar gavixsenoT ramdenime 
gansazRvra nawilobrivad dalagebul simravleTa Teoriidan. 

   vTqvaT, (𝑋, ≤) nawilobrivad dalagebuli simravlea. 

𝑌 ⊂ 𝑋 simravles ewodeba koinicialuri 𝑋-Si, Tu yoveli 𝑥 ∈ 𝑋 elemtisaTvis 
moiZebneba 𝑦 ∈ 𝑌 elementi iseTi, rom 𝑦 ≤ 𝑥. 

𝑍 ⊂ 𝑋  simravles ewodeba Tavsebadi, Tu yoveli sasruli 𝑇 ⊂ 𝑍 
simrvlisaTvis moiZebneba 𝑥 ∈ 𝑋  elementi iseTi, rom 𝑥 ≤ 𝑡  nebismieri 𝑡 ∈ 𝑇 
elementisTvis. 

kerZod, 𝑥 ∈ 𝑋  da 𝑦 ∈ 𝑌  elementebs ewodebaT Tavsebadi, Tu {𝑥, 𝑦} 
orelementiani simravle Tavsebadia 𝑋-Si. 

𝑌 ⊂ 𝑋  simravles ewodeba wyvil-wyvilad araTavsebadi, Tu nebismieri ori 
gansxvavebuli 𝑥 ∈ 𝑋 da 𝑦 ∈ 𝑌 elementi araTavsebadia. 

   vityviT, rom nawilobrivad dalagebuli (𝑋, ≤)  simravle akmayofilebs 
Tvlad jaWvTa pirobas, Tu nebismieri wyvil-wyvilad araTavsebadi 
qvesimravle 𝑋-dan araumetes Tvladia.  

   martinis aqsioma: vTqvaT, (𝑋, ≤)  nawilobriv dalagebuli simravlea, 
romelic akmayofilebs  Tvlad jaWvTa pirobas, xolo 𝐹 aris 𝑋 simravlis 
koinicialur qvesimravleTa iseTi ojaxi, rom 𝑐𝑎𝑟𝑑(𝐹) < 𝑐 . maSin arsebobs 𝑋 
simravlis iseTi Tavsebadi qvesimravle, romelsac 𝐹  ojaxis yovel 
simravlesTan eqneba aracarieli TanakveTa.  
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  martinis aqsioma SeiZleba agreTve CamovayaliboT wminda topologiur 
terminebSic (ix. [32]).  

  topologiur sivrces ewodeba Tvladi jaWvebis Tvisebis mqone (anu 
suslinis Tvisebis mqone), Tu masSi nebismieri diziunqturi ojaxi, romlis 
wevrebi aracarieli Ria simravleebia, araumetesd Tvladia. 

   martinis aqsioma. nebismieri aracarieli kompaqturi sivrce, romelic 
akmayofilebs Tvlad jaWvTa pirobas, ar warmoidgineba arsad mkvrivi 
qvesimravleebis arakontinialuri ojaxis gaerTianebis saxiT, romlis 
simZlavre 𝐜-ze mkacrad naklebia. 

   maTematikis safuZvlebis TvalsazrisiT, martinis aqsiomis formulireba 
nawilobrivad dalagebuli simravleebis terminebSi gacilebiT ufro 
mniSvnelovania, vidre misi topologiuri varianti. 

   axla SemoviRoT ganzogadoebuli luzinis da ganzogadoebuli 
serpinskis simravleebi, romlebic mniSvnelovan paradadoqsalur 
simravleebs warmoadgenen namdvil ricxvTa RerZze. 

   gansazRvreba. 𝑋 ⊂ 𝐑 simravles ewodeba ganzogadoebuli luzinis 
simravle, Tu Sesrulebulia Semdegi pirobebi: 

1. 𝑋 kontinuumis simZlavrisaa; 
2. yoveli pirveli kategoriis 𝑌 ⊂ 𝐑  simravlisaTvis 𝑋 ∩ 𝑌  simravlis 

simZlavre kontinuumze mkacrad naklebia. 

  gansazRvreba. 𝑋 ⊂ 𝐑 simravles ewodeba ganzogadoebuli serpinskis 
simravle, Tu Sesrulebulia Semdegi pirobebi: 

1. 𝑋 kontinuumis simZlavrisaa; 
2. yoveli lebegis azriT nulzomis  𝑌 ⊂ 𝐑  simravlisaTvis 𝑋 ∩ 𝑌 

simravlis simZlavre kontinuumze mkacrad naklebia. 

  aRmoCnda, rom zemoT gansazRvruli simravleebis arsebobisTvis martinis 
aqsioma aris sakmarisi, Tumca maTi arseboba ufro susti damatebiTi 
simravlur-Teoriuli daSvebebidanac gamomdinareobs. 

  debuleba 9. (a) Tu miviRebT martinis aqsiomas, maSin arsebobs luzinis 
ganzogadoebuli simravle. 

                (b)NTu miviRebT martinis aqsiomas, maSin arsebobs serpinskis 
ganzogadoebuli simravle. 

    am Teoremis damtkiceba analogiuria luzinis simravlisa da serpinskis 
simravlis arsebobis damtkicebis (ix. $4). 

davuSvaT, rom martinis aqsioma marTebulia. maSin: 

(1) arsebobs 𝑋 ⊂ 𝐑 simravle, romelic warmoadgens veqtorul sivrces 𝐐 -ze 
da aris yvelgan mkvrivi ganzogadoebuli luzinis simravle  𝐑 -ze. 
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(2) arsebobs 𝑋 ⊂ 𝐑 simravle iseTi, rom 𝑋 aris veqtoruli sivrce 𝐐-ze da is 
warmoadgens yvelgan mkvriv ganzogadoebul serpinskis simravles 𝐑-ze. 

garda amasa, martinis aqsiomis daSvebiT, arsebobs izomorfizmi 𝑓 aditiuri 
𝐑 jgufidan Tavis Tavze da 𝑋 ⊂ 𝐑 ganzogadoebuli luzinis simravle iseTi, 
rom 𝑓(𝑋)  warmoadgens ganzogadoebul serpinskis simravles 𝐑 -ze (ix. [25], 

[26]). 

   martinis aqsiomis gamoyenebiT mtkicdeba, rom yoveli ganzogadoebuli 
luzinis simravle 𝐑-Si aris absoluturad anu universalurad nulzomadi.  

   amasTanave, ganzogadoebuli luzinis simravlis saSualebiT advilad 
mtkicdeba, rom arsebobs 𝐑-is qvesimravleebis 𝜎-algebra 𝑆 iseTi, rom: 

(1) yoveli 𝑥 ∈ 𝐑 elementisaTvis gvaqvs {𝑥} ∈ 𝑆; 
(2) 𝑆  aris Tvladad warmoqmnili 𝜎 -algebra, anu arsebobs 𝑆 -is Tvladi 

qveojaxi, romelic warmoqmnis 𝑆-s; 
(3) ar arsebobs 𝑆 -ze gansazRvruli aranulovani 𝜎 -sasrulo difuziuri 

zoma. 

   kerZod, luzinis ganzogadoebuli simravlis arsebobidan 
gamomdinareobs, rom 𝑐 kardinaluri ricxvi ar aris zomadi ulamis azriT. 

   $3-Si Semotanili iyo absoluturad arazomadi funqciis cneba. 
gavixsenoT es cneba. 

   vTqvaT, 𝐸  aris raime simravle da 𝑓  aris funqcia 𝐸 -dan 𝑅 -Si. vityviT, 
rom 𝑓  aris absoluturad arazomadi funqcia, Tu yoveli aranulovani 𝜎 -
sasrulo difuziuri 𝜇 zomisaTvis 𝐸-ze, 𝑓 aris arazomadi 𝜇-s mimarT. 

   marTebulia Semdegi debuleba. 

   debuleba 10. Tu miviRebT martinis aqsiomas, maSin arsebobs inieqciuri 
aditiuri funqcia 

𝑓: 𝐑 → 𝐑  

romelic amasTanave absoluturad arazomadia. 

   damtkiceba. rogorc ukve aRvniSneT, martinis aqsiomidan gamomdinareobs 
iseTi luzinis ganzogadoebuli simravlis arseboba 𝐑 -ze, romelic 
amavdroulad aris veqtoruli sivrce 𝐐-ze. davuSvaT 𝑋 aris aseTi luzinis 
ganzogadoebuli simravle. radgan  

𝑐𝑎𝑟𝑑(𝑋) = 𝑐 = 𝑐𝑎𝑟𝑑(𝐑) 

aqedan gamomdinareobs, rom arsebobs aditiuri bieqcia  

𝑓: 𝐑 → 𝑋 
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cxadia, 𝑓 iqneba aditiuri ineqcia 𝐑-dan Tavis TavSi. vaCvenoT rom 𝑓funqcia 
absoluturad arazomadia. davuSvaT sawinaaRmdego, vTqvaT 𝑓  ar aris 
absoluturad arazomadi funqcia, maSin arsebobs  𝐑 -ze aranulovani 𝜎 -
sasrulo difuziuri zoma 𝜇 iseTi, rom yoveli borelis 𝐵 simravlisaTvis 
𝐑-ze samarTliania damokidebuleba  

𝑓−1(𝐵) ∈ 𝑑𝑜𝑚(𝜇). 

analogiurad, 𝑋 -is yoveli 𝐵′  borelis qvesimravlisaTvis samarTliani 
iqneba damokidebuleba 

𝑓−1(𝐵′) ∈ 𝑑𝑜𝑚(𝜇). 

zogadobis SeuzRudavad, vigulisxmoT, rom 𝜇  aris albaTuri zoma. 
maSasadame 𝑋 -is yoveli 𝐵′  borelis qvesimravlisaTvis Cven SegviZlia 
ganvsazRvroT 

𝜈(𝐵′) = 𝜇(𝑓−1(𝐵′)). 

am gziT Cven ganvsazRvravT 𝜈  borelis difuziur albaTur zomas 𝑋 -ze, es 
ki SeuZlebelia, radgan 𝑋 absoluturad nulzomadi simravlea. maSasadame 
miviReT winaaRmdegoba, rac amtkicebs Teoremas. 

   bunebrivad daismis kiTxvaganzogadoebuli luzinis simravlisa da 
ganzoadoebuli serpinskis simravleebis kavSirebis Sesaxeb sxva klasikur 
wertilovan simravleebTan (kerZdo, vitalis simravleebTan, bernSteinis 
simravleebTan, hamelis bazisebTan). am mimarTulebiT davadgineT Semdegi 
debulebis marTebuloba. 

    Teorema 8. (a) ar arsebobs ganzogadoebuli luzinis simravle, romelic 
aris vitalis simravle; 

           (b) ar arsebobs ganzogadoebuli luzinis simravle, romelic 
aris benSteinis simravle; 

           (g) martinis aqsiomis daSvebiT arsebobs iseTi ganzogadoebuli 
luzinis simravle, romelic amavdroulad aris hamelis bazisi. 

    Teorema 9.A (a) ar arsebobs ganzogadoebuli serpinskis simravle, 
romelic aris vitalis simravle; 

          (b) ar arsebobs ganzogadoebuli serpinskis simravle, romelic 
aris bernSteinis simravle; 

          (g) arsebobs iseTi ganzogadoebuli serpinskis simravle, romelic 
amavdroulad aris hamelis bazisi.  

moyvanili Teoremebis damtkiceba analogiuria im msjelobis, rodesac 
ganvixilavdiT luzinisa da serpinskis simravleebs (ix. $4). 
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$6. invariantuli da kvaziinvariantuli zomebi, maTi Tvisebebi da 
maTi gagrZelebis amocana 

   am paragrafSi winaswar moviyvanoT zomis Teoriis ramdenime cneba da 
faqti, romlebic Semdgomi msjelobebis dros dagvWirdeba.  

   gavixsenoT, rom (𝐸, 𝑆, 𝜇) sameuli aris zomiani sivrce, Tu 𝑆 warmoadgens 
𝐸 bazisuri simravlis raime 𝜎-algebras, xolo 𝜇 ki aris 𝑆-ze gansazRvruli 
Tvladad aditiuri arauaryofiTi funqcia, romlisTvisac sruldeba piroba 
𝜇(∅) = 0 (ix. [29], [31], [39]). 

   vTqvaT, mocemulia (𝐸, 𝑆, 𝜇)  zomiani sivrce. 𝜇  zomas ewodeba 𝜎 -sasrulo, 
Tu arsebobs {𝑋𝑖: 𝑖 ∈ 𝑁} simravleTa Tvladi ojaxi 𝐸-dan iseTi, rom  

                               (∀𝑖)(𝑖 ∈ 𝑁 ⇒ 𝑋𝑖 ∈ 𝑆),  

  ⋃ 𝑋𝑖 = 𝐸,

𝑖∈𝑁

 

(∀𝑖)(𝑖 ∈ 𝑁 ⇒ 𝜇(𝑋𝑖) < +∞). 

   𝜇 zomas ewodeba aranulovani (aratrivialuri, aragadagvarebuli), Tu 

𝜇(𝐸) ≠ 0. 

   𝜇 zomas ewodeba albaTuri, Tu Sesrulebulia piroba  𝜇(𝐸) = 1. 

   𝜇 zomas ewodeba sruli Tu Sesrulebulia piroba  

(∀𝑋)(𝑋 ∈ 𝑆&𝜇(𝑋) = 0) ⇒ (∀𝑌)(𝑌 ⊂ 𝑋 ⇒ 𝑌 ∈ 𝑆). 

   𝜇  zomis gasrulebas SemdgomSi yvelgan aRvniSnavT 𝜇′  simboloTi, 
xolo    𝑆′  simboloTi ki aRvniSnavT  𝑆 mocemuli 𝜎-algebris gasrulebas 𝜇 
zomis mimarT anu 𝑑𝑜𝑚(𝜇′)-s. 

   𝜇 zomas ewodeba araatomuri, Tu Sesrulebulia piroba  

(∀𝑋) (𝑋 ∈ 𝑆&𝜇(𝑋) > 0 ⇒ (∃𝑌)(𝑌 ⊂ 𝑋&𝑌 ∈ 𝑆&0 < 𝜇(𝑌) < 𝜇(𝑋))). 

   rogorc cnobilia (ix. [29], [39]), 𝜇  zomasTan kanonikurad asocirdeba 𝜇∗ 
gare zoma da 𝜇∗  Siga zoma, romlebic gansazRvrulia 𝑃(𝐸)  buleanze da 
romlebic mocemulia Semdegi formulebiT: 

𝜇∗ = inf {∑ 𝜇(𝑌𝑛): {𝑌𝑛

𝑛∈𝑁

: 𝑛 ∈ 𝑁} ⊂ 𝑆&𝑋 ⊂ ⋃ 𝑌𝑛},

𝑛∈𝑁

 

𝜇∗ = sup{ 𝜇(𝑌): 𝑌 ⊂ 𝑋&𝑌 ∈ 𝑆}. 

    𝜇 zomas ewodeba difuziuri (anu uwyveti), Tu Sesrulebulia piroba  
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(∀𝑥)(𝑥 ∈ 𝐸 ⇒ {𝑥} ∈ 𝑆&𝜇(𝑥) = 0). 

   vTqvaT, (𝐸, 𝑆, 𝜇) aris zomiani sivrce da 𝜈 aris 𝑆 -ze  gansazRvruli sxva 
romeliRac zoma. amboben, rom 𝜈 aris absoluturad uwyveti 𝜇 zomis mimarT, 
Tu 

(∀𝑋)(𝑋 ∈ 𝑆 ⇒ ( 𝜇(𝑋) = 0 ⇒  𝜈(𝑋) = 0)). 

   vTqvaT, 𝐸 aris ZiriTadi bazisuri simravle, 𝐺  ki am simravlis 
gardaqmnaTa romeliRac jgufi. 𝐸 simravlis qvesimravleTa raime 𝐷  klass 
ewodeba 𝐺-invariantuli, Tu Sesrulebulia piroba  

(∀𝑔)(∀𝑋)(𝑔 ∈ 𝐺&𝑋 ∈ 𝐷 ⇒ 𝑔(𝑋) ∈ 𝐷). 

   vityviT, rom (𝐸, 𝐺, 𝑆, 𝜇)  oTxeuli aris invariantuli zomiT aRWurvili 
sivrce, Tu 𝐺 warmoadgens 𝐸 bazisuri sivrcis gardaqmnaTa raime jgufs, 𝑆 
aris 𝐸 simravlis romeliRac 𝐺 -invariantuli 𝜎 -algebra, xolo 𝜇 ki – 𝑆-ze 
gansazRvruli 𝐺-ivariantuli zomaa, e.i.  

(∀𝑔)(∀𝑋) (𝑔 ∈ 𝐺&𝑋 ∈ 𝑆 ⇒ 𝜇(𝑔(𝑋)) =  𝜇(𝑋)). 

   vityviT, rom (𝐸, 𝐺, 𝑆, 𝜇)  oTxeuli aris kvaziinvariantuli zomiT 
aRWurvili sivrce, Tu 𝐺 warmoadgens 𝐸 bazisuri sivrcis gardaqmnaTa raime 
jgufs, 𝑆 aris 𝐸  simravlis romeliRac 𝐺 -ivariantuli 𝜎 -algebra, xolo 𝜇 
ki – 𝑆-ze gansazRvruli 𝐺-kvaziinvariantuli zomaa, e.i.  

(∀𝑔)(∀𝑋)(𝑔 ∈ 𝐺&𝑋 ∈ 𝑆 ⇒ (𝜇(𝑋) = 0 ⇔  𝜇(𝑔(𝑋)) = 0)). 

   am gansazRvrebidan uSualod gamomdinareobs, rom zomis kvazi-
invariantuloba aris ufro susti Tviseba, vidre misi invraiantuloba. sxva 
sityvebiT rom vTqvaT, zomis kvaziinvariantulobis cneba ufro farToa, 
vidre zomis invariantulobis cneba. 

   bazisur 𝐸  sivrcis 𝑍 ⊂ 𝐸  qvesimravles ewodeba TiTqmis 𝐺 -invariantuli 
(𝜇 zomis mimarT), Tu Sesrulebulia piroba  

(∀𝑔)(𝑔 ∈ 𝐺 ⇒  𝜇(𝑔(𝑍)∆𝑍) = 0). 

     usasrulo bazisuri 𝐸 sivrcis 𝑍 ⊂ 𝐸 qvesimravles ewodeba TiTqmis 𝐺 -
invariantuli (simravlur-Teoriuli azriT), Tu Sesrulebulia piroba  

(∀𝑔)(𝑔 ∈ 𝐺 ⇒  𝑐𝑎𝑟𝑑(𝑔(𝑍)∆𝑍) < 𝑐𝑎𝑟𝑑(𝐸)). 

   vTqvaT, 𝐸 aris aracarieli simravle, 𝐺 ki E𝐸-s gardaqmnaTa jgufi. 𝑀-iT 
aRvniSnoT 𝜎 -sasrulo 𝐺 -invariantul zomaTa klasi 𝐸 -ze. vityviT, rom 𝜇1 ∈

𝑀  zoma flobs erTaderTobis Tvisebas 𝑀 -Si, Tu yoveli 𝜇2 ∈ 𝑀  zomisTvis 
𝑑𝑜𝑚(𝜇1) = 𝑑𝑜𝑚(𝜇2) damokidebulebidan gamomdinareobs toloba 𝜇1 = 𝜇2. 
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   vTqvaT, 𝐸 aris aracarieli simravle, 𝐺  am simravlis gardaqmanaTa raime 
jgufia, xolo 𝜇1 ki 𝐸-s romelime 𝜎-algebraze gansazRvruli 𝜎-sasrulo 𝐺-
invariantuli zomaa. vityviT, rom 𝜇1 zoma flobs erTadeTobis Tvisebas, Tu 
𝑑𝑜𝑚(𝜇1)-ze gansazRvruli yoveli  𝜎 -sasrulo 𝐺 -invariantuli 𝜇2 zomisTvis 
arsebobs 𝑞 ∈ 𝐑+ koeficienti (damokidebuli 𝜇2 zomaze) iseTi, rom 𝜇2 = 𝑞 ∙ 𝜇1. 

sxva sityvebiT rom vTqvaT, 𝜇1 da 𝜇2 zomebi arian proporciulebi. 

   bevr SemTxvevaSi proporciuli zomebi arian gaigivebulebi, amitom 
moyvanili gansazRvreba daiyvaneba pirvel gansazRvrebamde. 

   lebegis zomis TeoriaSi arsebiT rols TamaSobs e.w. Steinhauzis 
Tviseba. 

   vityviT, rom 𝑋 ⊂ 𝐑 simravle flobs Steinhauzis Tvisebas, Tu arsebobs 
namdvili 𝜀 > 0 ricxvi iseTi, rom  

(∀ℎ ∈ 𝐑)(|ℎ| < 𝜀 ⇒ (𝑋 + ℎ) ∩ 𝑋 ≠ ∅). 

   sxva sityvebiT rom vTqvaT, 𝑋 ⊂ 𝐑 simravle flobs Steinhauzis Tvisebas, 
Tu  

𝑋 − 𝑋 = {𝑥′ − 𝑥′′: 𝑥′ ∈ 𝑋, 𝑥′′ ∈ 𝑋} 

simravle warmoadgens 0 wertilis midamos. 

   garkveuli gagebiT, Steinhauzis Tvisebas SegviZlia simravlis 
mdgradobis intrepretacia mivceT 𝐑  RerZis yvela paralelur gadatanaTa 
jgufis mimarT. 

   vTqvaT, 𝐻  aris aracarieli 𝐸  simravlis gardaqmnaTa jgufi da 𝐺 ⊂ 𝐻 . 
aRvniSnoT 𝑀 -iT 𝐸 -ze gansazRvrul 𝜎 -sasrul 𝐻 -invriantul albaTur 
zomaTa klasi. Tu 𝜇 ∈ 𝑀  zoma, rogorc 𝐺 -invariantuli zoma flobs 
erTaderTobis Tvisebas 𝑀-Si, maSis is aseve flobs erTaderTobis Tvisebas 
𝑀-Si, rogorc 𝐻-invariantuli zoma. 

   vTqvaT, 𝐾𝜇 da 𝐾𝜐 arian sabaziso 𝐸  simravlis qvesimravleTa raime 
klasebi, romlebzedac Sesabamisad gansazRvrulia simravlis arauaryofiTi, 

aditiuri 𝜇 da 𝜈 funqciebi. 𝜇 funqcias ewodeba 𝜈 funqciis gagrZeleba, Tu 
 𝐾𝜐 ⊂ 𝐾𝜇  da yoveli 𝐴 ∈ 𝐾𝜐  simravlisaTvis adgili aqvs tolobas 𝜇 ( 𝐴)  =

𝜈 ( 𝐴). 
   sazogadod, zomis gagrZelebis amocana Semdegnairad formulirdeba:  
Tu mocemulia zoma simravleTa garkveul klasze, SesaZlebelia Tu ara 
misi gagrZeleba simravleTa rac SeiZleba ufro farTo klasze, amasTan 
sasurvelia, rom kargi Tvisebebi SenarCunebul iqnes aseTi gagrZelebis 
procesis dros.  
am amocanis gadasaWrelad pirvelad lebegma da karaTeodorma gadadges 
nabijebi, kerZod karaTeodorma aCvena Semdegi Teoremis samarTlianoba 
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   Teorema (karaTeodori). 𝐸 sabaziso simravlis qvesimravleTa raime 
 Ξ golze gansazRvruli arauaryofiTi, Tvladad aditiuri funqcia 
erTaderTi gziT gagrZeldeba Ξ  rgoliT warmoqmnil 𝜎 -rgolze 
gansazRvrul zomamde. 
xolo lebegma Jordanis zomis gagrZeleba moaxdina Tavis anu lebegis 
zomamde. Semdgom mravali mecnieri ixilavda analogiur amocanebs. (ix. [25], 

[29], [39]). 
   pirobiTad SegviZlia gamovyoT zomis gagrZelebis problemis sami 
ZiriTadi aspqeti: 

(a) simravlur-Teoriuli; 
(b) algebruli; 
(g) topologiuri. 

 
  simravlur-Teoriuli kuTxiT amocana Semdegnariad yalibdeba: 
   SeiZleba Tu ara aranulovani 𝜎 -sasruli difuziuri zoma ganisazRvros 
mocemuli araTvladi simravlis yvela qvesimravlisaTvis?  
   am kuTxiT amocanis ganxilvam warmoSva did kardinalur ricxvTa Teoria 
(ix. [6], [8], [14], [18]). naCvenebi iqna, rom mxolod Zalian didi simZlavreebis 
mqone simravleTaTvis, romelTa arseboba ver mtkicdeba Tanamedrove 
simravlur-Teoriuli aparatis saSualebiT, SesaZlebelia, rom aranulovani 
𝜎-sasruli difuziuri zoma gagrZeldes yvela qvesimravleTa klasze.  amave 
dros damtkicda, rom Tu kontinuumis simZlavrisaTvis SesaZlebelia aseTi 
universaluri zomis ageba, maSin arsebobs lebegis azriT arazomadi 
wertilovani simravle, romlis simZlavre kontinuumze mkacrad naklebia 
(ix. [18], [31]). 
   amocanis meore aspeqti exeba iseT zomebs, romlebsac aqvT garkveuli 
algebruli Tvisebebi. magaliTad, Tu mocemuli zoma aris invariantuli 
gardaqmnaTa raime jgufis mimarT, maSin bunebrivia moviTxovoT, rom 
gagrZelebuli zomac iyos invariantuli imave jgufis mimarT, kerZod, 
amocanas aqvs Semdegi saxe: 
   Tu araTvlad 𝐺  jgufze mocemulia aranulovani, 𝜎 -sasruli, 𝐺 -s yvela 
marcxena translaciaTa jgufis mimarT invariantuli zoma, SeiZleba Tu ara 
es zoma mkacrad gagrZeldes amave invariantulobis Tvisebis SenarCunebiT? 
   es sakiTxi iyo intensiuri kvlevebis sagani (ix. [29], [31], [39]). 
   topologiuri TvalsazrisiT zomis gagrZelebis amocana exeba im zomebs, 
romlebsac aqvT kargi toplogiuri Tvisebebi. maTematikur analizSi 
yvelaze xSirad saqme gvaqvs topologiur sivrceze mocemul e.w. 
regularul zomebTan, romelTa Tvisebebi mWidro kavSiriSia am 
topologiuri sivrcis struqturasTan. aq zomis gagrZelebis amocana 
Semdegnairad daismis: 
   topologiur sivrceze mocemulia raime regularobis Tvisebis mqone 
zoma; es zoma unda gagrZeldes simravleTa ufro farTo 𝜎 -algebraze, 
Tanac aRniSnuli regularobis Tvisebis SenarCunebiT. 
   amJamad cnobilia zomis gagrZelebis mxolod ramdenime zogadi meTodi. 
erT-erTi sakmaod nayofieri da gavrcelebuli meTodi gulisxmobs 
nulzomis simravleebisgan warmoqmnil 𝜎 -idealis gafarToebas masSi axali 
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wevrebis damatebiT. es meTodi cnobil polonel maTematikoss e. marCevskis 
ekuTvnis (ix. [25], [51], [52]). 
   vTqvaT, 𝐸  ZiriTadi bazisuri simravlea. 𝐸  simravlis qvesimravleTa I 
klass ewodeba ideali 𝐸 -ze, Tu am klasisTvis Sesrulebulia Semdegi 
pirobebi: 

(1) ∅ ∈ 𝐼; 

(2) 𝐸 ∉ 𝐼; 

(3) (∀𝑋)(∀𝑌)(𝑋 ∈ 𝐼&𝑌 ∈ 𝐼 ⇒ 𝑋 ∪ 𝑌 ∈ 𝐼); 

(4) (∀𝑋)(∀𝑌)(𝑋 ∈ 𝐼&𝑌 ⊂ 𝑋 ⇒ 𝑌 ∈ 𝐼). 

   vTqvaT, mocemulia 𝐸 sabaziso simravle da am simravleze gansazRvruli 
romeliRac 𝜇 zoma. gavixsenoT, rom raime 𝑓: 𝐸 → 𝐑 funqcias ewodeba zomadi 
𝜇 zomis mimarT, Tu nebismieri 𝐵 ∈ ℬ(𝐑) borelis simravlisaTvis sruldeba 
Tanafardoba 𝑓−1(𝐵) ∈ 𝑑𝑜𝑚(𝜇) . es aris klasikuri gansazRvra funqciis 
zomadobis mocemuli zomis mimarT. 

   axla 𝑀-iT aRvniSnoT 𝐸 simravleze gansazRvruli zomaTa klasi. 

   vityviT, rom 𝑓: 𝐸 → 𝐑  funqcia (fardobiTad) zomadia 𝑀  klasis mimarT, 
Tu arsebobs erTi mainc 𝜇 ∈ 𝑀 zoma iseTi, rom 𝑓  funqcia zomadi 𝜇  zomis 
mimarT. winaaRmdeg SemTxvevaSi, vityviT, rom 𝑓  aris absoluturad 
arazomadi 𝑀klasis mimarT. 

   SevniSnoT, rom 𝑀  klasis mimarT funqciis zomadoba bunebrivad iwvevs 
simravlis zomadobas amave 𝑀 klasis mimarT. marTlac, Tu 𝑋 ⊂ 𝐸 nebismieri 
simravlea, maSin Cveulebrivad ganvsazRvroT misi maxasiaTebeli funqcia  
 𝐸-s mimarT. 

𝑓𝑋(𝑡) = {
1, 𝑡 ∈ 𝑋,
0, 𝑡 ∉ 𝑋 .

 

aqedan gamomdinare, vityviT rom 𝑋 simravle fardibiTad zomadia 𝑀 klasis 
mimarT, Tu 𝑓𝑋 funqcia zomadia amave klasis mimarT.  

   𝑀(𝐸)  simboloTi aRvniSnoT yvela aranulovani 𝜎 -sasrulo difuziuri 
zomebis klasi 𝐸 simravleze. 

   𝑋 topologiur sivrces ewodeba universalurad nulzomadi, Tu masze ar 
SeiZleba ganisazRvros aranulovani 𝜎 -sasrulo difuziuri borelis zoma 
(ix [25], [44]). 

   lema 1. vTqvaT, 𝑋 aris 𝐑-is raime qvesimravle, aRWurvili inducirebuli 
topologiiT. Semdegi ori winadadeba eqvivalenturia: 

(a) 𝑋 simravle aris universalurad nulzomadi;  
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(b) 𝐑 -ze gansazRvruli nebismieri 𝜎 -sasrulo (albaTuri) difuziuri 
borelis 𝜇 zomisTvis gvaqvs toloba 𝜇∗(𝑋) = 0. 

   mtkicdeba, rom 𝑓: 𝐸 → 𝐑  funqcia absoluturad arazomadia 𝑀(𝐸)  klasis 
mimarT maSin da mxolod maSin, Tu Sesrulebulia Semdegi pirobebi: 

(1) yoveli 𝑡 ∈ 𝐑 wertilisaTvis 𝑓−1(𝑡) simravle araumetes Tvladia; 

(2) 𝑓  funqciis mniSvnelobaTa 𝑟𝑎𝑛(𝑓)  ⊂ 𝐑  simravle universalurad 
nulzomadia. 

   damtkiceba ixileT [31], [44] SromebSi. 

   vTqvaT, 𝐸  ZiriTadi bazisuri simravlea, 𝐺  am simravlis gardaqmanaTa 
raime jgufi, xolo 𝑀 ki 𝐺-ivariantul zomaTa klasi 𝐸-ze. vityviT, rom 𝑍 ⊂

𝐸  simravle absoluturad arazomadia 𝑀  klasis mimarT, Tu am klasSi ar 
arsebobs zoma, romlis gansazRvris ares ekuTvnis 𝑍 simravle 

   magaliTi 1. vTqvaT, 𝐺 aris 𝐑𝑛 sivrcis yvela izometriul gardaqmnaTa 𝐷𝑛 
jgufis qvejgufi, romelic Seicavs 𝑅𝑛  sivrcis yvelgan mkvriv paralelur 
gadatanaTa simravles da 𝜇 aris nebismieri 𝐺 -ivariantul zoma 𝑅𝑛 sivrceSi, 
romelic agrZelebs lebegis zomas. aRvniSnoT 𝑀𝐺(𝜇) -Ti 𝜇  zomis yvela 
SesaZlo 𝐺 -ivariantul gagrZelebaTa klasi. maSin yoveli 𝜇 -zomadi 𝑋 ⊂ 𝑅𝑛 
simravlisTvis, 𝜇(𝑋) > 0 , moiZebneba 𝑍 ⊂ 𝑋  simravle, romelic absoluturad 
arazomadia 𝑀𝐺(𝜇)  klasis mimarT. am faqtis damtkiceba ixileT [31], [44] 
wignebSi. 

   kerZod, Tu 𝜇 -s rolSi  ganvixilavT lebegis klasikur 𝜆𝑛  zomas 𝐑𝑛 
sivrceze, maSin yoveli 𝜆𝑛 -zomadi da  mkacrad dadebiTi zomis mqone 𝑋 ⊂

𝑅𝑛𝐑𝑛  simravle Seicavs  𝑍  qvesimravles, romelic iqneba absoluturad 
arazomadi 𝑀𝐺(𝜆𝑛) klasis mimarT. 

   am Sedegidan uSualod gamomdinareobs, rom 𝐑 -ze mdebare nebismrieri 
vitalis simravle absoluturad arazomadia 𝑀𝐺(𝜆) klasis mimarT.  

   magaliTi 2. vTqvaT, 𝜇  aris 𝜎 -sasrulo zoma raime 𝐸  simravleze da 
{𝑋𝑛: 𝑛 < 𝜔}  aris diziunqtiur qvesimravleTa Tvladi ojaxi 𝐸 -dan, maSin 𝐸 
simravleze arsebobs �̅� zoma romelic agrZelebs 𝜇  zomas da akmayofilebs 
damokidebulebas {𝑋𝑛: 𝑛 < 𝜔} ⊂ 𝑑𝑜𝑚(�̅�). 

damtkiceba ixileT [31], [44] SromebSi. 

   Tu 𝑀𝜇 simboloTi aRvniSnavT 𝜇  zomis yvela SesaZlo gagrZelebaTa 
klass, maSin zemoT Tqmulidan gamomdinareobs, rom nebismier 

𝑓: 𝐸 → 𝐑 funqcia, romlis mniSvnelobaTa 𝑟𝑎𝑛(𝑓) simravle araumetes Tvladia, 
aris zomadi 𝑀𝜇 klasis mimarT. 
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   moTxovna imis Sesaxeb, rom {𝑋𝑛: 𝑛 < 𝜔}  ojaxi Tvladia da diziunqtiuri 
ojaxi iyos arsebiTia. amas gviCvenebs Semdegi magaliTi. 

   magaliTi 3. vTqvaT 𝑋 ⊂ 𝐑 luzinis simravlea da ganvixiloT igi rogorc 
toplogiuri sivrce aRWurvili 𝐑 -dan inducirebuli topologiiT. 
aRvniSnoT {𝑈𝑝𝑞: 𝑝 ∈ 𝐐, 𝑞 ∈ 𝐐}-Ti racionalur boloebian intervalTa ojaxi 𝐑-

dan, maSin {𝑈𝑝𝑞 ∩ 𝑋: 𝑝 ∈ 𝐐, 𝑞 ∈ 𝐐}  simravleTa ojaxi iqneba Tvladi baza 𝑋 

sivrceSi. Tu Cven ganvsazRvravT 𝜇 albaTut difuziur zomas pirobiT  

𝜇(𝑌) = {
0, 𝑐𝑎𝑟𝑑(𝑌) ≤ 𝜔,

1, 𝑐𝑎𝑟𝑑 (𝑋\𝑌) ≤ 𝜔,
 

maSin ver gavagrZelebT 𝜇  zomas ise, rom {𝑈𝑝𝑞 ∩ 𝑋: 𝑝 ∈ 𝐐, 𝑞 ∈ 𝐐}  simravleebi 
erTdroulad moxvdebian 𝜇  zomis gagrZelebis gansazRvris areSi, radgan, 
rogrc ukve viciT, 𝑋  simravle aris universalurad nulzomadi nebismieri 
aranulovani 𝜎-sasrulo difuziuri borelis zomis mimarT (ix. $4). 

   aqedan agerTve gamomdinareobs, rom Tu 𝜇  aris aranulovani 𝜎 -sasrulo 
difuziuri borelis zoma 𝐸  topologiur sivrceze da {𝑋𝑛: 𝑛 < 𝜔}  aris 
Tvladi ojaxi 𝐸 -s qvesimravleebisa, maSin sazogadod Cven ar SegviZila 
vaCvenoT, rom arsebobs 𝜇  zomis gagrZeleba �̅�  , iseTi rom  {𝑋𝑛: 𝑛 < 𝜔} ⊂

𝑑𝑜𝑚(�̅�). 

es mianiSnebs {𝑋𝑛: 𝑛 < 𝜔}  simravleTa ojaxis diziunqturobis pirobis 
aucileblobaze zomis sasurveli gagrZelebis arsebobisTvis.  

   magaliTi 4. vityviT, rom  𝑓: 𝐑 → 𝐑   aris vitalis tipis funqcia 𝑆 
ekvivalenturobis damokidebulebisTvis 𝐑 -ze, Tu (𝑡, 𝑓(𝑡)) ∈ 𝑆  yoveli 𝑡 ∈ 𝐑 
wertilisaTvis da 𝑟𝑎𝑛(𝑓)  simravle aris seleqtori 𝐑  RerZis daSlisa 𝑆 
damokidebulebis mimarT. vTqvaT 𝑀(𝜆)  aris lebegis klasikuri 𝜆  zomis 
gagarZelebaTa klasi 𝐑 -ze. maSin vitalis tipis funqciebi 𝑅𝑉 
damokidebulebisaTvis zomadia 𝑀(𝜆) klasis mimarT. damtkiceba ix. [31], [44].  

   vTqvaT 𝐸  aris sabaziso sivrce, 𝐺  aris 𝐸  sabaziso sivrcis 
gadanacvlebaTa jgufi, 𝑆 aris 𝐸  sabaziso sivrcis qvesimravleTa raime 𝐺 -
invariantuli 𝜎 -algebra, xolo 𝜇  aris 𝐸 -ze gansazRvruli raime zoma. 
vityviT, rom (𝐸, 𝐺, 𝑆, 𝜇)  oTxeuls gaaCnia amowurvis Tviseba (ergoduloba, 
metrikuli tranzituloba), Tu nebismieri 𝜇 -zomadi 𝑋 ⊂ 𝐸  simravlisaTvis, 
romelic akmayofilebs pirobas 𝜇(𝑋) > 0,  arsebobs Tvladi ojaxi {𝑔𝑛: 𝑛 <

𝜔} ⊂ 𝐺 iseTi, rom  

𝜇(𝐸\ ⋃ 𝑔𝑛(𝑋)) = 0.

𝑛∈𝑁

 

   davuSvaT 𝜇  raime 𝐺 -zomaa 𝐑𝑛  sivrceze.  ganvixiloT Semdegi ori 
damokidebuleba: 
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   (*) nebismieri elementi 𝜇  zomis gansazRvris aridan warmoidgineba 
Semdegi saxiT:  

(𝑍 ∪ 𝑍1)\𝑍2, 

sadac 𝑍  aris lebegis azriT zomadi qvesimravle 𝐑𝑛  evkliduri sivrcis, 
xolo 𝑍1  da 𝑍2  warmoadgenen 𝐑𝑛 sivrcis iseT qvesimravleebs, 
romelTaTvisac Sesrulebulia piroba 𝜇(𝑍1) = 𝜇(𝑍2) = 0; 

   (**) yoveli 𝜇 -zomadi simrvale mkacrad dadebiTi 𝜇 -zomiT amowuravs 
𝐑𝑛sivrces. 

   (*) damokidebulebas ewodeba marCevskis aqsioma, xolo (**) 
damokidebuleba ki faqtobrivad niSnavs, rom 𝜇-s aqvs amowurvis Tviseba. 

   magaliTi 5. davuSvaT 𝜇  aris 𝐑𝑛  sivrcis qvesimravleTa 𝜎 -algebraze 
mocemuli raime zomaa da warmoadgens klasikuri borelis zomis 
gagrZelebas 𝐑𝑛  sivrceSi. vityviT, rom 𝑥 ∈ 𝐑𝑛  wertili aris simkvrivis 
wertili mocemul 𝜇 -zomad 𝑋 simravlisaTvis, Tu zRvari  

𝜇(𝐾𝑥 ∩ 𝑋)

𝜇(𝐾𝑥)
 

Sefardebis, sadac 𝐾𝑥  aris 𝑥 wertilis Semcveli raime 𝑛-gazomilebiani kubi 
𝑥  centriT, arsebobs da udris erTs, roca 𝐾𝑥  kubis diametri miiswrafis 
nulisken. 

imisaTvis, rom 𝐑𝑛 sivrceSi gansazRvruli 𝜇  zoma, romelic borelis 
klasikur zomas agrZelebs, akmayofilebdes (*) pirobas, aucilebeli da 
sakmarisia, rom nebismieri 𝜇 -zomadi qvesimravlis TiTqmis yvela wertili 
iyos simkvrivis wertili am simravlisTvis. ufro metic, imisaTvis rom 
samarTliani iyos (*) damokidebuleba, sakmarisia, rom nebismieri 𝜇 -zomadi 
simravle mkacrad dadebiTi zomiT Seicavdes erT simkvrivis wertils mainc. 
Sesabamisad marCevskis aqsiomis Camoyalibeba SesaZlebelia simkvrivis 
wertilebis terminebSi. 

   axla mokled aRvweroT invariantuli (kvaziinvariantuli) zomebis 
gagrZelebis marCevskis meTodi, romlis konkretul gamoyenebebs Semdeg 
paragrafSi ganvixilavT.  

   vTqvaT,  mocemuli gvaqvs oTxeuli (𝐸, 𝐺, 𝑆, 𝜇) , xolo 𝐾  aris iseTi 
Tvladad aditiuri 𝐺 -invariantuli ideali 𝐸  sivrcis buleanSi, rom 
samarTliania  

(∀𝑌 ∈ 𝐾)( 𝜇∗(𝑌) = 0)  

toloba. maSin arsebobs 𝜇 zomis gagrZeleba �̅� iseTi, rom 

�̅� ((𝑍 ∪ 𝑍′)\𝑍′′) = 𝜇(𝑍), 
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sadac 𝑍 nebismieri 𝜇-zomadi simravlea sabaziso 𝐸 sivrceSi, xolo 𝑍′ da 𝑍′′ 
arian 𝐾 idealis nebismieri elementebi.  

pirvel rigSi vaCvenoTY �̅�  funqcionalis moyvanili gansazRvris 
koreqtuloba. 

davuSvaT 

(𝑍1 ∪ 𝑋′)\𝑋′′ = (𝑍2 ∪ 𝑋′′′)\𝑋′′′′,  

sadac 𝑍1 da 𝑍2 arian 𝜇 -zomadi simravleebia 𝐸 -Si, xolo 𝑋′, 𝑋′′, 𝑋′′′, 𝑋′′′′ arian 
𝐾 idealis nebismieri elementebi. unda vaCvenoT, rom 𝜇(𝑍1) = 𝜇(𝑍2).  amis 
saCveneblad sakmarisia davadginoT 𝜇(𝑍1∆𝑍2) = 0 tolobis samarTlianoba. 

davuSvaT sawinaaRmdego. vTqvaT  𝜇(𝑍1∆𝑍2) > 0.  

maSin gveqneba Semdegi damokidebulebebi: 

(a) 𝑍1∆𝑍2 ⊂ 𝑋′ ∪ 𝑋′′ ∪ 𝑋′′′ ∪ 𝑋′′′′, 

(b) 𝜇∗(𝑋′ ∪ 𝑋′′ ∪ 𝑋′′′ ∪  𝑋′′′′) > 0. 

magram (b) Tavis mxriv ewinaaRmdegeba 𝐾 idealis  gansazRvras anu 𝑋′ ∪ 𝑋′′ ∪

 𝑋′′′ ∪  𝑋′′′′ ∈ 𝐾 damokidebulebas, maSasadame koreqtuloba vaCveneT. 

   aRvniSnoT 𝑆′ -iT is 𝜎 -algebra, romelic Sedgeba yvela iseTi SesaZlo 
simravlisgan, romelTa warmodgena SesaZlebelia (𝑍 ∪ 𝑋′)\𝑋′′ saxiT, sadac 𝑍 
aris 𝜇-zomadi qvesimravle 𝐸-Si, xolo 𝑋′ da 𝑋′′ arian 𝐾 idealis nebismieri 
elementebi. vaCvenoT, rom ase gansazRvruli 𝑆′ simravleTa klasi namdvilad 
warmoadgens 𝜎-algebras. 

davuSvaT, rom ((𝑍𝑘 ∪ 𝑋′
𝑘)\𝑋′′

𝑘)𝑘∈𝑁 aris 𝑆′ klasis elementTa mimdevroba. maSin 
am mimdevrobisTvis gveqneba damokidebuleba: 

 ((⋃ 𝑍𝑘)\ ⋃ (𝑋′
𝑘

∪ 𝑋′′
𝑘𝑘∈𝑁𝑘∈𝑁 ) ⊂ ⋃ [(𝑍𝑘 ∪ 𝑋′

𝑘)\𝑋′′
𝑘]𝑘∈𝑁 ⊂ (⋃ 𝑍𝑘) ∪ (⋃ (𝑋′

𝑘
∪ 𝑋′′

𝑘𝑘∈𝑁𝑘∈𝑁 ). 

amitom samarTliania warmodgena 

⋃[(𝑍𝑘 ∪ 𝑋′
𝑘)\𝑋′′

𝑘]

𝑘∈𝑁

= ((⋃ 𝑍𝑘) ∪ 𝑌′)\𝑌′′

𝑘∈𝑁

, 

sadac 𝑌′ da 𝑌′′ arian 𝐾 idealis elementebi. 

advilad mowmdeba, rom Tu raime simravle ekuTvnis 𝑆′ -s, maSin misi 
damatebac ekuTvnis 𝑆′-s. SevniSnoT aseve, rom Tu gvaqvs 

(𝑍1 ∪ 𝑋′
1)\𝑋′′

1 ∈ 𝑆,   (𝑍2 ∪ 𝑋′
2)\𝑋′′

2 ∈ 𝑆 

da Tu amasTan erTad sruldeba toloba  

((𝑍1 ∪ 𝑋′
1)\𝑋′′

1) ∩ ((𝑍2 ∪ 𝑋′
2)\𝑋′′

2) = ∅, 
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maSin gveqneba  𝜇(𝑍1 ∩ 𝑍2) = 0. 

marTlac es bolo toloba uSualod gamomdinareobs CarTvidan 

𝑍1 ∩ 𝑍2  ⊂ 𝑋′
1 ∪ 𝑋′′

1
∪ 𝑋′

2 ∪ 𝑋′′
2 

imis gaTvaliswinebiT, rom 𝜇∗(𝑋′
1 ∪ 𝑋′′

1
∪ 𝑋′

2 ∪ 𝑋′′
2) = 0. 

imave mosazrebebidan  martivad mtkicdeba �̅�  zomis Tvladad aditiuroba. 
marTlac, davuSvaT ((𝑍𝑘 ∪ 𝑋′

𝑘)\𝑋′′
𝑘)𝑘∈𝑁  aris diziunqciuri mimdevroba 𝑆′ -is 

elementebis. maSin  

⋃[(𝑍𝑘 ∪ 𝑋′
𝑘)\𝑋′′

𝑘]

𝑘∈𝑁

= [(⋃ 𝑍𝑘

𝑘∈𝑁

) ∪ 𝑌′] \𝑌′′, 

sadac 𝑌′, 𝑌′′ arian 𝐾 idealis romeliRac elementebi. aqedan miviRebT 

�̅�  (⋃[(𝑍𝑘 ∪ 𝑋′
𝑘)\𝑋′′

𝑘]

𝑘∈𝑁

) = �̅�  ([(⋃ 𝑍𝑘

𝑘∈𝑁

) ∪ 𝑌′] \𝑌′′) = 𝜇 (⋃ 𝑍𝑘

𝑘∈𝑁

)

= ∑ 𝜇(𝑍𝑘) = ∑ �̅� 

𝑘∈𝑁𝑘∈𝑁

((𝑍𝑘 ∪ 𝑋′
𝑘)\𝑋′′

𝑘). 

zemoT moyvanili marCevskis meTodis konkretuli gamoyenebebi moyvanilia 
Semdeg SromebSi [31], [44], [52] da agreTve momdevno paragrafSi.  

   sasrulganzomilebiani evkliduri sivrcisgan gansxvavebiT 
usasruloganzomilebian topologiur veqtorul sivrceebSi, rogorc wesi, 
ar arsebobs aranulovani sigma-sasruli borelis zoma, romelic 
invarantulia sivrcis yvela paralelur gadatanaTa jgufis mimarT. magram 
samagierod arsebobs iseTi aranulovani sigma-sasruli borelis zomebi, 
romlebic invariantulia yvelgan mkvrivi veqtrouli qvesivrceebis mimarT. 
Semdegi magaliTi iZleva am faqtis TvalsaCino ilustracias (ix. [53] 

   magaliTi 6. SemoviRoT aRniSvna 
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$7. paradoqsaluri wertilovani simravleebis zomadobis sakiTxi 

 
   simravleTa paradoqsaluri xasiaTi dakavSirebulia or aspeqtTan, 
kerZod: 

(a) zomis Teoriis aspeqti; 
(b) topologiuri aspeqti. 

   rogorc cnobilia, zomis Teoriis TvalsazrisiT paradoqsaluria 
simravleebi, romlebic ar arian zomadebi klasikuri zomebis an zomaTa 
klasebis mimarT. xolo topologiuri kuTxiT simravleTa paradoqsaluroba 
niSnavs, rom es simravleebi ar floben beris Tvisebas.  
    wina paragrafebSi Cvens mier ganxiluli iqna paradoqsaluri 
wertilovani simravleebi: 
1. vitalis simravle, romelic ar aris zomadi lebegis zomis mimarT. 

ufro metic, es simravle aris  absoluturad arazomadi lebegis zomis 
yvela invariantul gagrZelebaTa klasis mimarT; 

2.  bernSteinis simravle, romelic ar aris zomadi lebegis zomis mimarT. 
amasTan, bernSteinis simravle aris absoluturad arazomadi simravle 
yvela aranulovani 𝜎 − sasruli difuziuri borelis zomebis 
gasrulebaTa klasis mimarT 𝐑-ze; 

3. hamelis bazisi, romelic SeiZleba iyos arazomadi lebegis azriT. amis 
garda hamelis bazisi sainteresoa Tavis mxriv, radgan gvaZlevs koSis 
funqciaonaluri gantolebis aratriavalur amonaxsns, maSasadame 
lebegis azriT arazomad simravles; 

4. luzinis simravle, romelic zomis TvalsazrisiT Zalian “patara” 
obieqts warmoadgens, radgan aris absoluturad nulzomis simravle. 
magram igi kategoriis TvalsazrisiT Zalian “cudi” simravlea, radgan 
ar flobs beris Tvisebas. ufro metic, luzinis simravlis yoveli 
araTvladi qvesimravle aseve ar flobs beris Tvisebas; 

5. serpinskis simravle, romelic arazomadia lebegis azriT. aseve, misi 
yoveli araTvladi qvesimravlec arazomadia lebegis azriT.  

    sadisertacio naSromSi Seswavlili iqna zemoT moyvanil paradoqsalur 
simravleebs Soris kavSirebi da urTierTdamokidebulebebi. rogorc ukve 
aRvniSneT, vitalis simravle, bernSteinis simravle da serpinskis simravle 
zomis Teoriis TvalsazrisiT ,,cud” (paradoqsaruli) simravleebs 
warmoadgenen. am paragrafSi Cven aRniSnul simravleebs ganvixilavT zomis 
Teoriis kuTxiT da maTTvis SeviswavliT zomadobis sakiTxebs. kerZod ki, 
naCvenebi iqneba lebegis zomis iseTi invariantuli gagrZelebebis arseboba, 
romlis mimarTac esa Tu is ,,cudi” simravle gaxdeba zomadi.  
   maTematikis ganviTarebis xangrZlivi istoria gviCvenebs, rom xSirad 
xdeba mravali paradoqsaluri obieqtis aRmoCena. kerZod, iseTi 
paradoqsaluri wertilovani simravleebis, romlebic paradoqsalur 
simravleebs warmoadgenen zomis TeoriisaTvis. swored aseT obieqtebze 
zomis gagrZeleba mniSvnelovan sakiTxs warmoadgens maTematikuri analizis, 
funqciaTa Teoriisa da zomis TeoriisaTvis. rogorc ukve iyo naTqvami, am 
amocanas sami ZiriTadi aspeqti gaaCnia:  

(1) simravlur-Teoriuli aspeqti;  
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(2) algebruli aspeqti; 
(3) topologiuri aspeqti. 

moyvanili aspeqtebi ganxilulia [25], [29], [44]  SromebSi. 
   davuSvaT 𝐸  aris raime sabaziso simravle, 𝑆  aris 𝐸 -s qvesimravleebiT 
warmoqmnili 𝜎 -algebra, xolo 𝜇  ki aranulovani difuziuri zomaa 𝑆 -ze. 
zomis gagrZelebis ZiriTad amocanas warmoadgens 𝜇 -s iseTi gagrZelebis 
povna, rolic gansazRvrulia 𝐸 -s qvesimravleTa rac SeiZleba farTo 
klasze (simZlavris TvalsazrisiT). 
   zomis gagrZelebis amocanis istoria, romelic XIX saukunis bolos 
wamoiWra namdvili cvladis funqciaTa TeoriaSi,  SeiZleba ganvixiliT 
Semdegi TanmimdevrobiT:   

(1) rogorc cnobilia, es sakiTxi nawilobrivad a. lebegma amoxsna XX 
saukunis dasawyisSi. man namdvil ricxvTa  𝐑  RerZze aago zoma 𝜆 , 
romelic warmoadgens Jordanis klasikuri zomis gagrZelebas. 
SemdgomSi lebegma Tavis mier agebuli zoma ganazogada  𝐑 𝑛 
evkliduri sivrcisTvis da amiT miRebuli iqna lebegis klasikuri   
𝑛-ganzomilebiani 𝜆𝑛 zoma (ix. [31], [39], [44], [54]); 

(2) XX saukuneSi karaTeodorma sakmaod zogadi sqemis meSveobiT 
nebismieri 𝜎 -sasrulo zoma simravleTa algebridan gaagrZela mis 
mier warmoqmnil 𝜎-algebraze (ix. [29], [39]);  

(3) ulamis fundamenturi Teoremis Tanaxmad, mxolod Zalian didi 
simZlavreebis mqone simravleebisTvis, romelTa arseboba ver 
mtkicdeba Tanamedrove simravleTa Teoriis aqsiomatikis CarCoebSi, 
SesaZlebelia an arawinaaRmdegobrivia, rom aranulovani 𝜎-sasrulo 
difuziuri zoma gansazRvruli iyos yvela qvesimravleTa klasze 
(ix. [29], [39], [55], [56]).   

   moviyvanoT ramdenime gansazRvreba. 
   vTqvaT 𝐸 aris raime simravle, xolo 𝑀 aris am simravleze gansazRvrul 
zomaTa raime klasi. yoveli 𝑋 ⊂ 𝐸   simravlis zomadobisaTvis 𝑀  zomaTa 
klasis mimarT SeiZleba gamovyoT Semdegi sami kategoria: 

(a)   𝑋 ⊂ 𝐸 aris absoluturad (universalurad) zomadi 𝑀-is mimarT  
(e.i. yoveli 𝜇 ∈ 𝑀 zomisTvis 𝑋 zomadia 𝜇-s mimarT); 
   (b)   𝑋 ⊂ 𝐸  aris fardobiTad zomadi 𝑀 -is mimarT (e.i. arsebobs erTi 
mainc 𝜇 ∈ 𝑀 zoma iseTi, rom 𝑋 zomadia 𝜇-s mimarT); 
   (g)    𝑋 ⊂ 𝐸 aris absoluturad arazomadi 𝑀-is mimarT (e.i. yoveli 𝜇 ∈ 𝑀 
zomisTvis 𝑋 arazomadia 𝜇-s mimarT). 
   davuSvaT, 𝑋  aris raime analizuri anu suslinis simravle  𝐑   namdvil 
ricxvTa RerZze. deskrifciuli simravleTa Teoriis cnobili Teoremis 
Tanaxmad es simravle warmoadgens absoluturad zomad simravles yvela   
𝜎-sasrul difuziur borelis zomaTa gasrulebebis mimarT (ix. [29], [31], [39], 

[44]).  
   analogiurad, Tu 𝑌  warmoadgens luzinis simravles namdvil ricxvTa 
RerZze, maSin igi aris absoluturad nulzomadi simravle imave klasis 
mimarT. martinis aqsiomis daSvebiT Cven gvaqvs luzinis ganzogadoebuli 
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simravle, romelic aseve absoluturad nulzomad simravles warmoadgens 
yvela 𝜎-sasrul difuziur borelis zomebis gasrulebebis mimarT.  
   rogorc cnobilia, vitalis klasikuri Teoremis Tanaxmad arsebobs  𝐑  
namdvil ricxvTa RerZze lebegis azriT arazomadi simravle. rogorc wina 
paragrafebSi aRvniSneT, vitalis mier 1905 wels agebuli simravle, 
warmoadgens lebegis azriT arazomadi simravlis istoriulad pirvel 
magaliTs. rogorc cnobilia, vitalis simravle aris 𝐑 ∕ 𝐐 faqtor jgufis 
nebismieri seleqtori. vTqvaT, 𝑋 aris vitalis simravle 𝐑 namdvil ricxvTa 
RerZze, maSin samarTliania Semdegi ori damokidebuleba: 
(1) ∪ {𝑋 + 𝑞: 𝑞 ∈ 𝐐} = 𝐑; 

(2) Tu 𝑞 ∈ 𝐐, 𝑟 ∈ 𝐐  da 𝑞 ≠ 𝑟, maSin (𝑋 + 𝑞) ∩ (𝑋 + 𝑟) = ∅. 
   am damokidebulebebidan ar aris Zneli imis Cveneba, rom 𝑋  aris 
absoluturad arazomadi simravle yvela iseTi zomis mimarT 𝐑 -ze, 
romlebic warmoadgenen lebegis zomis gagrZelebas da arian 
invariantulebi 𝐑 -is yvela paralelur gadatanaTa jgufis mimarT. es ki 
niSnavs, rom 𝑋  aris absoluturad arazomadi simravle lebegis zomis 
invariantul gagrZelebaTa klasis mimarT.  meores mxriv mtkicdeba, rom 
zogierTi vitalis simravle aris zomadi lebegis zomis garkveul 
kvaziinvariantuli gagrZelebebis mimarT. es niSnavs, rom arsebobs vitalis 
simravle 𝐑 -ze, romelic aris fardobiTad zomadi lebegis zomis yvela 
kvaziinvariantuli gagrZelebebis klasis mimarT (ix. [25], [44]).  
   zomis gagrZelebis amocanas mravali mniSvnelovani gamoyenebebi aqvs 
maTematikis sxvadasxva dargSi, rogorebicaa: simravleTa Teoria, zogadi 
topologia, funqcionaluri analizi, albaTobis Teoria da stoqastur 
procesTa Teoria. zomis gagrZelebis erT-erTi cnobili zogadi meTodi 
aris marCevskis meTodi, romelic dawvrilebiT wina paragrafSi ganvixileT. 
aq, ubralod, gavimeoroT am meTodis mokle aRwera.  
vTqvaT,  mocemuli gvaqvs oTxeuli (𝐸, 𝐺, 𝑆, 𝜇) , xolo 𝐾  aris 𝐸  sivrcis 
qvesimravleTa iseTi Tvladad aditiuri 𝐺 -invariantuli ideali, rom 
samarTliania  

(∀𝑌 ∈ 𝐾)( 𝜇∗(𝑌) = 0)  
toloba, sadac  -iT aRniSnulia 𝜇   zomasTan asocirebuli Siga zoma,  

maSin arsebobs 𝜇 zomis iseTi gagrZeleba �̅�, rom 

�̅� ((𝑍 ∪ 𝑍′)\𝑍′′) = 𝜇(𝑍), 

sadac 𝑍 ⊂ 𝐸 sivrcis nebismieri 𝜇-zomadi simravlea, xolo 𝑍′ da 𝑍′′ arian 𝐾 
idealis elementebi. amasTan, Tu sawyisi 𝜇  zoma aris 𝐺 -invariantuli       
( 𝐺 -kvaziinvariantuli), maSin  �̅�  zomac iqneba 𝐺 -invariantuli ( 𝐺 -
kvaziinvariantuli). 

  davuSvaT, sabaziso 𝐸  simravleze mocemuli gvaqvs 𝜎 − sasruli             
𝐺-invariantuli zoma 𝜇 da iseTi 𝑌 ⊂ 𝐸 simravle, rom  

                                   𝜇∗(𝑌) = 0; 
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(∀𝑔 ∈ 𝐺)(𝜇∗(𝑔(𝑌)∆𝑌) = 0), 

sadac 𝜇∗  aris 𝜇 -sTan asocirebuli gare zoma, xolo  simbolo aRniSnavs 

simravleTa simetriul sxvaobis operacias. yovel 𝑌 ⊂ 𝐸  simravles, 
romlisTvisac  sruldeba zemoT moyvanili pirobebidan meore, ewodeba 
TiTqmis 𝐺 -invariantuli 𝜇 -s mimarT. advili sanaxavia, rom aseTi 𝑌 -sTvis 
marCevskis meTodiT SegviZlia avagoT 𝜇  zomis iseTi 𝐺 -invariantuli 
gagrZeleba 𝜇′, rom 𝜇′(𝑌) = 0. 
   rogorc ukve zemoT aRvniSneT, Cvens mier ganxiluli erT-erTi 
paradoqsaluri simravle aris bernSteinis simravle, romelic 1908 wels 
bernSteinis mier iyo agebuli da ganimarteba Semdegnairad: 
   𝐑 -is 𝑋  qvesimravles bernSteinis simravle ewodeba, Tu 𝑋 -ic da misi 
damatebac TanaikveTebian namdvil ricxvTa RerZis yovel aracariel 
srulyofil qvesimravlesTan. 
   cnobilia, rom Tu 𝑋  aris bernSteinis simravle namdvil ricxvTA 𝐑 
RerZze, maSin:  

(1) 𝑐𝑎𝑟𝑑(𝑋 ∩ 𝑃) = 𝑐,  yoveli 𝑃 aracarieli srulyofili simravlisaTvis 𝐑-
dan, sadac 𝑐 kontinuumis simZlavres aRniSnavs; 

(2) 𝑋  aris lebegis azriT arazomadi simravle. ufro metic, 𝑋  aris 
absoluturad arazomadi simravle yvela aranulovani 𝜎 -sasruli 
difuziuri borelis zomebis gasrulebaTa klasis mimarT 𝐑-ze; 

(3)  𝑋 simravles ar aqvs beris Tviseba.  
marTebulia Semdegi lema: 

   lema 2. arsebobs bernSteinis simravle 𝑋 ⊂ 𝐑 , romelic TiTqmis 
invariantulia 𝐑  RerZis yvela paralelur gadatanaTa jgufis mimarT. anu 
arsebobs iseTi 𝑋  bernSteinis simravle, romlisTvisac samarTliania 
damokidebuleba 

(∀ℎ ∈ 𝐑)(𝑐𝑎𝑟𝑑((ℎ + 𝑋)∆𝑋) < 𝑐). 

lema 2-is damtkiceba moyvanilia [52] monografiaSi. 

   Teorema 10. arsebobs 𝑋 ⊂ 𝐑 bernSteinis simravle iseTi, rom: 

(1) arsebobs invariantuli zoma 𝜇1 , romelic warmoadgens lebegis zomis 
gagrZelebas 𝐑-ze da 𝜇1(𝑋) = 0; 

(2) arsebobs invariantuli zoma 𝜇2 , romelic warmoadgens lebegis zomis 
gagrZelebas 𝐑-ze da 𝜇2(𝐑\𝑋) = 0. 
    kerZod, 𝑋  bernSteinis simravle aris fardobiTad zomadi lebegis 
zomis yvela invariantuli gagrZelebaTa klasis mimarT, magram igive 𝑋 
simravle ar flobs erTaderTobis Tvisebas. 
 
   Teoremis damtkiceba ZiriTadad eyrdnoba marCevskis meTods da aseve 
lema 2-s. marCevskis meTodSi 𝐾 -ideals (1) SemTxvevaSi warmoadgens 𝑋 
simravliT warmoqmnili 𝜎 -ideali, xolo (2) SemTxvevaSi 𝐑\𝑋  simravliT 
warmoqmnili 𝜎-ideali, xolo 𝜇 zomis rolSi gvaqvs 𝜆 lebegis zoma. 
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   paradoqsalur simravleTa Soris mniSvnelovan rols TamaSobs hamelis 
bazisi, romelic hamelma aago 1905 wels. hamelis bazisma mravali 
aratrivialuri gamoyeneba hpova maTematikis sxvadasxva dargSi. kerZod ki, 
maTematikur analizSi, zomis Teoriasa da tolSedgenilobis TeoriaSi (ix. 
[25], [31], [44]). swored hamelis bazisebis saSualebiT igeba koSis 
funqcionaluri gantolebis  

𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦)             (𝑥 ∈ 𝐑, 𝑦 ∈ 𝐑) 

e.w. aratrivialuri amonaxsni. 
   hamelis bazisis arsebobidan advilad gamomdinareobs lebegis azriT 
arazomadi simravlis arseboba 𝐑 RerZze (ix. $3). 
   rogorc $4-Si vaCveneT, arsebobs bernSteinis simravle, romelic 
imavdroulad aris hamelis bazisic. am faqtis safuZvelze SegviZlia 
CamovayaliboT Semdegi Teorema. 

   Teorema 11. arsebobs 𝑋 ⊂ 𝐑 bernSteinis iseTi simravle, rom Tu 𝜇  aris 
raime 𝜎 -sasrulo invariantuli zoma 𝐑 -ze, maSin imave 𝐑 -ze arsebobs 
invariantuli zoma 𝜇′,  romlisTvisac sruldeba Semdegi pirobebi : 

(1) 𝜇′ aris 𝜇 zomis gagrZeleba; 

(2) 𝑋 ∈ 𝑑𝑜𝑚(𝜇′) da 𝜇′(𝑋) = 0. 

  damtkiceba. naCvenebia, rom yoveli hamelis bazisi absoluturad 
ugulvebelyofadia yvela 𝜎 -sasrulo invariantuli zomaTa klasis mimarT 
𝐑 -ze. es niSnavs, rom yoveli hamelis bazisi akmayofilebs TeoremaSi 
moyvanil pirobebs. aseve cnobilia, rom arsebobs hamelis bazisi romelic 
amavdroulad aris bernSteinis simravle. swored aseTi bernSteinis 
simravlea 𝑋. amiT Teorema damtkicebulia. 
   
    p. erdoSma da s. kakutanma erTobliv statiaSi [57] daamtkices, rom 
Semdegi ori damokidebuleba eqvivalenturia 𝑍𝐹𝐶 Teoriis CarCoebSi: 
(1) kontinuumis hipoTeza 𝐶𝐻; 
(2) arsebobs hamelis bazisebis Tvladi ojaxi {𝐻𝑖: 𝑖 ∈ 𝐼} iseTi, rom 
                               𝐑\{0} =∪ {𝐻𝑖: 𝑖 ∈ 𝐼}. 
 
   moyvanili eqvivalentoba gviCvenebs, rom Tu miviRebT kontinuumis 
hipoTezas, maSin arsebobs iseTi indeqsi 𝑖 ∈ 𝐼 , romlisTvisac 𝐻𝑖   hamelis 
bazisi arazomadi iqneba winaswar mocemuli aranulovani 𝜎 -sasrulo kvazi-
invariantuli 𝜇 zomis mimarT 𝐑-ze.  
   rogorc ukve aRvniSneT paradoqsalur simravleTa klass ganekuTvnebian 
luzinis simravleebi. moviyvanoT luzinis simravlis gansazRvra (ix. $4).  
  vityviT, rom 𝑋 ⊂ 𝐑  simravle aris luzinis simravle, Tu 𝑋 aris 
araTvladi simravle da yoveli pirveli kategoriis 𝑌 simravlisTvis 𝐑-dan, 
𝑋 ∩ 𝑌 simravle araumetes Tvladia. 
   cnobilia, rom 𝐑 RerZis yvela luzinis qvesimravle warmoqmnis sakuTriv 
𝜎 -ideals. agreTve cnobilia, rom luzinis simravleebi topologiuri 
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TvalsazrisiT paradoqsaluri simravleebi arian, radganac luzinis 
simravlis arc erT araTvlad qvesimravles ar gaaCnia beris Tviseba. magram 
zomis Teoriis TvalsazrisiT, luzinis simravleebi “Zalian patara” 
simravleebs warmoadgenen, radganac isini nulzomis simravleebi arian 
nebismieri 𝜎 -sasrulo difuziuri borelis zomis gasrulebis mimarT (ix. 
[25], [31], [44]).  
   mniSvnelovan da saintereso obieqts warmoadgens serpinskis simravle, 
romelic serpinskim 1924 wels aago. $4-Si serpinskis simravleebi 
ganxilulia sxvadasxva simravleebTan mimarTebaSi. gavixsenoT misi 
gansazRvreba da ganvixiloT serpinskis simravle zomis gagrZelebis 
amocanasTan dakavSirebiT.  
   vityviT, rom 𝑋 ⊂ 𝐑  aris serpinskis simravle, Tu 𝑋  araTvladia da 
yoveli lebegis azriT nuli zomis 𝑌 ⊂ 𝐑  simravlisaTvis, 𝑋 ∩ 𝑌  simravle 
araumetes Tvladia. 

   erTi SexedviT zomis TeoriisaTvis serpinskis simravleebi “Zalian cud” 
simravleebs warmoadgenen, radganac, rogorc cnobilia, yoveli serpinskis 
simravle aris pirveli kategoriis simravle R -ze da serpinskis simravlis 
nebismieri araTvladi qvesimravrale ar aris lebegis azriT zomadi. 
  advilia imis danaxva, rom serpinskis simravleTa ojaxi 𝑅 -ze warmoqmnis 
𝜎 -ideals, romelic aris invariantuli 𝑅 -is yvela paralelur gadatanaTa 
jgufis mimarT.  
 
   lema 3. Tu 𝑍 ⊂ 𝑅  aris lebegis azriT zomadi simravle, romlisTvisac 
𝜆(𝑍) > 0, maSin arsebobs iseTi 𝑌 ⊂ 𝑍 araTvladi qvesimravle, rom 𝜆(𝑌) = 0. 
 
   damtkiceba. am lemis damtkiceba SesaZlebelia peanos wirebis 
gamoyenebiT, magram moviyvanoT sxva gziT damtkiceba, romelic eyrdnoba 
izomorfizmis Sesaxeb Semdeg Teoremas:  
   vTqvaT, 𝐸1 da 𝐸2 ori polonuri topologiuri sivrcea,  𝜇1 aris albaTuri 
difuziuri borelis zoma 𝐸1 -ze, xolo   𝜇2  aris albaTuri difuziuri 
borelis zoma 𝐸2-ze. maSin arsebobs borelis izomorfizmi 

𝜙: ( 𝐸1, 𝐵(𝐸1 ) ) → ( 𝐸2, 𝐵(𝐸2 )), 

iseTi, rom  

(∀𝑋 ∈  𝐵(𝐸1 )) (  𝜇1(𝑋) =   𝜇2(𝜙(𝑋))). 

sxva sityvebiT rom vTqvaT, 

𝜙: ( 𝐸1, 𝐵(𝐸1 ), 𝜇1) → ( 𝐸2, 𝐵(𝐸2 ), 𝜇2), 

aris izomorfizmi or albaTur sivrces Soris. 

   davuSvaT, 𝜇  aris borelis albaTuri zoma 𝐑  namdvil ricxvTa RerZze, 
romelic warmoadgens lebegis zomis eqvivalentur zomas da vTqvaT 𝜈 = 𝜇 ⊗

𝜇 . izomorfizmis Teoremis Tanaxmad 𝜈 da 𝜇 arian 𝜙-izomorfulebi, sadac 𝜙 
aris garkveuli borelis izomorfizmi 𝐑-sa da 𝐑2 -s Soris. axla vTqvaT, 𝑍 
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aris 𝐑 -is iseTi borelis qvesimravle, rom 𝜆(𝑍) > 0 . radgan 𝜇  da 𝜆 
eqvivalenturi zomebia, aseve gveqneba 𝜇(𝑍) > 0 . ganvsazRvroT 𝑍′  simravle 
Semdegnairad 

𝑍′ = 𝜙(𝑍) ⊂ 𝐑2. 

    aseTnairad gansazRvruli 𝑍′  simravle aris 𝜈 -zomadi da, maSasadame, 
𝜈(𝑍′) > 0. 
   cxadia, 𝑍′  simravlis 𝑝𝑟1(𝑍′)  proeqcia 𝐑  RerZze iqneba araTvladi da 
zomadi simravle 𝜇-s mimarT. fubinis cnobili Teoremis Tanaxmad, 

{𝑥 ∈ 𝐑: {𝑦 ∈ 𝐑: (𝑥, 𝑦) ∈ 𝑍′} ∈ 𝑑𝑜𝑚(𝜇) & 𝜇({𝑦 ∈ 𝐑: (𝑥, 𝑦) ∈ 𝑍′}) > 0} 

simravle kontinuumis simZlavrisaa. am faqtidan gamomdinareobs, rom 
arsebobs 𝑍′  simravlis 𝜇 -zomad wyvil-wyvilad TanaukveT araTvlad 
qvesimravleTa iseTi ojaxi {𝑍′𝑗: 𝑗 ∈ 𝐽}, rom 

(∀𝑗 ∈ 𝐽)(𝑐𝑎𝑟𝑑(𝑍′
𝑗) = 𝑐). 

   ganvixiloT araTvlad TanaukveT simravleTa ojaxi {𝜙−1(𝑍′
𝑗): 𝑗 ∈ 𝐽} , sadac 

TiToeuli simravle aris 𝑍  simravlis qvesimravle, 𝜇 -zomadia da 
kontinuumis simZlavris. gavixsenoT, rom 𝜇  aris albaTuri zoma, amitom 

martivad miviRebT, rom  {𝜙−1(𝑍′
𝑗): 𝑗 ∈ 𝐽}  ojaxis araTvladi raodenoba 

wevrebis aris 𝜇  zomis mimarT nulzomadi. maSasadame, lebegis zomis 
mimarTac nulovani zomis simravle.  
   amiT lema damtkicebulia. 
   axla davuSvaT, rom sruldeba kontinuumis hipoTeza da 𝑋 ⊂ 𝐑  aris 
serpinskis simravle. cxadia, 𝜆∗(𝑋)>0. aRvniSnoT 𝑋′ -iT 𝑋  simravlis zomadi 
garsi da ganvsazRvroT 𝑋  simravlis qvesimravleebis 𝑆′  𝜎 -algebra 
Semdegnairad: 

𝑆′ = {𝑋 ∩ 𝑌: 𝑌 ⊂ 𝑋′, 𝑌 ∈ 𝑑𝑜𝑚(𝜆)}. 
   marCevskis meTodis gamoyenebiT, Cven SegviZlia ganvsazRvroT 𝜆′ 
funqcionali 𝑆′-ze Semdegnairad: 

𝜆′(𝑋 ∩ 𝑌) = 𝜆(𝑌)      (𝑌 ⊂ 𝑋′, 𝑌 ∈ 𝑑𝑜𝑚(𝜆)). 
    cxadia, 𝜆′  gansazRravs difuziur 𝜎 -sasrul zomas serpinskis 𝑋 
simravleze da 𝜆′(𝑋) > 0.  amasTan, yvela 𝜆′ -nulzomis 𝑋 -is qvesimravleebi 
araumetes Tvladia serpisnskis simravlis ZiriTadi Tvisebis gamo. aqedan 
cxadia, rom lema 3 ar sruldeba 𝜆′ zomisTvis, e.i. 𝜆′ ar aris 𝜆′ ⊗ 𝜆′ zomis 
izomorfuli.  
 
   lema 4. serpinskis simravleebisgan warmoqmnil 𝜎 -idealis yoveli wevris 
Siga zoma nulis tolia. 
 
    es lema uSualod gamomdinareobs lema 3-dan da serpinskis simravlis 
gansazRvrebidan. 
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   Teorema 12. arsebobs lebegis zomis iseTi invariantuli 𝜇  gagrZeleba, 
romlis mimarTac yvela serpinskis simravle zomadia da maTgan yvelas aqvs 
𝜇-zoma nuli. 
 
   damtkiceba. imisaTvis, rom davamtkicoT es Teorema gamoviyenoT  
marCevskis meTodi.  
    vTqvaT, mocemuli gvaqvs oTxeuli (𝐸, 𝐺, 𝑆, 𝜇)  da 𝐾  aris 𝐸  sivrcis 
buleanis iseTi Tvladad aditiuri 𝐺 -invariantuli ideali, rom 
samarTliania  

                                                                          (∀𝑌 ∈ 𝐾)( 𝜇∗(𝑌) = 0)  
toloba. maSin arsebobs 𝜇 zomis gagrZeleba �̅� gansazRvruli pirobiT 

�̅� ((𝑍 ∪ 𝑍′)\𝑍′′) = 𝜇(𝑍), 
sadac 𝑍 nebismieri 𝜇-zomadi simravlea sabaziso 𝐸 sivrceSi, xolo 𝑍′ da 𝑍′′ 
arian 𝐾 idealis nebismieri elementebi.  
   Cvens SemTxvevSi 𝐸 sabaziso simravlis rolSi gvaqvs 𝐑 namdvil ricxvTa 
RerZi,  𝜇  zomis rolSi 𝜆  lebegis zoma, xolo 𝐾  ideali warmoqmnilia 
serpinskis simravleebiT. lema 3-is da lema 4-is gamoyenebiT uSualod 
gamomdinareobs Teoremis marTebuloba.  
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$8. 𝐑𝑁 sivrceSi invariantuli borelis zomis invariantuli 
araseparabeluri gagrZelebebi da erTaderTobis Tviseba 

     kargad aris cnobili, rom zomis Teoriis erT-erTi fundamentur 
problemas warmoadgens Semdegi amocana:  
    𝐸  sabaziso  simravleze gansazRvruli aranulovani 𝜎 -sasruli 
difuziuri zomis gagrZeleba 𝐸  simravlis qvesimravleTa rac SeiZleba 
farTo klasze. 
  sazogadod cnobilia, rom SeuZlebelia (𝑍𝐹𝐶) Teoriis farglebSi 
ganisazRvros aranulovani 𝜎 -sasrulo difuziuri zoma 𝐸  simravlis yvela 
qvesimravleTa klasze. rogorc wina paragrafSi vnaxeT, arsebobs zomis 
sxvadasxva gagrZelebis konstruqciebi, romelTa saSualebiTac mocemuli 
zoma grZeldeba sabaziso sivrcis iseT qvesimravleebze, romlebic 
paradoqsalur simravleebs warmoadgenen sawyisi zomis mimarT. Tavidanve 
SevniSnoT, rom separabeluri zomis gagrZelebis procesSi SesaZlebelia 
miviRoT araseparabeluri zomac ki, ufro metic, araseparabeluri zomaTa 
mdidari ojaxic (ix. [39], [44], [58], [59], [60], [62]).  
   am paragrafSi Cvens mier naCvenebi iqneba, rom usasruloganzomilebian 
topologiur veqtorul sivrceSi, kerZod namdvil ricxvTa yvela SesaZlo 

mimdevrobebis NR sivrceSi arsebobs aranulovani 𝜎 -sasrulo borelis 
invariantuli zomis araseparabeluri invariantuli gagrZeleba, romelic 
inarCunebs erTaderTobis Tvisebas. ufro metic, aigeba am sawyisi zomis 
invariantul araseparabelur gagrZelebaTa udidesi SesaZlo simZlavris 
mqone ojaxi. 
   winaswar gavixsenoT ramdenime mniSvnelovani cneba.  

   vTqvaT, 𝜇  aris 𝜎 -sasruli zoma 𝐸  sabaziso simravleze. 𝑋 ⊂ 𝐸 
qvesimravles ewodeba 𝜇 -masiuri Tu 𝜇∗(𝐸\𝑋) = 0, sadac 𝜇∗  aris 𝜇  zomasTan 
asocirebuli Siga zoma.  

   davuSvaT, 𝐸  aris araTvladi simravle, 𝑆  aris 𝐸 -s romeliRac 
qvesimravleebiT warmoqmnili 𝜎 -algebra da 𝜇  aris 𝜎 -sasruli zoma 𝐸 -ze 
iseTi, rom 𝑑𝑜𝑚(𝜇) = 𝑆. nebismieri ori 𝑋 ∈ 𝑆  da  𝑌 ∈ 𝑆simravlisaTvis, sadac 
𝜇(𝑋) < ∞ da 𝜇(𝑌) < ∞, Semogvaqvs  𝑑(𝑋, 𝑌) ricxvi: 

𝑑(𝑋, 𝑌) = 𝜇(𝑋∆𝑌) 
  aseTnairad gansazRvruli 𝑑  funqcionali aris kvazi-metrika (an fsevdo-
metrika) 𝑆-ze. Sesabamisi faqtorizaciis Semdeg miviRebT metrikul sivrces, 
romelic kanonikurad asocirdeba 𝜇 zomasTan.  
   miRebuli metrikuli sivrcis topologiur wonas ewodeba 𝜇  zomis wona 
(an 𝜇  zomis maxasiaTebeli). 𝜇  zomas ewodeba araseparabeluri zoma, Tu 
zemoT gansazRvruli metrikuli sivrce aris araseparabeluri sivrce. e.i. 𝜇 
zomis wona mkacrad metia pirvel Tvlad kardinalur 𝜔 ricxvze. 
 
   lema 5. davuSvaT 𝐸 sabaziso simravlea da 𝜇 aris 𝜎 -sasruli zoma 𝐸 -ze. 
maSin Semdegi ori damokidebuleba eqvivalenturia: 
1) 𝜇 aris araseparabeluri; 
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2)  arsebobs 𝜀 > 0  namdvili ricxvi da 𝐸
 
sabazisi simravlis 𝜇 -zomadi 

qvesimravleebis iseTi araTvladi 
1{ : }Y    ojaxi, rom  

𝜇(𝑌𝜉∆𝑌𝜁) ≥ 𝜀,      (𝜉 < 𝜔1, 𝜁 < 𝜔1, 𝜉 ≠ 𝜁). 

   lema 5-is damtkiceba moyvanilia [53]-Si. 

   istoriulad, maTematikisaTvis esoden mniSvnelovani problema - zomis 
araseparabeluri gagrZelebis amocana - Camoyalibda 𝐑  namdvil ricxvTa 
RerZze lebegis standartuli zomis araseparabeluri invariantuli 
gagrZelebebis arsebobis kuTxiT. am problemas cnobili maTematikosebi 
ikvlevdnen da Sesabamisi Sedegebi miRebulia sxvadasxva SromebSi (ix. [55], 

[60], [61]). ufro metic, zemoT moyvanili problema gafarTovda da ganxiluli 
iqna haaris zomisaTvis araTvlad metrizebad kompaqtur topologiur 
jgufze da 𝜎 -sasrulo invariantuli zomisTvis sxvadasxva tipis araTvlad 
jgufebze (ix. [31], [63], [64], [65], [66]).   
   Semdegi lemis damtkiceba efuZneba siureqciuli homomorfizmebis meTods 
(ix. [63]). siureqciuli homomorfizmebis meTodis kerZo SemTxvevas 
warmoadgens pirdapiri namravlis meTodi, romelic gamoiyeneba 
invariantuli da kvazi-invariantuli zomebis TeoriaSi.  
   ganvixiloT ufro detalurad xsenebuli meTodi. 
   davuSvaT, mocemulia 𝜎 -sasruli invariantuli zomebiT aRWurvili ori 
(𝐺1, 𝜇1) da (𝐺2, 𝜇2) jgufi da davuSvaT aseve, rom  

𝑓: 𝐺1 → 𝐺2 

aris siureqciuli homomorfizmi. vTqvaT, 𝑋 ⊂ 𝐺2  simravles gaaCnia raime 
zogadi Tviseba 𝑃(𝑋) da agreTve davuSvaT, rom adgili aqvs Semdeg logikur 
damokidebulebas: 

𝑃(𝑓−1(𝑋)) ⇔ 𝑃(𝑋). 

   aseT SemTxvevaSi vityviT, rom 𝑃(𝑋)  Tviseba mdgradia siureqciuli 𝑓 
homomorfizmis mimarT. kerZod, Tu 𝑓  aris kanonikuri siureqciuli 
homomorfizmi 

𝑝𝑟2: 𝐻 × 𝐺2 → 𝐺2,      (𝐺1 = 𝐻 × 𝐺2), 

maSin adgili aqvs pirdapiri namravlis meTods, romelic wminda algebruli 
xasiaTisaa.  
   aqve aRvniSnoT, rom pirdapiri namravlis meTodi invariantuli zomis 
TeoriaSi pirvelad gamoyenebuli iqna a. xaraziSvilis mier, roca man 
amoxsna serpinskis cnobili problema (ixileT, [52]), Semdeg ki es meTodi 
araerTxel iqna gamoyenebuli sxva avtorebis mier. ixileT, [63], [65] da sxva. 
  
   lema 6. davuSvaT (𝐸𝑖, 𝜇𝑖)(1 ≤ 𝑖 ≤ 𝑛) aris zomadi sivrceebis sasruli ojaxi,  
aRWurvili aranulovani 𝜎 -sasruli zomebiT. maSin Semdegi ori winadadeba 
eqvivalenturia: 
(1) zomaTa namravli  ∏ 𝜇𝑖1≤𝑖≤𝑛  araseparabeluria; 
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(2) erTi mainc zoma {𝜇𝑖: 1 ≤ 𝑖 ≤ 𝑛} mocemuli ojaxidan araseparabeluria. 

   damtkiceba: (1) ⇒ (2) implikacia samarTliania, radgan advilad mowmdeba, 
rom 𝜎-sasrul separabelur zomaTa namravli yovelTvis separabeluria. 
   davamtkicoT (2) ⇒ (1) . davuSvaT samarTliania (2) da 𝜇𝑖0

 (1 ≤ 𝑖0 ≤ 𝑛)  aris    

𝜎-sasruli araseparabeluri zoma. ganvixiloT asaxva  

𝑝𝑟𝑖0
: ∏ 𝜇𝑖

1≤𝑖≤𝑛
→ 𝜇𝑖0

. 

   es asaxva warmoadgens zomebis siureqciul homomorfizms. Tu 
gamoviyenebT zemoT aRweril siureqciuli homomorfizmis meTods, miviRebT 
lema 6-is damtkicebas. 

   metad mniSvnelovania mocemuli zomis iseTi invariantuli 
araseparabeluri gagrZelebebis Seswavla, romlebsac erTaderTobis Tviseba 
gaaCniaT.  
   kargad aris cnobili, rom invariantuli zomebis erTaderTobis Tviseba 
TamaSobs umniSvnelovanes rols Tanamedrove analizisa da zogadi 
topologiis sxvadasxva amocanebis gadasaWrelad. magaliTad, haaris zoma 
lokalurad kompaqtur topologiur jgufze flobs erTaderTobis Tvisebas 
(ix. [39], [44], [58], [60], [67]). swored am faqtidan gamomdinareobs bevri 
mniSvnelovani Sedegi abstraqtul harmoniul analizSi, dinamikur 
sistemaTa TeoriaSi, stoqastur procesTa zogad TeoriaSi da a.S.  
   moviyvanoT invariantuli zomis erTaderTobis Tvisebis gansazRvra ori 
saxiT. 
   vTqvaT, 𝐸 aris aracarieli simravle, 𝐺 ki E𝐸-s gardaqmnaTa raime jgufi. 
𝑀-iT aRvniSnoT 𝜎-sasrulo 𝐺-invariantul zomaTa klasi 𝐸-ze. vityviT, rom 
𝜇1 ∈ 𝑀  zoma flobs erTaderTobis Tvisebas 𝑀 -Si, Tu yoveli 𝜇2 ∈ 𝑀 

zomisTvis 𝑑𝑜𝑚(𝜇1) = 𝑑𝑜𝑚(𝜇2)  damokidebulebidan gamomdinareobs 1 2   

toloba. 
  vTqvaT, 𝐸 aris aracarieli simravle, 𝐺  am simravlis gardaqmanaTa raime 
jgufia, xolo 𝜇1 ki 𝐸-s romelime 𝜎-algebraze gansazRvruli 𝜎-sasrulo 𝐺-
invariantuli zomaa. vityviT, rom 𝜇1zoma flobs erTaderTobis Tvisebas, Tu 
𝑑𝑜𝑚(𝜇1)-ze gansazRvruli yoveli  𝜎 -sasrulo 𝐺 -invariantuli 𝜇2 zomisTvis 
arsebobs 𝑞 ∈ 𝐑+ koeficienti (damokidebuli 𝜇2 zomaze) iseTi, rom 𝜇2 = 𝑞 ∙ 𝜇1. 
sxva sityvebiT rom vTqvaT, 𝜇1 da 𝜇2 zomebi arian proporciulebi. 
   bevr SemTxvevaSi proporciuli zomebi arian gaigivebulebi, amitom 
moyvanili gansazRvreba SeiZleba dayvanili iqnas pirvel gansazRvrebamde. 
 
   erTaderTobis Tviseba standartuli 𝜆𝑛  lebegis zomisaTvis             
𝑛 -ganzomilebian evklidur 𝐑𝑛  sivrceSi da haaris zomis gasrulebisaTvis 
araTvlad lokalurad kompaqtur 𝜎 -kompaqtur topologiur jgufze 
SeiZleba aRiweros ori gansxvavebuli TvalsazrisiT:  
(a) topologiuri kuTxiT; 
(b) simravlur-Teoriuli kuTxiT.  
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   moviyvanoT ramdenime magaliTi, romlebic wina frazis ilustracias 
warmoadgenen. 
   magaliTi 7. davuSvaT 𝐺  aris 𝐑𝑛 -is yvela izometriul gardaqmnaTa 
qvejgufi. maSin Semdegi ori damoikidebuleba aris eqvivalenturi: 

(1) 𝜆𝑛 lebegis zoma flobs erTaderTobis Tvisebas; 

(2) yoveli 𝑥 ∈ 𝐑𝑛  wertilisaTvis 𝐺(𝑥)  orbita aris araTvladi da yvelgan 
mkvrivi 𝑅𝑛-Si. 
  kerZod, Tu 𝐺  aris 𝐑𝑛 -is yvela paralelur gadatanaTa (translaciaTa) 
qvejgufi, maSin samarTliania Semdegi winadadebebis eqvivalentoba: 

(1) 𝜆𝑛 lebegis zoma flobs erTaderTobis Tvisebas; 

(2) 𝐺 jgufi aris araTvladi da yvelgan mkvrivi 𝐑𝑛-Si. 

   magaliTi 8. davuSvaT, 𝐺  aris araTvladi lokaluri kompaqturi          
𝜎 -kompaqturi topologiuri jgufi, 𝐻  aris 𝐺 -s qvejgufi da 𝜇′  aris 
𝐻 − invariantuli haaris zomis gasruleba 𝐺 − ze. maSin Semdegi 
damokidebulebebi eqvivalenturia: 

(1) 𝜇′ flobs erTaderTobis Tvisebas; 

(2) 𝐻 jgufi aris araTvladi da yvelgan mkvrivi 𝐺-Si. 
 
 SevniSnoT, rom magaliT 7-Si moyvanili Sedegi ar aris samarTliani 
borelis standartuli zomisTvis 𝐑𝑛 -Si, radgan borelis zoma ar aris 
sruli zoma. ganvixiloT Sesabamisi magaliTi. 
 
   magaliTi 9. davuSvaT, 𝑏𝑛  aris standartuli borelis zoma 𝐑𝑛 -Si da 
davuSvaT 𝑛 ≥ 2. ganvixiloT 𝐺 = 𝑄 × 𝐑𝑛−1 jgufi. igi aris araTvladi yvelgan 
mkvrivi jgufi 𝐑𝑛 -Si. yoveli borelis 𝑋 ⊂ 𝐑𝑛 simravlisaTvis ganvsazRvroT 
𝜈 funqcionali Semdegnairad 

𝜈(𝑋) = ∑ 𝑏𝑛−1(𝑋 ∩ ({𝑞} × 𝐑𝑛−1)).

𝑞∈𝑄

 

   gansazRvruli 𝜈  funqcionali aris aranulovani 𝜎 -sasrulo 𝐺 -
invariantuli borelis zoma 𝐑𝑛 -Si. magram advilia imis SemCneba rom 𝜈 ar 
aris 𝑏𝑛 -is proporciuli, e.i. am SemTxvevaSi 𝑏𝑛  ar flobs erTaderTobis 
Tvisebas (meore gansazRvris TvalsazrisiT). 
    axla vTqvaT, 𝐸 aris aracarieli simravle, 𝐺  am simravlis gardaqmanaTa 
raime jgufia, xolo 𝜇  ki 𝐸 -s romelime 𝜎 -algebraze gansazRvruli 𝜎 -
sasrulo 𝐺 -invariantuli zomaa. vityviT, rom 𝜇 -s gaaCnia  metrikuli 
tranzitulobis Tviseba (anu ergoduloba), Tu nebismieri 𝜇 -zomadi 𝑋 ⊂ 𝐸 
simravlisaTvis, romelic akmayofilebs pirobas 𝜇(𝑋) > 0,  arsebobs Tvladi 
ojaxi {𝑔𝑛: 𝑛 < 𝜔} ⊂ 𝐺 iseTi, rom  
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𝜇(𝐸\ ⋃ 𝑔𝑛(𝑋)) = 0.

𝑛∈𝑁

 

    iseve, rogorc erTaderTobis Tvisebis SemTxvevaSi 𝜆𝑛  lebegis 
zomisaTvis metrikuli tranzituloba SeiZleba Camoyalibdes wminda 
topologiur terminebSi. 
 
   magaliTi 10. Tu 𝐺  aris 𝐑𝑛 -is paralelur gadatanaTa (translaciaTa) 
raime jgufi, maSin samarTliania Semdegi winadadebebis eqvivalentoba: 
(1) 𝜆𝑛 lebegis zoma aris metrikulad tranzituli; 
(2) 𝐺 jgufi aris  yvelgan mkvrivi 𝐑𝑛-Si. 
 
  magaliTi 9 da magaliTi 10 erToblivad aCveneben, rom lebegis zomisaTvis 
erTaderTobis Tviseba da metrikuli tranzituloba erTmaneTis 
eqvivalenturia. 
   zogadad, invariantuli zomis erTaderTobis Tviseba pirdapir kavSirSia 
amave zomis metrikuli tranzitulobis TvisebasTan (ergodulobasTan). 
kerZod, Tu 𝐸  aris aracarieli simravle, 𝐺 aris 𝐸  simravlis gardaqmnaTa 
araTvladi jgufi Tavisuflad moqmedi 𝐸 -Si  da 𝜇 aris sruli 𝜎 -sasruli 
𝐺-invariantuli zoma 𝐸-ze, maSin Semdegi ori winadadeba eqvivalenturia: 
(1) 𝜇 flobs erTaderTobis Tvisebas; 
(2) 𝜇 aris metrikulad tranzituli.  
(2)(1) implikaciis  damtkiceba ix. [68] 

    advilia Cveneba imisa, rom Tu invariantul zoma flobs erTaderTobis 
Tvisebas, maSin is aris metrikulad tranzituli. 

marTlac, davuSvaT sawinaaRmdego. vTqvaT,   ar flobs metrikuli 

tranzitulobis Tvisebas. es winadadeba eqvivalenturia imisa, rom arsebobs 
sabaziso  sivrcis  daSla {𝐴, 𝐵}   simravleebad, romlebic akmayofileben 
pirobebs: 

𝐴 ∈ 𝑑𝑜𝑚(𝜇), 𝐵 ∈ 𝑑𝑜𝑚(𝜇), 𝜇(𝐴) > 0, 𝜇(𝐵) > 0, 
(∀𝑔)(𝑔 ∈ 𝐺 ⇒ 𝜇(𝐴∆𝑔(𝐴)0 = 0 & 𝜇(𝐵∆𝑔(𝐵)) = 0. 

cxadia, rom nebismieri ∆⊂ 𝐸  zomadi simravlisaTvis Sesrulebulia 
toloba  

)()()( BA    . 

aqedan gamomdinareobs, rom an 0)(  A , an 0)(  B . zogadobis 

SeuzRudavad vigulisxmoT, rom  )(0 A . 

ganvsazRvroT   zoma Semdegi pirobiT: 

.
)(

)(
)()()( 












A

AZ
ZdomZZ








  

cxadia, rom Tu 0)( B  maSin 0)( B , rac imas mianiSnebs, rom 

q    ).( Rq  
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miviReT winaaRmdegoba Cven daSvebasTan, rac imas niSnavs, rom   aris 

metrikulad tranzituli. 
marTebulia Semdegi debulebebi. 
 

   lema 7. vTqvaT, (𝐸𝑖, 𝐺𝑖, 𝜇𝑖), (𝑖 ∈ 𝐼) araatomur albaTur 𝐺𝑖-invariantul zomian 
sivrceTa araTvladi ojaxia. Tu yoveli 𝜇𝑖  zoma flobs erTaderTobis 
Tvisebas, maSin zomaTa namravli ∏ 𝜇𝑖𝑖∈𝐼  aris araseparabeluri,  ∏ 𝐺𝑖𝑖∈𝐼 -
invariantuli albaTuri zoma, romelic flobs erTaderTobis Tvisebas.  
    

    am lemis damtkicebisas mniSvnelovania is faqti, rom -sasrulo zomis 

invariantulobis Tviseba SenarCunebadia algebridan mis mier warmoqmnil -

algebraze gadasvlis dros. analogiuri Tviseba -sasrulo 
kvaziinvariantuli zomebisaTvis sazogadod ar aris marTebuli. saTanado 
kontrmagaliTis Sesaxeb ix. [68] 
 
    lema 8. davuSvaT (𝐸𝑖, 𝐺𝑖, 𝜇𝑖), (1 ≤ 𝑖 ≤ 𝑛)  aranulovani 𝜎 -sasrulo 𝐺𝑖 -
invariantul zomian sivrceTa sasruli ojaxia da yoveli 𝜇𝑖  zoma aris 
metrikulad tranzituli 𝐺𝑖 -is Tvladi qvejgufis mimarT. Tu erTi mainc 
zoma am ojaxidan aris araseparabeluri, maSin zomaTa namravli ∏ 𝜇𝑖1≤𝑖≤𝑛  
aris 𝜎 -sasrulo araseparabeluri, ∏ 𝐺𝑖1≤𝑖≤𝑛 -invariantuli zoma da  
metrikulad tranzituli ∏ 𝐺𝑖1≤𝑖≤𝑛  namravlis mimarT. 
 
   SeniSvna 1.  [55] statiaSi 𝐑𝑛 -saTvis agebuli iyo 𝜆𝑛  lebegis zomis 
araseparabeluri, invariantuli gagrZeleba 𝜇  iseTi, rom 𝜇 -sTan 
asocirebuli metrikuli sivrcis topologiuri wona udris 2𝑐 -s. aqve 
SevniSnoT, rom 𝜇 zoma ar flobs erTaderTobis Tvisebas. 
 
    [64] statiaSi agebuli iqna 𝜆𝑛  lebegis zomis araseparabeuli, 
invariantuli gagrZeleba 𝜇  iseTi, rom 𝜇 -sTan asocirebuli metrikuli 
sivrcis topologiuri wona udris 𝑐-s. 𝜇 zomas aqvs erTaderTobis Tviseba, 
magram statiis avtorebs es mniSvnelovani faqti ar hqondaT SemCneuli. 
  Semdgom, [63] da [66] statiebSi naCvenebi iqna, rom arsebobs 𝜆𝑛  lebegis 
zomis uamravi araseparabeluri 𝜎-sasruli invariantuli gagrZeleba, magram 
maTgan  umravlesobas ar aqvs erTaderTobis Tviseba. 
   sazogadod, araTvladi 𝜎 -kompaqturi likalurad kompaqturi 𝐺  jgufi 
akmayofilebs tolobas 

(𝑐𝑎𝑟𝑑(𝐺))
𝜔

= 𝑐𝑎𝑟𝑑(𝐺) 
da 𝐺 -Si arsebobs haaris zomis araseparabeluri gagrZeleba. magram 
aRvniSnoT, rom cnobil meTodebs ver gamoviyenebT im SemTxvevaSi, roca 
card( )H  kofinaluria  -sTan.  

  1976 wels gamoqveynebul statiaSi [61] gansxvavebuli meTodis gamoyenebiT 

namdvil ricxvTa 𝐑 RerZze  agebul iqna 1  lebegis zomis araseparabeuli 

𝜎 -sasrulo 𝜇  gagrZeleba iseTi, rom 𝜇  flobs metrikuli tranzitulobis 
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Tvisebas da 𝜇 -sTan asocirebuli metrikuli sivrcis topologiuri wona 
udris 𝑐-s. cxadia, rom 𝜇-s gasrulebas flobs erTaderTobis Tvisebas. 
   kerZod, marTebulia Semdegi debuleba: 
 
   debuleba 11. namdvil ricxTa 𝐑  RerZze arsebobs lebegis 
erTganzomilebiani standartuli zomis invariantuli araseparabeluri 
gagrZeleba  , romelic flobs erTaderTobis Tvisebas.  
  am debulebis damtkiceba moyvanilia [61] SromaSi 
  SevniSnoT, rom debuleba 11-is damtkiceba eyrdnoba lebegis zomis mimarT 
masiuri simravleebis arsebobas, romlebic arian TiTqmis invariantuli 
simravleebi. swored aseTi simravleebis xarjze xdeba lebegis azriT 
zomadi qvesimravleebiT warmoqmnili  -algebris gafarToeba. 
   aqve gvinda aRvniSnoT, rom analogiuri simravleebis arseboba da maT 
xarjze araseparabeluri zomis ageba SesaZlebelia namdvil ricxvTa yvela 

SesaZlo mimdevrobebis 𝐑𝑁
 sivrceSic (ix. [69].  

   SeniSvna 2.  pirdapiri namravlis meTodi xSirad gamoiyeneba usasrulo 
ganzomilebian topologiur veqtorul sivrceebze mocemuli invariantuli 
zomebis araseparabeluri gagrZelebebis asagebad. [53]-Si agebulia 
aranulovani 𝜎 -sasrulo invariantuli borelis zoma 𝜒  usasrulo 
ganzomilebiani topologiuri 𝐑𝑁  veqtoruli sivrcisTvis, romelic 
metrikulad tranzitulia 𝐑𝑁 -is yvelgan mkvrivi veqtoruli qvesivrcis 
mimarT. meores mxirv, evklidur 𝑅𝑛 sivrceSi arsebobs 𝜇 zoma, romelic aris 
araseparabeluri, metrikulad tranzituli, invariantuli 𝐑𝑛 -is yvelgan 
mkvrivi  qvejgufisaTvis da warmoadgens lebegis standartuli 𝜆𝑛  zomis 

gagrZelebas 𝐑𝑛-Si ( ix.[61]). 
   pirdapiri namravlis meTodisa da lema 8-is gamoyenebiT SesaZlebelia 
avagoT zomaTa namravli 𝜒 × 𝜇 , romelic aris araseparabeluri, 
invariantuli 𝐑𝑁 -is yvelgan mkvrivi qvejgufis mimarT da amave jgufis 
mimarT metrikulad tranzituli. amasTan 𝜒 × 𝜇  gasrulebas aqvs 
erTaderTobis Tviseba.  
   sxva meTodis gamoyenebiT SesaZlebelia aigos 𝜒  zomis mravali 
metrikulad tranzituli gagrZeleba imave 𝐑𝑁  usasruloganzomilebian 
topologiur veqtorul sivrceSi.  
    davuSvaT 𝐿 = {𝜇𝑗: 𝑗 ∈ 𝐽}  aris 𝐑 -ze 𝜆  lebegis standartuli zomis 

gagrZelebaTa klasi, sadac yoveli 𝜇𝑗  zoma aris invariantuli da 

metrikulad tranzituli raime 𝐑  adiciuri jgufis Γ𝑗  yvelgan mkvrivi 
qvejgufisaTvis. kargad aris cnobili, rom  

𝑐𝑎𝑟𝑑(𝐽) = 22𝑐
. 

am faqtis Sesaxeb ix. magaliTad [52]. 
axla davuSvaT, rom yoveli 𝑖 < 𝜔-sTvis Δ𝑖 simbolo  aRniSnavs [0,1] segments.       
   cxadia,  

𝜇𝑗(Δ𝑖) = 1   (𝑗 ∈ 𝐽). 

  aRvniSnoT  
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𝐴𝑛 = ∏{R𝑖, 𝑖 ≤ 𝑛} × ∏{Δ𝑖, 𝑖 > 𝑛}, 

sadac R𝑖 = 𝐑, yoveil naturaluri 𝑖 ricxvisaTvis. 

davafiqsiroT 𝑗 ∈ 𝐽 indeqsi da yoveli 𝑖 < 𝜔 indeqsisaTvis aRvniSnoT 𝜃𝑖 = 𝜇𝑗 . 

agreTve, yoveli 𝑛 < 𝜔 ricxvisaTvis SemovitanoT Semdegnairad 
gansazRvruli zoma 𝜈𝑛: 

𝜈𝑛 = 𝜇 × ∏{θ𝑖, 𝑖 < 𝑛} × ∏{λ𝑖, 𝑖 ≥ 𝑛}, 

sadac λ𝑖 = �̅�, yvela naturaluri 𝑖 ≥ 𝑛 ricxvisaTvis. 
   axla ganvixiloT 𝜈𝑛̅̅ ̅ zoma, romelic 𝐑𝑁-ze gansazRvrulia Semdegnairad 

𝜈𝑛̅̅ ̅(𝑋) = 𝜈𝑛(𝑋 ∩ 𝐴𝑛), 
sadac 𝑋 aris nebismieri qvesimravle 𝑅𝑁-is iseTi, rom 𝑋 ∩ 𝐴𝑛 aris 𝜈𝑛 zomadi. 
    SemoviRoT aRniSvna  

𝑆 = {𝑋 ⊂ 𝐑𝑁 ∶  𝑋 ∩ 𝐴𝑛 ∈ 𝑑𝑜𝑚(𝜈𝑛), 𝑛 ∈ 𝑁}. 
SevniSoT, rom 𝑆 aris 𝑅𝑁 sivrcis qvesimravleTa 𝜎-algebra.  
   SemovitanoT jgufi 

𝐺 = Γ + ∑{𝐺𝑖 : 𝑖 < 𝜔}, 

sadac 𝐺𝑖 = Γ𝑗, yvela 𝑖 naturaluri ricvisaTvis. 
 
   lema 9. funqcionali 𝜈, romelic ganisazRvreba  tolobiT  

𝜇(𝑋) = lim
𝑛→∞

𝜈𝑛̅̅ ̅(𝑋) 

aris 𝑆 -ze gansazRvruli zoma, romelic warmoadgens 𝜒  zomis gagrZelebas 
da aris 𝜎 -sasrulo, araseparabeluri, 𝐺 -invariantuli da mis gasrulebas 
aqvs erTaderTobis Tviseba. 

   Teorema 13. 𝐑𝑁 sivrceze mocemuli 𝜒  borelis 𝜎 -sasrulo zomis 
invariantul, araseparabelur da erTaderTobis Tvisebis mqone zomaTa 

gagrZelebebis klasis simZlavre aris  22𝑐
. 

 
damtkiceba. Teorema advilad mtkicdeba lema 9–isa da 

                                    𝑐𝑎𝑟𝑑(𝐽) = 22𝑐
  

tolobis gaTvaliswinebiT. 
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$9. namdvilmniSvnelobiani funqciebis fardobiTad zomadobis 
Tviseba zomaTa garkveuli klasebis mimarT 

   rogorc davinaxeT, usasruloganzomilebian topologiur veqtorul 
sivrceSi arsebobs invariantuli borelis zomis udidesi SesaZlo 
simZlavris mqone araseparabelur gagrZelebaTa ojaxi. aseve cnobilia, rom 
amave sivrceSi arsebobs kontinuumis simZlavris mqone borelis 𝜎 -sasrul 
invariantul zomaTa ojaxic.  
  am paragrafSi Cvens mier gamokvleul iqneba namdvilmniSvnelobebiani 
funqciebis fardobiTad zomadobis Tviseba zomaTa zemoT miTiTebuli ori 
ojaxis mimarT. gavixsenoT Semdegi cneba. 
   davuSvaT 𝐸 aris raime sabaziso simravle da 𝑀 aris 𝐸 -ze gansazRvrul 
zomaTa klasi. vityviT, rom funqcia 𝑓: 𝐸 → 𝐑  aris fardobiTad zomadi 
fuqncia 𝑀  zomaTa klasis mimarT, Tu arsebobs erTi mainc 𝜇 ∈ 𝑀  zoma 
iseTi, rom 𝑓  funqcia zomadia 𝜇 -s mimarT. winaaRmdeg SemTxvevaSi vityviT, 
rom 𝑓 absoluturad arazomadi funqciaa zomaTa 𝑀 klasis mimarT.  
 
   lema 10. davuSvaT (𝐸, 𝑆)  aris raime zomadi sivrce. Semdegi ori 
winadadeba eqvivalenturia: 
1. 𝑆  aris 𝐸  simravlis Tvladi raodenoba qvesimravleebiT warmoqmnili    
𝜎-algebra; 
2. arsebobs zomadi funqcia  𝑓: 𝐸 → 𝐑 iseTi, rom  
 

𝑆 = {𝑓−1(𝐵): 𝐵 ∈ ℬ(𝐑)}. 
    
  lema 11. Tu 𝑆  aris Tvladi raodenoba qvesimravleebiT warmoqmnili 𝜎 -
algebra 𝐑 -ze, maSin masze gansazRvruli yoveli 𝜎 -sasruli 𝜇  zoma aris 
separabeluri. 
 
  SeniSvna 3. SevniSnoT, rom lema 11-is Seqceuli debuleba sazogadod 
samarTliani ar aris. 
 
   lema 11-is sailustraciod gamodgeba namdvil ricxvTa R  RerZze 
gansazRvruli borelis, lebegis da, sazogadod, lokalurad kompaqtur 
polonur topologiur jgufebze gansazRvruli haaris zomebi. 
𝑀1 -iT aRvniSnoT yvela aranulovan 𝜎 -sasrulo separabelur zomaTa klasi 
𝐑 -ze, xolo 𝑀2 -iT yvela aranulovan 𝜎 -sasrulo araseparabelur zomaTa 
klasi 𝐑-ze. 
 
   Teorema 14. Tu 𝑓: 𝐸 → 𝑅  funqcia aris fardobiTad zomadi 𝑀2  klasis 
mimarT, maSin is aseve fardobiTad zomadi iqneba 𝑀1 klasis mimarT. 
    
damtkiceba.  davuSvaT 𝑓 aris fardobiTad zomadi 𝑀2 klasis mimarT. maSin 
arsebobs 𝜇0 ∈ 𝑀2 zoma, romlis mimarTac mocemuli 𝑓  funqcia aris zomadi. 
aRvniSnoT ℬ(𝐑) simboloTi borelis 𝜎 -algebra 𝐑 -ze da SemovitanoT 
aRniSvna 
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𝜈(𝑓−1(𝑍)) = 𝜇0(𝑓−1(𝑍))    (  𝑍 ∈  ℬ(𝐑)). 
aseTnairad miviRebT Tvladad warmoqmnil 𝜎 -algebras {𝑓−1(𝐵): 𝐵 ∈ ℬ(𝐑)}  da 
masze gansazRvrul 𝜈  zomas. sazogadod aseTnairad gansazRvruli 𝜈  zoma 
SeiZleba aRmoCndes singularuli, e.i. man SeiZleba mxolod ori 
mniSvneloba miiRos 0 an +∞  da am SemTxvevaSi 𝜈  ar aris 𝜎 -sasruli. am 
xarvezis asacileblad (gamosasworeblad) Cven viyenebT mocemul pirobas, 
rom amosavali 𝜇0 zoma aris 𝜎 -sasruli, maSasadame arsebobs Tvladi ojaxi 
{𝑋𝑖: 𝑖 ∈ 𝐼} iseTi   𝜇0-zomadi simravleebis, rom  

𝜇0(𝑋𝑖) < +∞       (𝑖 ∈ 𝐼) ,          ∪ {𝑋𝑖: 𝑖 ∈ 𝐼} = 𝐸. 
axla advilia imis Semowmeba, rom 𝜎-algebra warmoqmnili   

{𝑓−1(𝐵): 𝐵 ∈ ℬ(𝐑)} ∪ {𝑋𝑖: 𝑖 ∈ 𝐼} 

gaerTianebiT aris Tvladad warmoqmnili, 𝜇0 -is Seviwroeba am 𝜎 -algebraze 
ekuTvnis 𝑀1  klass da 𝑓  aris zomadi funqcia am Seviwroebis mimarT. 
maSasadame, 𝑓 aris fardobiTad zomadi funqcia 𝑀1 klasis mimarT.  
   amiT Teorema damtkicebulia. 
   namdvilmniSvnelobebiani funqciebis fardobiTad zomadobas zomaTa 
klasebis mimarT zogierT SemTxvevaSi aqvs wminda simravlur-Teoriuli 
safuZveli. kerZod, es sakiTxi mWidrod ukavSirdeba funqciebis grafikis 
masiurobas namravli zomebis mimarT. Tavidanve gvinda aRvniSnoT, rom 
funqciis grafikis es Tviseba analizis TvalsazrisiT aris paTologiuri, 
magram zomaTa klasebis mimarT funqciis fardobiTad zomadobis kuTxiT 
iZleva sakmaod dadebiT Sedegs.  sanam UuSualod gadavidodeT am sakiTxze 
moviyvanoT damxmare debuleba, romelic ganekuTvneba usasrulo 
kombinatorikas. 
 

   lema 12. vTqvaT, E 𝐸  araTvladi simravlea, {𝑌𝑗: 𝑗 ∈ 𝐽}  ki 𝐸 -s iseT 
qvesimravleTa ojaxia, rom 

𝑐𝑎𝑟𝑑(𝐽) = 𝑐𝑎𝑟𝑑(𝐸); 

(∀𝑗) (𝑗 ∈ 𝐽 ⇒ 𝑐𝑎𝑟𝑑(𝑌𝑗) = 𝑐𝑎𝑟𝑑(𝐸)). 

maSin arsebobs 𝐸 -s qvesimravleTa TiTqmis dizunqtiuri {𝑋𝑖: 𝑖 ∈ 𝐼}  ojaxi, 
romelic akmayofilebs Semdeg damokidebulebebs: 

𝑐𝑎𝑟𝑑(𝐼) > 𝑐𝑎𝑟𝑑(𝐽); 

(∀𝑖)(∀𝐽)(𝑖 ∈ 𝐼&𝑗 ∈ 𝐽 ⇒ 𝑐𝑎𝑟𝑑(𝑋𝑖 ∩ 𝑌𝑗) = 𝑐𝑎𝑟𝑑(𝐸); 

⋃ 𝑋𝑖

𝑖∈𝐼

= 𝐸. 

lema 12-is damtkiceba ixileT [70]-Si. 

SevniSnoT, rom Tu yoveli 𝑌𝑗     (𝑗 ∈ 𝐽)  simravlis rolSi ganvixilavT 

araTvlad Caketil simravleebs 𝐑𝑁 -dan, maSin {𝑋𝑖: 𝑖 ∈ 𝐼}  Sesabamisi ojaxi 
iqneba 𝑅𝑁-Si bernSteinis simravleebis ojaxi.  
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am faqtis marTebulobas arsebiTad gamoviyenebT Semdegi Teoremis 
dasamtkiceblad.  

       debuleba 12. arsebobs namdvilmniSvnelobebiani funqcia  
𝑓: 𝐑𝑁 → 𝐑, 

romelsac aqvs Semdegi Tviseba: nebismieri 𝜎-sasrulo difuzuri borelis   

zomisaTvis 𝐑𝑁 -ze da nebismieri   -sasruli borelis  zomisaTvis 𝐑 -ze f  

funqciis grafiki aris (𝜇 × 𝜈)-masiuri simravle (𝐑𝑁 × 𝐑)-Si.  
 damtkiceba.  vTqvaT, {𝑋𝑡: 𝑡 ∈ 𝐑} simravleTa ojaxi aris 𝐑𝑁  sivrcis 

daSla bernSteinis simravleebad. ganvsazRvroT 𝑓 funqcia Semdegi pirobiT: 

yoveli 𝑥 ∈ 𝐑𝑁-sTvis 𝑓(𝑥) = 𝑡, maSin da mxolod maSin, Tu 𝑥 ∈ 𝑋𝑡. 

vTqvaT,  aris nebismieri -sasrulo difuziuri borelis zoma 𝐑𝑁 -ze 
da 𝜈 nebismieri 𝜎-sasrulo zomaa 𝐑-ze. 

Tu sruldeba pirobebi  

𝑍 ∈ 𝑑𝑜𝑚(𝜇 × 𝜈), (𝜇 × 𝜈)(𝑍) > 0, 

maSin, fubinis Teoremis Tanaxmad, arsebobs 𝑡0 ∈ 𝐑 wertili iseTi, rom 

𝜇({𝑥 ∈ 𝐑𝑁: (𝑥, 𝑡0) ∈ 𝑍}) > 0. 

radgan 𝑋𝑡0
⊂ 𝐑𝑁 bernSteinis simravlea, amitom 

𝑋𝑡0
∩ ({𝑥 ∈ 𝐑𝑁: (𝑥, 𝑡0) ∈ 𝑍}) ≠ ∅. 

aviRoT nebismieri 𝑥 wertili am aracarieli TanakveTidan, e.i. 

𝑥 ∈ 𝑋𝑡0
∩ ({𝑥 ∈ 𝑅𝑁: (𝑥, 𝑡0) ∈ 𝑍}). 

radgan 𝑥 ∈ 𝑋𝑡0
, amitom 𝑓(𝑥) = 𝑡0. vinaidan (𝑥, 𝑡0) ∈ 𝑍, amitom 

(𝑥, 𝑓(𝑥)) ∈ 𝑍. 

es ki imas niSnavs, rom 𝑓 funqciis grafiki TanaikveTeba nebismier (𝜇 ×

𝜈) -dadebiT zomian simravlesTan (𝑅𝑁 × 𝑅) -Si. aqedan gamomdinareobs, rom 𝑓 
funqciis grafiki  (𝜇 × 𝜈)-masiuria (𝑅𝑁 × 𝑅) -Si. 

amiT debuleba 12 damtkicebulia. 

Tu gamoviyenebT Teorema 3-is damtkicebaSi gansazRvrul 𝑓  funqcias 
miviRebT Semdeg debulebas. 

 
   debuleba 13. namdvilmniSvnelobebiani funqcia  

𝑓: 𝐑𝑁 → 𝐑 
aris fardobiTad zomadi 𝐑𝑁 sivrceSi gansazRvruli -sasrulo difuziuri 
borelis zomis gagrZelebaTa klasis mimarT. 



90 
 

   damtkiceba. vTqvaT, 𝐑𝑁 E simravleSi mocemulia  − sasrulo   zoma da 
funqcia  

𝑓: 𝐑𝑁 → 𝐑, 
romlebic akmayofileben Semdeg pirobas:  
𝑟𝑎𝑛(𝑓) -ze arsebobs iseTi borelis albaTuri 𝜈  zoma, rom 𝑓  funqciis 
grafiki (𝜇 × 𝜈)-masiuria simravleTa 𝐑𝑁 × 𝑹Edekartul namravlSi. 
davuSvaT, rom 𝑍 ∈ 𝑑𝑜𝑚(𝜇 × 𝜈) da ganvixiloT simravle  

𝑍′ = {𝑥 ∈ 𝐑𝑁: (𝑥, 𝑓(𝑥)) ∈ 𝑍}, 
SemoviRoT aRniSvna  

𝑆 = {𝑍′: 𝑍 ∈ 𝑑𝑜𝑚(𝜇 × 𝜈)}. 
cxadia, rom 𝑆 aris -algebra 𝐑𝑁 × 𝐑 E simravleze da  

𝑑𝑜𝑚(𝜇) ⊂ 𝑆 
𝑆-ze ganvsazRvroT zoma pirobiT 

(∀𝑍)(𝑍 ∈ 𝑑𝑜𝑚(𝜇 × 𝜈) ⇒ �̅�(𝑍′) = (𝜇 × 𝜈)(𝑍)) 
vaCvenoT  �̅�  zomis gansazRvris koreqtuloba. 

vTqvaT, adgili aqvs Tanafardobas 

𝑍′ = {𝑥: (𝑥, 𝑓(𝑥)) ∈ 𝑍1} = {𝑥: (𝑥, 𝑓(𝑥)) ∈ 𝑍2}, 
sadac 𝑍1 ∈ 𝑑𝑜𝑚(𝜇 × 𝜈) da 𝑍2 ∈ 𝑑𝑜𝑚(𝜇 × 𝜈). 

Γ𝑓 -iT aRvniSnoT 𝑓 funqciis grafiki 𝑅𝑁 × 𝑅 simravleSi da davamtkicoT, 
rom 

Γ𝑓 ∩ (𝑍1∆𝑍2) = ∅. 

davuSvaT sawinaaRmdego. e.i. arsebobs iseTi (𝑥, 𝑓(𝑥))  wertili 
mocemuli 𝑓 funqciis grafikze, rom 

(𝑥, 𝑓(𝑥)) ∈ 𝑍1∆𝑍2 = (𝑍1 ∖ 𝑍2)⋃(𝑍2 ∖ 𝑍1). 
es imas niSnavs, rom 

(𝑥, 𝑓(𝑥)) ∈ 𝑍1,   (𝑥, 𝑓(𝑥)) ∉ 𝑍2 
an 

(𝑥, 𝑓(𝑥)) ∈ 𝑍2,   (𝑥, 𝑓(𝑥)) ∉ 𝑍1 
 

es ki winaaRmdegobrivia 𝑍′ simravlis warmodgenasTan, e.i. vRebulobT, 
rom 

Γ𝑓 ∩ (𝑍1∆𝑍2) = ∅. 

radgan Γ𝑓 grafiki (𝜇 × 𝜈)-masiuria E𝐑𝑁 × 𝐑 namravlSi, amitom gveqneba 

                                                                   (𝜇 × 𝜈)( 𝑍1∆𝑍2), 
es ki imaze mianiSnebs, rom 

(𝜇 × 𝜈)( 𝑍1) = (𝜇 × 𝜈)(𝑍2). 
amiT �̅� zomis gansazRvris koreqtuloba naCvenebia. 
axla vTqvaT, 𝑋 ∈ 𝑑𝑜𝑚(𝜇), maSin 𝑍 = 𝑋 × 𝑟𝑎𝑛(𝑓) ∈ 𝑑𝑜𝑚(𝜇 × 𝜈). 

aqedan gveqneba 𝑍′ = 𝑋 da  

�̅�(𝑍′) = �̅�(𝑋) = (𝜇 × 𝜈)(𝑋) = 𝜇(𝑋) ∙ 𝜈(𝑟𝑎𝑛(𝑓)) = 𝜇(𝑋). 

es niSnavs, rom �̅� warmoadgens 𝜇 zomis gagrZelebas, e.i.  

𝜇 ⊂ �̅�. 
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axla vaCvenoT, rom (∀𝐵)(𝐵 ∈ B(𝐑) ⇒ 𝑓−1(𝐵) ∈ 𝑆). 

marTlac, Tu 1( )x f B , maSin  f x B B da adgili aqvs Semdeg tolobebs  

(𝑥, 𝑓(𝑥)) ∈ 𝐑𝑁 × 𝐵 ∈ 𝑑𝑜𝑚(𝜇 × 𝜈), 

{𝑥: 𝑥 ∈ 𝑓−1(𝐵)} = {𝑥: (𝑥, 𝑓(𝑥)) ∈ 𝐑𝑁 × 𝐵} ∈ 𝑆 

saidanac gamomdinareobs, rom  

𝑓−1(𝐵) ∈ 𝑆 

sxva sityvebiT rom vTqvaT, 𝑓 funqcia fardobiTad zomadia 𝜇  zomis yvela 
gagrZelebaTa 𝑀(𝜇) klasis mimarT. 
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